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PREFACE 


The three volumes which form Engineering Science have been 
planned to cover the full study of this subject in the Secondary 
Technical School, with the requirements of any sixth form or other 
senior work falling within the scope of the future development of 
this type of School. The work also meets fully the whole of the 
Ordinary National Certificate course where Machines, Strength of 
Materials, Structures, Hydraulics and Heat Engines appear in the 
approved scheme. 

More precisely, its scope is that of the Engineering Science Course 
of the Secondary Technical School, the Ordinary National Certificate 
Course in Mechanical Engineering and the Engineering Science of the 
Ordinary National Certificate in Electrical Engineering. The work 
also meets the requirements of much of the syllabuses of the Insti¬ 
tution of Mechanical Engineers examinations, and those of the 
Scottish Education Authorities affiliated to the Royal Technical 
College, Glasgow. Consideration has also been given to the subject- 
matter of Service and prc-Service courses in engineering subjects, 
and to those professional examinations which demand engineering 
science as an integral part of their syllabuses. It is also anticipated 
that the three volumes wall pro\e of considerable use to designers, 
draughtsmen and industrialists when questions of principle and 
application arise in their practice. 

In Volumes I and II the presentation has been made with a full 
appreciation of the mathematical limitations of the students, but 
Volume 111 assumes a parity of mathematical training with the 
demands of the work. Experimental work, testing and full-scale 
trials of prime movers take an important place in Volume III, and 
the examples and exercises have been selected to give a practical 
bias associated with the problems of design and operation. The 
extent to which graphical work is used has been determined by the 
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need for this type of solution, and wherever possible both the 
practical and analytical solution to a problem have been envisaged. 

This preface is supplementary to that of Volumes I and II, where 
certain acknowledgements ha\e been made to firms and examination 
bodies, but the authors would like to add to this the following firms 
v\ ho ha\ e gi\en assistance in the loan of blocks and supply of data for 
Volume III : Messrs. W. & T. Avery Ltd., Birmingham ; Messrs. 
Beilis and Morcom Ltd., Birmingham ; Messrs. T. C. Howdcn & 
Co., Birmingham ; Messrs. Tensometcr Ltd., Croydon ; Messrs. 
Vickers Ltd. 

Particular appreciation is due to Sir Richard Gregory and Mr. 
A. J. V. Gale, M.A., who have ungrudgingly lent their wide experience 
to the general project, and given great help in their suggestions for 
the final arrangement of the work and its contents. 

It is too much to hope that errors will not be found in this w T ork, 
and the authors will be grateful to teachers and students who are 
good enough to point out errors which have escaped detection. 

H. IL BROWN 
A. J. BRYANT 
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CHAPTER I 


MOTION AND POWER AND THEIR TRANSMISSION. 

MACHINES AND THEIR VELOCITY RATIOS. MOMENTUM 

AND ENERGY 

It is possible to divide part of the study of Engineering Science into 
two sections, namely, (1) Machines and (2) Structures ; and for the 
study of these sections to include the strength and properties of 
materials used in construction. Under the heading Machines, 
arrangements of links and components which transmit forces and 
motion are studied, while under Structures, arrangements of 
members at rest which are firmly coupled together and capable of 
resisting the application of external forces are considered. The 
members or parts of both a machine and a structure receive external 
forces and suffer internal stresses and strains ; and the material 
from which they are made exhibits elastic resistance to such stresses. 
The primary difference between a machine and a structure is shown 
in the following statements : 

In the case of a machine : (1) work is done by the applied force 
or forces which produce motion, and (2) energy is absorbed in 
operating the machine and in overcoming friction between the 
moving parts. 

In the case of a structure : (1) work is only done in deflecting 
and straining the members, and (2) energy is stored in the strained 
material, to be mostly released on the removal of the load and not 
used to produce motion. 

The two sections of the study are related in many ways and it 
is important for the student to realise that certain fundamental 
principles can be applied to both sections. For convenience of 
presentation, the effects of a force in producing motion will receive 
first consideration. Force and motion with velocity and accelera¬ 
tion are closely associated with work, power, momentum and 
energy, and a brief summary of the meaning of these terms, which 
were dealt with in Vol. I, will here serve as an introduction to 
Machines. 
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Rest and motion. These terms have been mentioned in the pre¬ 
ceding paragraphs and it is necessary to obtain a clear conception 
of their meaning. Consider two points P and Q situated in space, 
and the possible ways of altering their positions. One point P is 
said to be at rest, or fixed, in relation to 0, if the straight line joining 
P to Q does not alter in length or direction during the period of time 
under review. P is said to move in relation to Q if the straight 
line PQ alters in length or direction. This motion is called rectilinear 
motion if the straight line PQ, changes in length but not in direction, 
and angular or rotary motion if PQ changes in direction but not in 
length. The motion is regarded as plane motion when all the 
changes of position occur in one plane, and when this plane is 
regarded as fixed or its motion neglected. Most of the problems 
on motion which confront the engineer are those of plane motion. 
Motion is thus change of posit ion with regard to some point or plane 
deemed to be , but not usually , fixed. Hence all motion is relative 
motion. 

To illustrate this point, consider a motor-car moving in a straight 
line on a level road. Actually, due to the earth’s motion, the road 
has combined rectilinear and angular motion in relation to the fixed 
stars. Jf the motion and curvature of the earth are ignored, then 
the plane motion of the body of the motor-car will be rectilinear, 
while any point on the tyres will have combined rectilinear and 
angular motion. Now, if the car is regarded as at rest, the motion 
of the points in the car’s engine and transmission will be plane 
motion ; points on the pistons, valves and gudgeon pins will have 
rectilinear motion ; while points on the cranks, crank shafts and 
flywheel will have angular motion. Points on the connecting rods 
will have combined linear and angular motion. 

Speed and velocity. When the direction of motion of a point or 
body is not a matter of concern and the time factor becomes a direct 
consideration, the rate of motion is generally termed the speed of 
the point or body. Velocity is the name given to the rate of motion 
when the direction, sense and magnitude of the motion are com¬ 
pletely specified. Thus, the velocity of an aeroplane might be given 
as 250 knots on a true bearing of 270° at a height of 5000^ft. above 
sea-level. Velocity and speed are said to be uniform when the 
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changes in position are the same in equal intervals of time no matter 
how short those intervals of time may be. Otherwise, the velocity 
is termed non-uniform or variable velocity. 

Rectilinear, or more briefly linear velocity, is measured in feet per 
second, feet per minute, miles per hour (m.p.h.) or knots. A knot 
is equal to 1 nautical mile (6080 ft.) per hour. The metric equiva¬ 
lent would be centimetres or metres per second, or kilometres per 
hour. 

Angular or rotary velocity is usually measured in radians per 
second, revolutions per second or revolutions per minute (r.p.m.). 
Since a radian is the angle subtended at the centre of a circle by an 
arc equal in length to the radius, a point moving with linear velocity 
v ft. per sec. in a circle of radius r ft. will have an angular velocity 
v 

to equal to - radians per sec. 

v 2 t tN 

co and v^=(or, 

r 60 

where N is the angular velocity in revolutions per minute. 

A person swinging in an ordinary garden swing or a child on a 
see-saw may be regarded as moving either with variable linear 
velocity through the arc of a circle, or with variable angular velocity 
about the centre of oscillation or rotation. 

Example. An aeroplane is turning in a horizontal plane through an 
arc of a circle of 5000 ft. radius at a uniform speed of 240 m.p.h. Calculate 
its linear velocity in ft. per sec. and its angular velocity in radians per sec. 

60 m.p.h. = 88 ft. per sec., therefore 240 m.p.h. = 4 x 88 or 352 ft. per 

sec. v 352 

Angular velocity = -= or 0 0704 radian per sec. 

Acceleration. When the velocity is variable, the rate of change 
of velocity is called acceleration, and is termed positive or negative 
according as the velocity is increasing or decreasing. Negative 
acceleration is often called retardation. Linear acceleration is the 
rate of change of linear velocity and is generally measured in feet 
per second per second, while angular acceleration is the rate of 
change of angular velocity and is measured as a rule in radians per 
second per second. 
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Example. In the 'previous example , if the speed of the aeroplane in¬ 
creases uniformly from 240 to 300 m.p.h . while turning at the same radius 
in 40 sec., calculate the tangential linear and the angular acceleration. 

T . . Change of velocity . 88 ft. per sec. 

Linear acceleration =■ ——— 2 -^r—: = 60 m.p.h. or --- 


Change of velocity 


Change of time 
88 ft. per sec. 


40 sec. 

2-2 ft. per sec. per sec. 


= 0 0176 radian per see. 


5000 ft. 

. . . . Change in angular velocity 

Angular acceleration =--r—-- 

Change of time 

0 0176 radian per sec. 


40 sec. 


0 00044 rad. per sec. per sec. 


Mathematical aspect of motion. Suppose a body to move in a 
straight line through a distance s to a point P in time t. Now 
imagine the body to move a further distance 8s to a point Q in time 
St, where St is small. Over the distance PQ, the average velocity is 
8s/8t, and if 8t is taken infinitely small it can be said that the limit¬ 
ing value of 8s/8t, as 8t approaches zero, is the instantaneous value 
of the velocity at P and is written dsjdt. 

Uniform velocity is expressed by dsjdt ~ constant. If variable 
velocity can be expressed in the form ds/dt =f (t), continuously 
through a range from t=a to t = 6, then 



Similarly, if the velocity changes from v to v + 8v in the distance 
PQ in the time 8t, then, 


. . J . Change of velocity 

Acceleration = --—--- 

Change oi time 


8 ?; 
St ' 


In this case, Sv/St is positive or negative according as 8v is positive 
or negative. As St approaches zero, the acceleration at P is given 
by the limiting value of Sv/St, that is, dv/dt . 

Uniform acceleration is expressed by dv/dt = a constant. Should 
dv/dt =f(t) represent variable acceleration continuously from t=a 
to t — b, then 
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Transmission of motion. The problem of transmitting motion 
initiated at one point to other points is obviously important, and 
to solve it the engineer uses devices known as mechanisms. A 
mechanism consists of a link or body, or an assemblage of links or 
bodies, one of which is regarded as fixed. These links are so con¬ 
nected that a definite movement of any point on them must lead to 
a definite movement of all other points in the system except those 
on the fixed link. The links may consist of steel rods, chains, 
springs, leather belting or even fluids, as water and oil in hydraulic 
mechanisms. All these varying types of links or bodies can transmit 
motion in certain controlled circumstances, and all consist of what 
is called matter. 

Matter is the name given to any existing substance or material 
irrespective of its constitution, state, condition or shape. A quantity 
of matter bounded by known limits is called a body. The mass of a 
body is the quantity of matter it contains. 

When a body changes its state of rest or of uniform motion in a 
straight line, it is said to be under the action of a force, that is, a 
force always produces or tends to produce motion, or alteration of 
motion, either in direction or speed. 

The weight of a body is the measure of the attractive force of the 
earth on the body. A mass can be weighed, and it is upon this 
fact that statements and calculations relating to mass are based. 
Thus the mass of a body remains unchanged, but its weight will 
vary with the distance of the body from the earth’s centre. For 
British engineers, the standard of mass is the Imperial Standard 
Pound, a piece of platinum kept at the Standards Office in London. 
Thus, the body which weighs 10 lb. in London will have a mass 
10 times the standard mass, because at any particular place at a 
fixed distance from the centre of the earth the mass of the body is 
proportional to its weight. 

The unit of force is the weight of the standard mass in London. 
Imagine a mass of 10 lb. supported by a spring balance at sea-level 
in London ; then the force extending the spring, if the mass of the 
spring itself is neglected, is a force of 10 lb. weight, because the force 
stretching the spring is the attractive force of the earth acting on 
the mass of 10 lb. Thus, 10 lb. weight is a force, while 10 lb. mass is 
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10 times the quantity of matter contained in the standard pound. 
Although it is customary for engineers to omit the word weight as 
being understood and to refer to the magnitude of a force as being 
so many pounds or tons, it must be realised that pounds weight or 
tons weight is meant. 

When the point of application of a force moves in the direction of 
the force against a resistance, the force is said to do work. The 
quantity of work done is measured by the product of the force and 
the distance measured in the direction in which the force acts. The 
units generally employed are the foot pound (ft. lb.), inch pound 
(in. lb.) and ft. ton. 

Power is the time-rate of doing work. For example, if a load of 
2200 lb. is raised 4 ft. against gravity in 2 sec., the work done is 
8800 ft. lb. and the power developed will be 


2200 lb. x 4 ft. 
2 sec. 


= 2200 lb. x 


4 ft. 

2 sec. 


= Force x velocity = 4400 ft. lb. per sec. 


It will be noticed that the units of power indicate that it is equi¬ 
valent to force times velocity. The unit of power is the horse power 
(abbreviated to H.P.), which is equivalent to the rate of doing work 
at 33,000 ft. lb. per min. or 550 ft. lb. per sec. This rate of doing 
work was defined by James Watt in 1783. In the above illustration, 

00 x 4400 

4400 ft. lb. per sec. is equal to • • or 8 H.P. The electrical 

oo,Ul)U 

unit of power is the watt, which is the power developed in a circuit 
when a current of I ampere flows under a pressure of 1 volt. One 
kilowatt (kW.) = 1000 watts and one H.P. =740 watts. 

Sources of power. The forces of Nature have been harnessed by 
man to supplement his own power, which does not exceed about 
^ H.P. Up to about the year 1750, the only natural power was 
obtained by wind on ship’s sails and windmills and by running 
water on water wheels. Both these sources, as then used, were too 
weak and intermittent to supply power economically. Modern 
methods of using large quantities of water and large natural falls 
to generate electricity by hydro-electric plant and to convey the 
electric power so generated wherever it is required, are, of course, 
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much more efficient. Unfortunately, only 1£ per cent of Britain’s 
present requirements of power can be obtained in this way. The 
hydro-electric station at the Niagara Falls has a capacity of 
1£ million kW. 

By far the most important source of power is the latent power 
available in fuels, such as coal and oil, in which cases the rate of 
combustion controls the amount of power developed, and where 
specially designed machines known as engines are required to convert 
the power to a usable form. Even in the best engines, the thermal 
efficiency is comparatively low and generally, as in the ordinary 
domestic grate, there is much waste of fuel and important by¬ 
products. It has been proposed that large electric power-stations, 
gas works and coke ovens be situated in close proximity to coal 
mines, so that even low-grade and waste coal can be used up and 
valuable by-products retrieved. The waste low-pressure process 
steam, coke oven gas, etc., can also be economically employed in 
local industry around the mines. It is hoped that by some such 
means efforts will be made to conserve the coal supplies of Britain. 

As new coal fields have to be worked farther away from existing 
industrial centres, new problems involving transport of fuel and 
redistribution of industries will arise. Other sources of power 
may then become more economical. These sources, set out below, 
require expensive equipment, and are not likely yet to supersede, 
except to a small extent, the obtaining of power from fuel: 

(1) Tidal power, using both ebb and flow of the tides. 

(2) The sun’s rays to evaporate sea-water allowed to flow into 

open shallow basins. 

(3) The heat of the earth, by boring to a depth exceeding five 

miles or by using water and steam from hot natural springs. 

(4) The utilisation of the sun’s radiant heat in tropical belts to 

grow starch and sugar-producing vegetation, so that alcohol 
can be manufactured in a form suitable for fuel. 

(5) The electricity of the atmosphere. 

(6) Subatomic energy, or the releasing of the tremendous forces 

which hold the atoms together and the harnessing of those 
forces to do useful work. The latent energy in uranium is 
one million times that available in the same weight of coal. 
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Transmission of power. Generally, the engineer requires motion 
allied with force, so that the combination permits of power being 
transmitted. 

A machine may be regarded as a mechanism which transmits force, 
and also as a contrivance by means of which a load may be raised 
or a resistance overcome to the advantage of the operator. If the 
resistance is overcome through a distance in a given time, then the 
machine is transmitting power. The various links of a machine 
must be strong enough to transmit force, and consequently the size 
and substance of these links will be appreciable ; force will also be 
required to move them. 

Usually, the force applied to a machine is called the effort. For 
the ideal machine, the following principles apply. 

By the Principle of Work, 

Work input = Work output (Vol. I., p. 124). (a) 

Now, since the time factor is the same for input and output of 
work, then : 

By the Principle of Power, 

Power input = Power output,. (b) 

that is, 

Effort x velocity, or speed, of effort = Load x velocity of load. ...(c) 

Statement (c) should be studied carefully, because of its immense 
importance. It shows why a big force, such as a load, acting at a 
slowly moving point, can be balanced by a smaller force, such as 
the effort, at a quickly moving point of application. It should be 
emphasised that the quickly moving portion can be of much 
lighter construction than the slowly moving portion of the machine. 


.. . / v Velocity of effort Load 

Rearranging (c), Velocity of load = Effort’ 


(d) 


or Velocity Ratio (V.R.) = Mechanical Advantage (M.A.).(e) 


In practice, the mechanical advantage, or ratio of load to effort, 
is always less than the velocity ratio, due to the fact that the actual 
load raised, or resistance overcome, is less than the theoretical or 
ideal. This is due to frictional losses, some of the effort being used 
in overcoming friction in the machine ; but the relative velocities 
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will remain the same whatever the magnitudes of the efforts and 
loads. The ideal load, or greatest resistance which can be overcome 
by a given effort, can be calculated from the product 

Effort x velocity ratio.,...(/) 

The statement (a) above should be modified in actual machines 
into the form : 

Work input = Work output 

+ Work done in overcoming friction.( g) 

From statement (g), it follows that the efficiency of any trans¬ 
mission of power by a machine is given by the ratio 
useful power output 
power input 

As mentioned above, the time factor is the same for both output 
and input, and therefore this fraction for efficiency may be expressed 
in other ways (see Vol. I, p. 125), as the following will show. 

„ . Actual load x velocity of load Work output M.A. 

ciency Eff or ^ x velocity of effort Work input V.R. 

Actual load Actual load 

Effort x velocity ratio Ideal load * .^ 

When calculating the efficiency of a machine, any of the above 
fractions may be used and the fraction converted to a percentage if 
desired. 

Velocity ratio of machines. Statement (/) above is very impor¬ 
tant, because as power is transmitted through a machine a knowledge 
of the relative velocities of the various parts enables the designer 
to decide on the forces being brought into play and to design accord¬ 
ingly. A different and more experimental treatment of typical 
machines will be found in Vol. I, pp. 123-150. 

The Lever. The ordinary see-saw is one of the simplest machines 
of the leVer type. It is common knowledge that a light boy A 
of weight E (Fig. 1) acting as the effort will be much farther from 
the pivot than a heavier boy B of weight L acting as the load. 
Also, when motion starts, A will move much faster than B. If d 
is measured in radians, the distances moved by the forces E and L 
will be r x 6 and r 2 S respectively. Therefore by the Principle of Pow r er, 
Er 1 6=Lr 2 6 or Er 1 ^Lr 2 . (i) 
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Fig. 1. 


It is assumed that the forces act at right angles to the lever. 
The results can be verified by experiment ; thus 

(a) the velocity ratio of A to B will equal r x jr 2 . 

(b) the velocities of A and B and the distances moved through 

by A and B will be inversely proportional to the weights 
E and L. 

Er x and Lr 2 are called the moments of the forces E and L about the 
pivot or fulcrum, since each quantity is the product of the force 
and the perpendicular distance between the pivot and the line of 
action of the force. The moment of a force measures its turning 
effect, and in conjunction with the angular velocity is also a measure 
of the power available. 

Equation (i) on p. 9 is a particular case of the Principle of Moments, 
which states that for equilibrium, or balance, the algebraic sum of 
the moments of the forces about any one point is zero. Clockwise 
moments are of opposite sign to anticlockwise moments. 

Since no machine is perfect, for E to balance L, either r x would 
have to be increased, or r 2 reduced from the theoretical figures 
obtained from equation (?')• The efficiency can be obtained by using 
one of the expressions (h). 

Weston differential pulley block. This consists of a differential 
block A and a snatch block B connected by an endless chain. If A 
is given one complete clockwise revolution in 1 second by the effort 
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Fig. 2. 


E, the large pulley on A will take in ttIJ ft. of chain, while the 
smaller will pay out nd ft. The difference between nD and ird is 
shared by the two parts of the chain carrying the snatch block. 
Hence the snatch block and the load will rise \ (rrD -Trd) ft., while 
the effort will move rrD ft. E will thus move at ttD ft. per sec., 
and L at \ (ttD -ird) ft. per sec. 

Therefore, the velocity ratio will be ttD~1 (ttD - nd) =2 D/(D - d). 
The theoretical or ideal load raised = Effort x velocity ratio 


Belt, rope and chain drives. Assuming that the belt, rope or 
chain is inextensible, its speed will be constant at all points. Hence 
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Fig. 3. 


for two pulleys A and B, connected by open belt, 7rd 1 N 1 =7rd 2 N 2 
(Fig. 3), or, 

. . _ Speed of A N, d 2 Dia. of follower 

the velocity ratio = ^ 3 -• 

Speed of B N 2 d 1 Dia. ot driver 

For multiple countershaft drives, the velocity ratio is 

Speed of A 2V\ d 2 x d A Product of follower diameters 
Speed of D N A d A x d 3 Product of drivpr diameters 


This result can be readily understood if simple values are given 
such as d x =d 3 =2 ft. and d 2 = d 4 = l ft. Then the main shaft will 
lxll 

rotate at — _ or ~ the speed of the machine shaft, as will appear 
£ x <± 

obvious by mere inspection of the original problem. 


In all problems involving the determination of velocity ratio, it 
is a good policy in the initial stages to employ simple numerical 
values for the various parts, as it assists the understanding of 
problems and the derivation of formulae, which prove useful when 
more complicated numbers have to be used and when results become 
more difficult to visualise. 


The use of multiple shafts enables a high velocity ratio to be 
obtained without very large and very small pulleys being in close 
proximity. It will be noticed that the crossed belt between pulleys 
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C and D (Fig. 3) produces motion in the opposite sense, but the 
velocity ratio is not altered in magnitude. 

Actually, the diameters of the pulleys should be taken to the neu¬ 
tral section of the belting for accurate evaluation of the velocity ratio. 
The neutral section would be that longitudinal section of the belt 
which is not stretched or compressed as it is bent round the pulley. 
The position of this neutral section depends on the type of belting. 


Belt of thickness, t 

Effective Diameter 
of Pulley 

Single leather (Grain of leather to pulley) 

D + %t 

Double ,, 

D + t 

Single ,, (Flesh side of leather to pulley) 

D + & 

Woven or Fabric bolting 

D + t 


The process of compounding can be continued to any extent to 
give the required velocity ratio. Guide or jockey pulleys are used 
to guide the belts which transmit motion between two pulleys which 
are not in the same plane. In using jockey pulleys the guiding 
principle for transference of motion is that the point at which the 
belt leaves one pulley must lie in the plane of the other pulley on to 
which it is advancing. 

Friction and toothed gearing. In this type of gearing for transmit¬ 
ting power, the wheels are in contact and intermeshing teeth prevent 
slipping. It should be remembered that a pair of ordinary toothed 
wheels are equivalent to two cylinders running in contact. The 
diameter of these cylinders is called 
the diameter of the pitch circles. 

Circular pitch is the name given to 
the distance measured on the arc of 
the pitch circle between correspond¬ 
ing points on two consecutive teeth. 

The diametral pitch is obtained by 
dividing the number of teeth by 
the pitch circle diameter in inches. 

With two wheels meshing externally 
as A and B (Fig. 4), the motion of the 
follower B is in the opposite direc- 
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tion, similar to a crossed belt drive between two pulleys. The 
insertion of an idle wheel in between will cause the follower to 
rotate in the same sense as the driver, producing the same rela¬ 
tive motion as with the open belt drive. The idle wheel will 
not affect the velocity ratio. For internal meshing, as in Fig. 4, 
the motion of the two wheels C and D is in the same sense. 
Wheels A and C are drivers and B and D followers. Since the number 
of teeth on a wheel is proportional to its diameter, the velocity ratio 
is similar to that of belt drives. 


Revs, of A Product of number of teeth on followers 
Revs, of D Product of number of teeth on drivers 


Internal gears can be usefully employed where space is limited, 
because the pinion is inside the wheel (see, for example, C and D in 
Fig. 4). With chain drives, slipping is prevented and the velocity 
ratio may be calculated on the basis of wheel diameters or on the 
basis of number of teeth per wheel. 

Bevel or mitre wheels are employed if the axes of the shafts to be 
connected intersect at an angle. In this case, the teeth must be 
cut on wheels in the form of truncated cones instead of on cylinders 
as in ordinary meshing. The velocity ratios can be obtained as 
with ordinary toothed and helical gearing. 

The screw. The pitch of a screw is the distance advanced or 
retracted by the nut during one complete revolution of the screw. 
With single start threads, the distance between any two consecutive 
threads is equal to the pitch, while with multiple start threads the 
distance between any tw r o consecutive threads will equal 


pitch 

no. of starts 


(Vol. 1, p. 145). 


If, to turn the screw, the effort is applied at right angles to an arm 
of radius R and the load is taken by the nut, then the velocity ratio 


will be 


2ttR 

pitch 


With the Hunter Differential Screw the nut to the larger screw is 
fixed, w r hile the larger screw is turned by a power handle of effective 
radius U. A smaller screw threaded inside the larger screw is fixed 
to a block which cannot rotate, so that the smaller screw can only 
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move in the direction of its length. The block on the smaller screw 
supports the load or overcomes the resistance. By making the 
difference in the screw pitches very small a large velocity ratio can 
be obtained. 

TT , . Circumference of power arm 

Velocity ratio = -7- 7-—7; -. 

JJiiiercnce m pitches 01 screws 

The worm and worm wheel. A very high velocity ratio is obtain¬ 
able with this machine. The angular velocity ratio between the 
worm wheel shaft and the worm shaft is (VoL I, p. 133 ) 

No. of teeth on worm wheel 
No. of starts on worm 

N.B. It is characteristic of all screw machines that the efficiency 
is low and the losses high. 

Example 1. A simple crane or derrick is shown diagramrnatically in 
Fig. 5. E is the force in the tie AC and L the load carried by the jib BC. 
1 magma a stiff spring fitted in the tie to allow of a small displacement. 
Find the velocity ratio between E ami L. 

The velocities of E and L during this displacement will depend on 
tlic lengths of BX and BZ respectively. 

BX 

Velocity ratio =. — . 

BZ 

BX 

L — Ex velocity ratio — Bx^^ or L xBZ = E x BX. 

This is the same result as would be obtained by using the Principle of 
Moments and taking moments about B. The^problem is identical with 
that of finding the velocity ratio for the bell crank lever XBZ pivoted at 
B under the action of the forces E and L . 
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Actually, this is a structural problem, but it has been solved by 
imagining a slight displacement so that the method applied to machines 
can be employed. The imaginary displacement is termed a virtual 
displacement. 


Example 2. The sluice gate of a lock is operated by an electric motor 
through a single-worm reduction gear. The wheel of the worm gear is 
keyed to a long screw which raises or lowers a crosshead , which , in turn , 
operates the paddles of the sluice gate. The crosshead acts as a nut to the 
screw. The following particulars are given : 

No. of starts on worm — 2; no. of teeth on worm wheel — 36 ; pitch of 
screw—l in.; motor speed—120 r.p.m. ; maximum pidl required at 
screw =24 tons; travel of crosshead = 0 ft. 8 in., efficiency of worm 
gear =87*5% ; efficiency of screw and nut= 33J%. Calculate , (1) the 
worm reduction ratio , (2) the crosshead velocity , (3) the time to operate 
the sluice paddles , and (4) the brake horse power of the motor. 


( 1 ) 


Worm reduction ratio — 


No. of teeth on worm wheel 
No. of starts 


36 

2 


= 18. 


(2) Speed of screw = 


Motor speed 
Reduction ratio 


720 A A 

- 1 T = 40 r.p.m. 


Crosshead velocity 

= Speed of screw x pitch = 40 x 1 in. = 3| ft. per min. 

(3) Time to operate paddles = -—— --—— 

Crosshead velocity 

= 6f ft.~3J ft. per min. — 2 minutes. 

(4) Power applied to screw = Load x velocity 

= 24 x 2240 x 3J ft. lb. per min. 

= 179,200 ft. lb. per min. 

Overall efficiency of worm gear and screw 

= 87-5% x 33J°o = 29-17%. 

179,200 


B.H.P. of motor — 


0-2917 x 33,000 


= 18-6. 


Example 3. An electric motor is used to operate a sliduig table through 
a double-reduction chain drive and a rack and pinion. The chain wheel 
drivers have 20 teeth each while the followers have 120 teeth. The first 
driver is keyed to the motor shaft and the last follower to the pinion shaft. 
There are 25 teeth on the pinion of diametral pitch 5. The motor speed is 
720 r.p.m. and its output is f H.P. If the chain pitch is \ in., calculate 
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(a) the speed of each chain and their velocity ratio, (b) the table or rack 
speed , (c) the ideal turning moment on the pinion , (4) the maximum 
pressure between the teeth on the rack and pinion. 

(a) 1st chain speed = Motor speed x effective periphery of chain wheel 
720 20 1 rx 

= '60 X 12 X 2 ==1 ° ft - perSeC ' 

2nd chain speed = Countershaft speed x chain wheel periphery 

1 


_ 720 20 20 

~ 60 X 120 X 12 : 


= If ft. per sec. 


1st chain speed 10 Speed of 1st driver 
Velocity ratio - 2n d chain speed ~ If ~ 6 “ Speed of 1st follower' 


120 120 

(b) Velocity ratio between motor and pinion shafts = - - x ^ = 


36. 


Pitch circle diameter of pinion = 


No. of teeth 25 


Diametral pitch 5 


5 in. 


Speed of pinion 
Speed of rack 


720 


36 
20 x for 
12 


20 r.p.m. 


or <26-18 ft. per min. 


(c) Neglecting losses, work done by pinion per min. 

— Output of motor per min. 

Force x radius of pitch circle x 2n x r.p.m. = £ x 33,000 ft. lb. 
or Turning moment x 2tt x 20 = 24,750 ft. lb. 

Turning moment — ^ ^ or 197 lb. ft. 

AU x An 

(d) Turning moment on pinion - Pressure between teeth x Pitch circle 

radius. 

12 x 197 in. lb. = Pressure in lb. x 21 in. 

12 x 197 


Pressure in lb. 


21 


or 945-6 lb. 


Example 4. The diagram , Fig. 6, illustrates in one view the power 
transmission system for a vertical boring arid turning machine. The 
machine shaft is driven by a countershaft which is running at 250 r.p.m. 
and which has stepped cone pulleys of equal diameters to those shown on 
the machine shaft. Pinion J is attached to the stepped pulley and both 
revolve freely on shaft A , while wheel F is keyed to shaft A. Wheel F is 
engaged with the stepped cone for ordinary drive but is disengaged, for the 
back gear drive , when wheels H and G are also swung into gear with J and 
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F respectively. Find the speed of the turntable in revolutions per minute 
in each of the available speeds (a) without back gear , ( 6 ) with back gear. 
Velocity ratio between the turntable and shaft A = Jf x ^ 5 =^. 

(a) Without back gear. For top speed of turntable the 19 in. pulley 
on the countershaft drives the 13 in. pulley on the stepped cone pulley. 



Fig. 6. 


Top speed - 250 x {l x - 29i 3 3 - r.p.m. 

Second speed = 250 x \\ x - 2 “ 5 -- 22 3 r.p.m. 

Third speed = 250 x i * x * = Yl\\ r.p.m. 

Fourth speed = 250 x \ 9 x = 13}f r.p.m. 

(b) With back gear. In this case the velocity ratio between the 
stepped pulley BCDE and shaft A = eo x eo = 0 - 

The four speeds now available will each be Jth of those above. 

Fifth speed = 29 t 3 x i = Syr? r.p.m. 

Sixth speed - 221 x i = 2JJ r.p.m. 

Seventh speed — 1 1\) x J — 1ts3 r.p.m. 

Eighth speed = 13}f x l = 1 y 7 \ r.p.m. 




MOMENTUM AND ENERGY 


19 


Momentum. The momentum of a body may be regarded as the 
quantity of motion it possesses and is measured by, the product of 
its mass and velocity. Thus 

WV 

Momentum = —— in engineer’s units of momentum, 

where W is the weight and W/g is the mass of the body in engineer’s 
units and V the velocity in ft. per sec. 

If a body suffers a change of momentum and the velocity changes 
from V t to V 2 , the change of velocity is V 2 - V 1 , which is related to 
the acceleration (V 2 - VJ/t, if t is the time of the change in seconds. 
Since force equals mass times acceleration, it follows that the rate 
of change of momentum equals 

^<i^)=^ xacceleration , 

9 t 9 

and the rate of change of momentum in engineer’s units equals 
force producing that rate of change. (See Vol. I, p. 262, and also 
P-261.) 


Example. The speed of a sliding part of a mechanism of mass 7 lb. is 
reduced by constraint from 5 ft. per sec. to 2 ft. per sec. in 0-04 sec. Cal¬ 
culate the average force applied through the constraint. 

Force = Rate of change of momentum. 


F 


= 7 {?_ 

q 10 -' 


_ 2 } = 
04 / 


2100 


16-3 lb. 


Energy. In Engineering Science the term energy means capacity 
or ability to do work. If energy is due to relative position, or the 
static storage of energy as in a spring, it is called potential energy. 
The energy of a compressed spring or of water in a lake high up 
amid mountains is potential. If the compression on the spring 
or the water be released, both are capable of doing work. If the 
energy is due to motion, either translatory or rotary or both, then 
the energy is termed kinetic. A revolving flywheel or the tup of 
a hammer about to strike a forging possess kinetic energy. Apart 
from these mechanical forms, energy may also take the form of 
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chemical, electrical, heat, light and sound energy. The various types of 
energy can be changed in form, but the actual total quantity can 
never be destroyed. The latter statement is known as the Principle 
of Conservation of Energy. The change of energy from one form to 
another is usually extremely wasteful, inasmuch as it is almost im¬ 
possible to convert one form of energy completely to another form, 
without a dissipation of some of the energy in another and unusable 
form. This dissipation may be regarded as a loss from the con¬ 
version point of view, although the lost energy is not destroyed. 
For example, in the ordinary filament lamp used to change electrical 
to light energy, most of the electrical energy is lost so far as lighting 
is concerned by conversion to heat energy. 

The following constants may be employed in calculations on the 
change of energy, and represent a rate of exchange for efficient 
conversion of mechanical and heat or electrical energy. 

Mechanical and heat energy. 

778 ft. lb. of work are equivalent to 1 British Thermal Unit (B.Th.U.); 
that is, the average heat required to raise 1 lb. of water through 
1 Fahr. degree. 

1400 ft. lb. of work are equivalent to 1 Centigrade Heat Unit (C.H.U.); 
that is, the average heat required to raise 1 lb. of water through 
1 Cen. degree. 

The above constants are known as the Mechanical Equivalent of Heat 
or Joule’s equivalent in different units. 

For larger changes, 

1 horse power hour (h.p. hour), that is, 1 horse power maintained 
for 1 hour or 33,000 x 60 ft. lb. of energy is equivalent to 1414 
C.H.U. or 2545 B.Th.U. 

Mechanical and electrical energy. 

1 ft. lb. is equivalent to 1*356 joules or watt-seconds (1 watt-second 
= 1 watt maintained for 1 second). 

1 h.p. hour is equivalent to 0*746 B.T.U. (Board of Trade Unit), 
where 1 B.T.U. = 1 kW. maintained for 1 hour (1 kWh.). This 
must not be confused with B.Th.U. (see below). 

1 kWh. is equal to 3,600,000 joules or watt-seconds. 
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Heat to electrical energy. 

1 gram calorie =4*187 joules and 1 B.Th.U. = 1055 joules. 

1 kWh. = 1 B.T.U. = 1896 C.H.U. =3412 B.Th.U. 

Example. An engine develops 100 Brake Horse Power at 360 r.p.m. 
and is used to drive a generator at 1400 r.p.m. through a belt d/rive having 
a velocity ratio of 4. Calculate (a) the percentage belt slip, (b) the electrical 
input and output of the generator on a power basis if its efficiency is 90%, 

(c) the energy available in C.H.U. if the output is maintained for one hour . 

(«) S1,P H-1400- ) 100 = 2 86 %• 

(b) Input to generator = Q ~~ To5~ *) x 100 or 971 

90 

Output of generator = x 97-1 = 87-4 H.P. 

= 0-746 x 87-4 = 65-2 kW. 

(c) Energy available = 65-2 kWh. = 65-2 x 1896 C.H.U. 

= 123,640 C.H.U. 

EXERCISES ON CHAPTER I 

1 . Explain why rest and motion, as used in Engineering Science, 
are actually relative terms. Distinguish between speed, velocity and 
acceleration. 

2. What is a radian ? Make the following conversions : 

(a) 20 ft. per sec. to miles per hour, 

(b) 40 knots to ft. per sec., 

(c) 1-5 ft. per sec. per sec. to miles per hour per hour, 

(d) 2400 revs, per min. to radians per second, 

(e) 2-5 radians per sec. per sec. to revs, per min. per min., 

(/) 42 revs, per min. por min. to radians per sec. per sec. 

3. What is the linear speed in ft. per sec. of a train rounding a curve 
of *25 chains radius at 45 m.p.h. ? What is the angular velocity in rad. 
per sec. ? If the speed of the train gradually decreases to 36 m.p.h. in 
4 sec., what are the linear and angular retardations? 

4. The angular velocity of a flywheel is increased from 90 to 120 
r.p.m. in 15 sec. Calculate the angular acceleration in radians per sec. 
per sec. and the tangential acceleration of a point on the rim of the 
flywheel 2 ft. from its axis. 
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5. What is a mechanism? Differentiate between a mechanism and 
a machine. Why is a fast-moving part of a machine generally not so 
heavily constructed as a slow-moving part ? 

6. Distinguish clearly between the terms mass and weight. A 
machine is placed on rollers and raised up an inclined plane. Explain 
how you would calculate the work done against gravity. 

7. Define force and velocity ratio. In the ideal machine, what is 
the connection existing between the velocity ratios of any two moving 
parts and the forces employed there? 

8 . A force of 400 lb. acting along a rope inclined at 30° to the hori¬ 
zontal is used to drag a machine weighing 1500 lb. along level ground. 
How many ft. lb. of work are done if the machine is dragged 20 ft. ? 

9. A cable of diameter 2 inches weighing 6*456 lb. per ft. raises 
17,000 lb. of ore in a skip weighing 9470 lb. from a depth of 3500 ft. in 
1 minute. Calculate the amount of work done in ft. tons. 

10. Define work and explain clearly how it is measured. A truck 
weighing \ ton rests on horizontal rails with its centre at a point where 
the radius of the circular track is 500 ft. A horizontal force of 200 lb. 
is applied continuously to the truck and kept at an angle of 45° to this 
initial radius, and the truck moves 40 ft. along the rails. Calculate the 
work done by this force. What is the work done against gravity ? 

11. What meaning does the engineer attach to the word “ power ”? 
What are the sources of natural power? Indicate briefly how this 
natural power is converted to use. 

12. A dredger can lift 1500 tons of mud and sand in 41 minutes from 
an average depth of 50 ft. Neglecting losses, calculate the work done 
and the average useful horse power developed. 

13. An escalator has 100 steps each 8 in. high and the journey from 
top to bottom takes 96 sec. If when fully loaded it carries 32 stones on 
each step, calculate the horse power of the motors, assuming an overall 
efficiency of 60%. 

14. What do you understand by the Principles of Work and Power 
as applied to devices for transmitting work and power? What is the 
general name given to such devices? 

15. What is the moment of a force? State the Principle of Moments. 
How can this principle be verified experimentally? 

. 16. A grinding machine spindle is driven from a mam shaft revolving 
at 120 r.p.m. The drivers on the two countershafts employed are 18 in. 
and 12 in. in diameter and the followers each 8 in. in diameter. If the 
pulley on the main shaft is 24 in. in diameter and on the machine 
spindle is 4 in. in diameter, calculate the velocity ratio between the 
machine and main shafts. Taking the efficiency of the transmission of 
power as 60%, find the tangential force available at the periphery of 
a grinding wheel 12 in. in diameter per horse power available at the 
main shaft. 
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17. Part of the drive used in a sand-blasting machine consists of a 
double-reduction chain drive in which the drivers on the motor shaft 
and first countershaft have 30 teeth each, while the followers have 
respectively 108 and 120 teeth. Calculate the velocity ratio of the 
drive. What is the velocity ratio between the two chain speeds if the 
chain pitch is J inch in each case ? 

18. Fig. 7 shows a chain drive used to operate the horizontal spindles 
P, Q, R to which are keyed chain wheels F, G and H, each having 24 
teeth. Motor-chain wheel A with 20 teeth rotates at 720 r.p.m. and 



drives chain wheels C and fe which have 100 teeth each. Chain wheels 
B and D have 16 teeth each and are keyed to the same shafts as C and 
E respectively. Calculate tho velocity ratio between the motor shaft 
and the spindles and also their actual velocity. What is the velocity 
ratio between the chains at X and V if tho chain pitch is tho same for 
each chain? In theory, what should be the relative strengths of the 
chains at X and V ? 

19. In the double-reduction helical gear for a turbine, a wheel with 
50 teeth on the turbine shaft drives a follower with 330 teeth. Keyed 
to the same shaft as the latter is another pinion with 90 teeth, which 
drives a follower with 630 teetli on the propel lor shaft. Calculate tho 
propellor speed if the turbine rotates at 3250 r.p.m. Also calculate the 
idoal turning moment available at the propellor shaft per H.P. delivered 
by the turbine. 
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20. Fig. 8 shows a four-speed gear in which the driving shaft is R, 
S the driven shaft and T the lay or countershaft. All the wheels are 
keyed, but B, G and H can be made to slide along their shafts. Calculate 
the speeds of revolution of shafts for each gear, if R revolves at 1000 
r.p.m. For the first speed C and G are in gear ; for the second, D and 
H ; for the third, B and F; while for the fourth speed the shaft R drives 
S directly through a clutch at Q. The number of teeth on each wheel 
is marked alongside the wheel in the figure. 

21. A variable-speed belt drive is shown in Fig. 9 in which the belt 
may be moved along the pulleys B and C by a central striking fork and 
screw. The pulloy A is 14 in. in diameter and revolves at 100 r.p.m., 
and the taper pulleys B and C taper from 6 in. to 11 in. diameter, 



Fig. 9. 
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measured at the centre of the belt. The drive is completed by two 
toothed wheels D and E with 80 and 32 teeth respectively. Calculate, 

(а) the maximum and minimum velocity ratios between A and E ; 

(б) the effective belt pull at A, if the H.P. received is 2 ; (c) the maximum 
pressure between the teeth at D and E when 2 H.P. is being transmitted. 
Negloct all losses. The diametral pitch is 5. 

22 . Calculate the speed of the driven shaft in the double reduction 
and reversal arrangement shown in Fig. 10 when the motor shaft speed 
is 1200 r.p.m. If the motor efficiency is 85% and the gear efficiency is 
()0° o , find the normal force in a plane at right angles to the shaft and 
at a radius of 6 in. from the centre of the driven shaft, if the input of 
the motor is 6 kW. 


Table on vertical slides 



23. The table of a drilling machine Fig. 11 is raised or lowered along 
its vertical slides by a pinion working against a rack on the vertical face 
of the frame of the machine. The pinion is rotated by a handwheel 
through a worm and worm-wheel. If the weight of the table is 400 lb. 
and the work on it weighs 500 lb., find the least force at the handle to 
raise and lower the table if the overall efficiency is 33$%. 

JB.B.E.S. n 
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24. The mechanism of a Bourdon Pressure Gauge is shown in Fig. 12. 
The sector and pinion are cut to a metric module pitch (Vol. I, p. 165) 
of J. Find (a) the movement of the end of the indicator needle, which 
is of radius 75 mm., for a movement of 0-3 mm. on the pressure tube, ( b) 
the velocity ratio existing between the needle movement and that of the 
pressure tube, (c) the movement of the pressure tube to register 100 lb. per 
sq. in. on the dial if the dial scale is to show 1 in. of needle movement 
for 100 lb. per sq. in. pressure in the pressure tube. 



Fig. 12. Mechanism of a Bourdon Pressure Gauge. 

25. Fig. 13 shows an arrangement for taper turning on a lathe in 
which the cross feed of the tool box is geared through the leading 
screw, which operates the saddle, to the lathe mandril. Find tho taper, 
that is, twice the transverse movement of the tool, for each one-foot 
traverse of the saddle along the leading screw. 



Fig. 13. 
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26. Fig. 14 shows the train of wheels, 
pinion and rack for moving the table 
of a planing machine along horizontal 
slides. The number of teeth on each 
wheel is marked alongside the wheel in 
the figure, while the rack has teeth of 
11 in. pitch. If the driver revolves 
at 30 r.p.m. and is receiving 1 H.P., 
lind the speed of the table in ft. per 
min. and the force urging it forward 
if the efficiency of transmission is 60%. 

Fig. 14. 

27. In an automobile factory a travelling assembly platform driven 
by an electric motor uses a combined spur, worm and double-reduction 
gearing shown diagrammatically in Fig. 15, where the numbers refer 
to the number of teeth on the gear wheels. The worm is two-start and 
operates on a worm-wheel of 40 teeth. The wheels are keyed to shafts 
A, B, C, D, E. If the shaft E drives the platform, calculate the velocity 
ratio between the motor shaft A and the shaft E, and the ideal turning 
moment which can be exerted on shaft E for each horse power delivered 
by the motor, when the speed of the latter is 1200 r.p.m. 

28. A fuel distributor in the form of a large screw of H ft. pitch is 
used to supply a boiler. This screw, as it turns, propels the fuel forward 
to the required feeding position, and is driven by a motor through a 




Shaft operating 
Platform 


Fig. 15. 
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double-reduction worm and worm-wheel gear. Each worm is double¬ 
start with worm-wheels having 60 and 64 teeth. Calculate (a) the 
velocity ratio between the revolutions of the motor and screw, (b) the 
H.P. of the motor when its speed is 1200 r.p.m. and the axial thrust 
on the screw is 1 ton. Assume an overall efficiency of 20%. 

29. With a Hunter differential screw the power handle has an effective 
radius of 2 ft. and the screw pitches are J in. and ■£% in. respectively. 
Calculate the maximum axial resistance which the nut on the screw 
with the smaller pitch can overcome if a force of 30 lb. is applied at 
right angles to the end of the power arm and in a plane at right angles 
to the axis of the screw. Take the efficiency as 15%. 

30. What do you understand by the term momentum? 

A projectile weighing 620 lb. and having a velocity of 1000 ft. per sec. 
is brought to rest by armour plating in a distance of 12 in. Calculate 
(a) the avorage retardation, (b) the average resisting force, (c) the work 
done in the penetration. 

31. What do you understand by the term, “ energy of a body ”? 
How would you distinguish between power and energy? State the 
Principle of Conservation of Energy and mention the various types of 
energy. 

32. Man, the ass, the ox, the average horse and the camel can develop 
respectively 70, 110, 300, 450, and 900 ft. lb. per sec. Convert each of 
these powers to horse power, kilowatts, and also to B.Th.U.’s per 
minute. 

33. Distinguish between a horse power and a horse power hour. 
Show how to convert these mechanical units to the corresponding 
electrical and heat units. Calculate the equivalent of 1 H.P. in ft. tons 
per min. and ft. tons per hour. 

34. Define work and energy. A shaft of a coal mine is 660 yd. deep. 
The cage and load weigh 5 tons and the cable weighs 24 lb. per fathom. 
Calculate the energy expended in raising the load to the surface. If 
the operation takes 55 sec., calculate the average useful H.P. required. 
(N.B .—The actual maximum horse power will exceed this average 
figure because extra power is required to set the cage in motion or 
accelerate it, there are considerable losses in friction in the winding gear, 
etc., and the full length of the cable has to be lifted at the beginning.) 

35. How many gallons of water can be raised from a depth of 165 ft. 
by an expenditure of 150 H.P. hours? If the efficiency of the pump 
and motor combined is 60%, calculate the mechanical horse power and 
electrical output in kW. of the motor capable of raising this quantity 
of water in 1 hour. 
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VECTOR QUANTITIES. THE POLYGON LAW. GENERAL 
CONDITIONS OF EQUILIBRIUM OF FORCES IN ONE 
PLANE. CENTRE OF GRAVITY. STABILITY 

Scalar and vector quantities. Quantities such as the length of a 
body, the speed of a body, or the energy stored in a moving body, 
all of which can be represented completely by a magnitude expressed 
in appropriate units and do not involve direction, are scalar quan¬ 
tities. If, in addition, the quantities involve the idea of direction 
as well as magnitude, as for example, velocity, acceleration and 
force, they are called vector quantities. 

A vector is a straight line of definite length which is drawn to 
indicate a definite direction and marked to show the sense of 
that direction. In other words, it represents to scale a magnitude 
and indicates a direction and sense of direction. Displacements, 
velocities, accelerations are called vector quantities because they can 
be completely represented by vectors. If an arrow is placed on a 
vector it can be referred to by a single letter such as R in Fig. 16 (a). 
When no arrow is provided, two letters are necessary such as PQ 
in Fig. 16 (a), which indicates that the direction is PQ and the 
sense of direction from P to Q. Should the direction be from Q to P, 
the vector is represented by the letters QP. 

Some difference of opinion exists as to whether the sense of a 
vector be indicated by an arrow or by the sequence of lettering or 
by both. The authors prefer to indicate where possible by both 
sequence of lettering and an arrow on the line of action, and this 
practice will be followed in the work. 

Mathematically, the vector may be represented, Fig. 16 (a), in 
the forms R e or PQ#, where 6 is the angle which R (or PQ) makes with 
the standard direction of reference, which is generally horizontal. 

Components. If any triangle afe , Fig. 16 (6), be drawn about a 
vector ae , then af and fe are called the component vectors of the 
vector ae. af and fe will together be equivalent to ae and may take 
its place. If af and/e are at right .angles, Fig. 16 (c), they are inferred 

29 
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d 

Fig. 16. 


to as the rectangular components of ae. In the case of rectangular 
components, 

af = ae cos 6 and fe=ae sin 6. 

This reasoning is in accordance with the triangle of forces, Vol. I, 
p. 73. 

Scalar quantities, being magnitudes, are added and subtracted by 
the ordinary rules of arithmetic, but vectors need a graphical or 
trigonometrical process for their complete addition and subtraction. 

Addition of vectors. Let A , B, C , Fig. 16 (d), be three vectors 
which are to be added. Draw ab , 6c, cd parallel to and equal or 
proportional to A, B and C respectively. Join da. Then the 
vector ad is the resultant and equivalent to the vector sum of A , 
B and C. It should be noted that the order of adding the vectors 
is immaterial. The polygon abed is called the vector polygon, and 
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thus vectors may be added by what is known as the polygon law 
(Vol. I, p. 74). 

The summation of these vectors may be expressed mathematically 
in the form afc*, + bc di 4- cdg 3 = ad Qv 


where the plus sign and the equal sign represent vectorial addition 
and equality respectively. The student will already have had 
experience of the triangle, parallelogram and polygon laws when 
applied to forces and velocities (see experimental work, Vol. I, pp. 
73, 74, 265), and will have little difficulty in understanding that 
the above is a general law applying to the addition of all vector 
quantities, whether forces, accelerations, impulses, momenta, etc. 

Mathematical addition of vectors. The vector sum may be 
obtained mathematically as follows : 

(a) Find the sum (H) of the horizontal 
components of all the vectors, and the sum 
(l 7 ) of all the vertical components. 

(b) Find the resultant (B) of the sum of 
the vertical components and the sum of the 
horizontal components, using the relation 

R = JW+IP. 

(c) Find the direction 9 that this resul¬ 
tant makes with the horizontal, using the 
relation tan 9= V/H or 9 = ta,n~ 1 V/H. 

Should //= 0 and F=0 and therefore B = 0, this represents a 
special case of zero resultant, and corresponds to the condition when 
the vector polygon closes. 



Example. Find the value of 670° 4- 3320° + 4200 °. 

(a) Sum of horizontal components = 6 cos 70° 4- 3 cos 320° + 4 cos 200°. 
Tcos 320° — 4- cos 40°1 — 6 cos 70° 4- 3 cos 40° - 4 cos 20° 

Los 200° = - cos 20°-l = 6 x 0-342 4- 3 x 0-766 - 4 x 0-9397 

= 0-5912. 

Sum of vertical components = 6 sin 70° 4- 3 sin 320° 4- 4 sin 200° 
sin 320° = - sin 40°1 = 6 sin 70° - 3 sin 40° - 4 sin 20° 

Lin 200° = - sin 20° J = 6 x 0-9397 - 3 x 0-6428 - 4 x 0-342 

= 2-3418. 
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(b) Resultant = ^0-5912* + 2-3418 2 = 2-415. 

(c) To find the direction and sense of the resultant: 

.\ 9 = 75° 50' ; 

and resultant vector = 2 * 41575 ° 50'. 


Subtraction of vectors. Suppose it is required to find the value 
of P 9l - Qq 2 . In the graphical representation of this case, Q must be 
drawn in the opposite sense to that in which it would be drawn if 
preceded by the positive sign. 

Thus, —Qo t =^-Qo 2 ± iso 0 • 

The change of sign is equivalent to the addition to or subtraction 
of 180° from the angle of the vector. 


Example. Evaluate 550 ° - 6115 ®. 

A graphical solution is shown in Fig. 18 where the answer is R e or, 
alternatively, the value of R and 9 may be found mathematically by 

solving the triangle abc. In this case, 
Aa6c=115 o -50°=65°. 

Using the cosine rule to find R, 

R 2 = ps + Q 2 _ 2 PQ cos L abc , 

R 2 = 5 2 + 6 2 - 2 x 6 x 5 x cos 65° 

= 25 + 36 - 60 x 0-4226 = 35-64 ; 

.\ R = 5- 97. 

Using the sine rule to find L bac 
sin L bac _ sin L abc 
6 = R 

6 sin 65° 

or sm L bac = —— ; 

o*97 

L bac — 65° 37'. 

Thus, 9 = 360° + 50° - 65° 37' = 344° 23', 

or R — 5 - 97344 ° 23'* 

When a number of vectors have to be added or subtracted, a 
graphical solution will involve the drawing of a polygon in which 
each side of the polygon will represent a vector and the closing line 
the resultant vector. 




33 


CONDITIONS OF EQUILIBRIUM 

Example. Evaluate 670° - 3i4o° - 42o°* 

The resultant vector may be found graphically by using the polygon 
law as on p. 30, or by the method of components as in the previous 
example on p. 31. 

Since a change of sign means turning the vector through 180°, the 
expression 670 ° - 3ho 0 - 420 ° is equivalent to 

670 ° + 3i40°+180° + 420°+180° or 670 ° + 3320° + 4200 °• 

The latter is the same expression as in the example on p. 31, and 
the resultant vector or vector sum is 2-41575° 50 '. 

Conditions of equilibrium of a body under the action of coplanar 
forces, that is, forces all in one plane. If a body is at rest or is 
moving with uniform motion in a straight line, that is, without 
acceleration or change of direction, it is said to be in equilibrium. 
This means there must be neither a resultant force nor a resultant 
turning moment to alter or deflect that state of rest or of uniform 
motion in a straight line. Since forces are vector quantities, the 
methods adopted earlier in this chapter for adding and subtracting 
vectors, and finding component and resultant vectors, apply equally 
well to problems involving forces. Some special cases will now be 
considered. 

Two forces acting. When only two forces act on a body in equi¬ 
librium, then the two forces must be equal and opposite in sense, 
and they must act along the same straight line otherwise equi¬ 
librium will not be maintained. Expressed as vectors, the forces 
could be represented by 

Pq and Pq± iso 0 . 

In such cases as where the weight of one body is supported by 
another body, the supporting force exerted by the latter body is 
usually termed the reaction. The forces in a tug-of-war rope serve 
as an example. 

Three forces acting. If three forces produce equilibrium, the re¬ 
sultant of two of the forces must be equal but opposite in sense to 
the third force. Consequently, the lines of action of the three 
forces must either meet in one point or be parallel. This fact is of 
use in solving problems (see example 6 , p. 50). If three forces are 
in equilibrium, each force is proportional to the sine of the angle 
between the other two. This follows from the Law of the Triangle 
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of Forces and from the Sine Rule as applied to triangles, and is 
known as Lame’s Theorem. 

Four or more forces acting. In order that there shall be no re¬ 
sultant force to alter the state of rest or uniform motion of the 
body in a straight line, the following two conditions must hold : 

To prevent translational motion. 

(a) The sum of the vector components of forces resolved into 
each of two directions must be zero, since there must be no un¬ 
balanced force tending to move the body in either of those directions. 
To prevent rotational motion. 

(b) In order that there may be no resultant turning moment to 
rotate the body, the algebraic sum of the moments (p. 10) of all 
the forces acting on the body about any one point in the plane of 
the forces, must be zero, that is, the Principle of Moments must be 
satisfied. 

Thus, the three conditions of equilibrium in (a) and in (b) are 
all necessary and sufficient. They may be varied to suit the solution 
of particular problems, as will be shown later in the chapter. For 
example, conditions involving graphical methods can be employed. 
Condition (a) above can be replaced as follows : 

For graphical solution. 

(c) The vector polygon of forces, in which each side taken in 
order represents in magnitude, direction and sense one of the forces 
acting on the body, must close for equilibrium ; that is, there is to 
be no unbalanced force. 

The corresponding condition to take the place of (b) above is : 

(d) The funicular or link polygon (see p. 91, Vol. I) for all the 
forces acting on the body must close , that is, there is to be no 
unbalanced moment. 

It should be noticed that in the special case of four or more 
forces acting at one point and conforming with conditions (a) or (c), 
there can be no resultant turning moment. 

Bow’s notation. In Fig. 19 capital letters have been placed in 
the spaces between the forces. In Bow’s notation a force is denoted 
by the two letters in the spaces on each side of it, that is, every 
force is between two letters. The same letters in small type denote 
the force in the force polygon. 
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In the following example the conditions (a) and ( b ) are applied to 
obtain a numerical solution, and then conditions (c) and (d) applied 
to obtain a graphical solution. 

Example 1. The three forces AB= 110 lb., BC = 160 lb., CD= 120 lb., 
shown in Fig. 19, act in one plane on the table of a machine. The angles 
which these forces make with the standard direction are respectively 120°, 
30° and 270°. Find the magnitude , direction and sense of the force, and 
a point in the line of action necessary to produce equilibrium. AB and 
BC intersect at X and xy— 1 ft. 


no ib. 



Method (1). Condition (a). 

Sum of horizontal components = 160 cos 30° +110 cos 120° 

+ 120 cos 270° 

= 138-56 -55 + 0 
= 83-56 lb. 

Sum of vertical components =160 sin 30° +110 sin 120° 

+ 120 sin 270° 

= 80 + 95-26 - 120 
= 55-26 lb. 
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Resultant ad = s/83-56 2 + 55-26 2 = 100 2 lb. 
Direction of resultant = tan" 1 ~~~ = 33° 29'. 


Resultant vector representing the resultant force = 100 - 233 ° 29'• 
the equilibrant da is represented by the vector 100-2213° 29'* 
Condition (b). This condition enables a point in the line of action of 
the equilibrant to be determined. 

For equilibrium, the sum of the clockwise moments taken about any 
one point in the plane of the forces equals the sum of the anticlockwise 
moments about the same point. Two of the forces havo no moment 
about x , which is their point of intersection, so that a; is a convenient 
point about which to take moments. 


160 x0+110x0 + AD xxz = 120 x xy. 


120 x xy 

: AD = 


120 X i = 1-198 ft 
100-2 1 198 ft * 


These conditions permit of the equilibrant being completely deter¬ 
mined and thus. 

Magnitude of equilibrant -100-2 lb. Direction and sense = 33° 29' with standard 
direction. Point in line of action is z, which is at the foot of the peipendicular 
1-198 ft. long drawn from x on to the line of action. 

Method (2). Condition (c). In this case the vector force polygon 
abed (Fig. 19) would be drawn first, the closing line da representing the 
magnitude, direction and sense of the equilibrant. 

Condition (d). The link polygon enables a point s in the line of action 
of the equilibrant to be determined. Choose any point o, and join o 
to each of the vertices a, 6, c, d. Now, choose any point p in the line 
of action of AB and in space B draw pq parallel to ob. From q on 
the line of action of BC draw in space C a line qr parallel to oc, and 
from p and r draw lines ps and rs respectively parallel to oa and od 
meeting at s. Through s draw AD parallel to ad in the vector diagram. 
The equilibrant AD passing through the point s has been completely 
determined. 

N.B .—The choice of a different pole for the link polygon would give 
a differently-shaped link polygon, but the choice of a suitable pole will 
lead to a well-shaped polygon in which the intersections of adjacent 
sides are not at very acute angles. In every case the points in the line 
of action of the equilibrant, obtained by using different poles, will all 
lie in a straight line coincident with the position of the equilibrant. 
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Proof of construction of link polygon. Let each of the forces AB, 
BC and CD (Fig. 19) be resolved along the two sides of the link 
polygon which meet on its line of action ; for example, AB along 
sp and qp , BC along pq and rq , and so on. The corresponding sides 
of the triangle of forces in the vector and polar diagram will give the 
magnitude of two components ; that is, AB may be replaced by 
components in the directions sp and qp , of which the magnitudes 
are represented respectively by the vectors ao and ob. In the same 
way, BC is replaced by components of which the magnitudes are 
represented respectively by bo and oc. On completing this process, 
it will be found that the original three forces are replaced by com¬ 
ponents the lines of action of which are the four sides of the link 
polygon. For example, the component of AB along qp is represented 
by ob , while the component of BC along qp is represented by 60 . 
Obviously, ob and bo balance, and so do the components of BC and 
CD along qr. The components in the lines ps and rs represented by 
the vectors oa and do do not balance, but have a resultant da 
representing DA , acting through s, a point on the intersection of 
their lines of action. The placing of DA in the space diagram 
parallel to da and passing through s enables all the pairs of 
components resolved along the sides of the link polygon to balance, 
and hence DA represents the equilibrant of the three given forces 
in magnitude, direction and position. Thus, for equilibrium, it is 
essential for the link polygon to be a closed figure. 

In the above example, the equilibrant was determined by finding 
its magnitude, direction and position. In the following example 
two equilibrants are required, the direction and position of one, 
and the position of the other, being given. 

Example 2. Suppose in Example 1, Fig. 19, the known quantities 
were changed to AB — 110 lb ., BC - 160 lb ., the force CD to pass through y 
in the direction yr and a fourth force DA to produce equilibrium is to pass 
through the arbitrary point s . It is required to find 

(a) the magnitudes of the forces CD and DA, 

(b) the direction of the force AD. 

In the vector diagram draw ab , be , to represent the forces AB and 
BC and also cd of indefinite length parallel to CD. Choose a pole o and 
join it to the known vertices, namely a, b and c. Starting at point s 
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in the space diagram in space A, draw sp parallel to oa , pq parallel to 
ob in space B, and qt parallel to oc meeting the line of action of forco 
CD in r. Join sr. In the vector diagram draw od parallel to sr and 
meeting ce produced in d. Join ad. 

Then cd to scale gives the required magnitude of the force CD, and 
da gives the magnitude and direction of the fourth force DA. 

Expt. 1. The link polygon. 

Object. To find the pole of a given link polygon. 

Apparatus. Drawing boards and supports, pulleys and support¬ 
ing stands, weights, small rings. See Fig. 20. 


Small brass rings 



Method of procedure. Pin a sheet of paper to the drawing 
board and fix it in a vertical plane. Thread five small brass rings to 
a piece of thread and tie the free ends of the thread. To each of 
the rings tie another piece of thread so that forces in a parallel 
plane and close to the board can be applied by means of the pulleys 
and weights as shown in the diagram. When the arrangement is in 
equilibrium, mark off carefully on a piece of paper on the drawing 
board, the shape of the link polygon and the direction of the forces 
AB, BC, CD, DE, EA acting parallel to the plane of the paper. 
Remove the weights and threads and draw on the sheet of paper a 
polygon of forces abode for the forces acting. Then draw a line from 
b parallel to pq, from c parallel to qr, from d parallel to rs , and so on. 

Observations and derived results. It will be found that all 
these lines drawn from the vertices of the force polygon meet in 
one point called the pole of the link polygon. 
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Hints on the solution of problems. From Examples 1 and 2, it will 
be seen that the necessary conditions of equilibrium §erve to deter¬ 
mine three unknown quantities in any problem dealing with forces 
in one plane. For example, it is possible to determine (a) three 
unknown magnitudes, or alternatively (6) one unknown magnitude, 
an unknown direction and an unknown position, or other similar 
combinations. In solving problems by the preceding principles, it 
is desirable to select carefully the points about which to take 
moments. Thus, moments about a point in the line of action of an 
unknown force, about which it will have zero moment, will enable 
another unknown quantity to be determined. Also the careful choice 
of direction for the resolution of forces into components may lead 
to a more ready solution ; for example, if the forces are resolved in 
a direction perpendicular to an unknown force, then no component 
of the unknown force can enter into the equation derived from this 
resolution. 

Example 3. The four parallel forces AB , BC, CD, DE act on a rod yz 
and make an acute angle 9 with it. Find the resultant force in magnitude, 
direction, sense, and point of application . 

Method 1. Graphical solution. In Fig. 21 the vectors ah, be, cd, de are 
drawn in line respectively parallel, and to represent the given forces. 
Then ae is the vector force polygon or load line, so that ae represents 
the required resultant in magnitude and ea the oquilibrant of the 



Fig. 21. 



40 


ENGINEERING SCIENCE 


forces. Choose any pole o and join to the points a, 6, c, d and e. In 
spaces B, C, D, A and E draw lines parallel to the lines ob , oc, od , oa 
and oe respectively and produce the last two links to meet at t and 
so form the link polygon pqrst. Through t draw a line parallel to ae. 
This line represents the resultant force and x and t are points in its 
line of action. It is instructive to note that x is a fixed point in the 
rod yz for the forces shown irrespective of the value of the angle 0. 
x is called the centre of the parallel forces and is a fixed point in relation 
to the forces. 

Method 2. Resultant force = ae = 200 4- 300 + 400 + 100, or 1000 lb. 

To find the point of application x y take moments about y . 

Moment of resultant = Sum of moments of parallel forces. 

1000 . yx . sin 0 = 300 x 3 sin 0 + 400 x 7 sin 0 + 100 x 12 sin 0. 

1000 . yx = 900 + 2800 + 1200 = 4900. 
yx — 4-9 ft. 

Hence both methods show that the resultant is a force of 1000 lb. 
acting at a point 4-9 ft. from y and making an angle 0 degrees with the bar. 
The forces shown would be called a system of parallel forces and they 
have been compounded into a single force of 1000 lb. acting through 
points x and t. 

Conversely, it is possible to replace this single resultant by two 
parallel forces through given points. Thus two equilibrants can be 
found to pass through given points for a system of parallel forces as in 
the case of the two reactions of a loaded beam (Chap. VIII). 

Couples. Two equal parallel forces form a couple when their 
lines of action are not the same and their senses are opposite. The 
arm of a couple is the perpendicular distance between the lines of 
action of the two forces forming the couple. The moment of a couple 
is the product of the magnitude of one of the forces and the arm of 
the couple. This fact can easily be verified by taking moments 
about any point in the plane of the couple. The moment is always 
the same, and since a couple can only produce or tend to produce 
rotation, and not translation, a couple of equal moment and opposite 
sign is necessary to effect a balance. Any number of couples in the 
same plane acting on a body are equal to a resultant couple the 
moment of which is equal to the algebraic sum of the moments of 
the couples. Also the effect of a couple on a body is unaltered if it 
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is transferred to any plane parallel to its own plane, so long as the 
arm of the couple remains parallel to its original position. 

Example. Consider the forces acting on an ordinary door (Fig. 22) which 
is supported by two hinges. The weight W of the door is the resultant 
of the system of parallel forces caused by the force of gravity acting on 
the particles forming its mass. The hinges must supply a vertically 
upward force S of magnitude equal to W, and thus the two forces S 
and W form a couple tending to produce clockwise rotation. The 
necessary balancing couple is formed by the equal and opposite hori¬ 
zontal forces P and Q acting at the hinges. For equilibrium, Pa — Wb. 



Fig. 22. 


Fig. 23. 


Any force acting on a body can be replaced by a couple together 
with another force acting at any arbitrary point. This is because 
the introduction of two equal and opposite forces, parallel to the 
original force, at any point on the body will not affect the equi¬ 
librium. In Fig. 23 (a) the introduction of the two equal and 
opposite forces P 2 , where P 2 =P 1} does not affect the equilibrium. 

Also a force can be substituted for a given force and a given 
couple. For example, suppose P [Fig. 23 (6)] be the given force and 
QQ the given couple. By adding two equal and opposite forces P x 
such that P = Pi and P^a—Qb, the couples balance, the original 
force P is balanced and the substituted force P x is left acting through 
X . 
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Expt. 2. Objects. To study the shape of a hanging cord in 
equilibrium and to find the resultant of a number of parallel forces. 

Apparatus. Drawing board and paper. Thread, small brass 
rings, weights. See Fig. 24. 

Method of procedure. A light cord joins small rings p, q , r, s , 
and is passed over pulleys G and H attached to a drawing board 
placed in a vertical plane. Weights W l9 W 2 , W 3 and W 4 are attached 
to the rings and P and Q, to the ends of the cord, which pass over 
pulleys clamped to the side of the board. Draw the force polygon 
abcde on the paper on the board, and after choosing a pole O, join 
Oa, Ob , Oc, Od and Oe. Now fix the ring p by a pin and raise or 
lower pulley G until the cord pG is parallel to aO ; then fix the ring 
q so that pq is parallel to bO. Also fix the other rings in turn so that 
the cords qr, rs , sH are parallel to cO, dO, eO respectively. Now adjust 
the magnitudes of the forces P and Q to represent the magnitudes of 
Oa and Oe respectively to the scale used in the vector diagram. 

Observations and derived results. It will be noticed that 
on removing the pins securing each of the rings, the cords remain 
in equilibrium without change of position. Also by producing the 
lines Gp and Hs until they meet and completing the parallelogram of 
forces for P and Q , the single resultant of W v W 2 , W 3 and W 4 is 
determined. 

Experiment 2 illustrates the principle of the suspension bridge, in 
which the main cables support the road or railway underneath by 
means of vertical hangers attached to the cables. 
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Expt. 3. Object. To study the balancing effect of two equal and 
opposing couples. 

Apparatus. Scale, four pulleys, thread and weights. See Fig. 25. 

Method of procedure. The scale is suspended by a single 
thread from a fixed support and a couple of moment Pp is applied 
in a clockwise sense. Apply additional forces by means of the 
threads, pulleys and weights in various directions. 

Observations and derived results. It will be found that the 
scale cannot be restored to its position of equilibrium, which means 
hanging vertically from C , unless an equal and opposing couple is 
applied, such as a couple of moment Qq tending to produce motion 
in an anticlockwise sense with Qq equal to Pp. In this experiment 
p and q are the arms of the couples PP and QQ respectively. 

Alternative methods of stating the conditions of equilibrium. At 
this stage it is possible to express in different words the principles 
already dealt with, which apply to forces acting in one plane. 

A system of coplanar forces must reduce either to (1) a single 
resultant force, or (2) to a couple, or (3) be in equilibrium. For on 
p. 34 the two conditions of (a) and condition (6) were given as 
the necessary and sufficient conditions for equilibrium. Suppose the 
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forces reduce to zero resultant to conform with (a), then the forces 
will be in equilibrium unless they form a couple ; but a couple has 
the same moment about every point in its plane, so if the moment 
about any one point is zero, then there will be equilibrium in con¬ 
formity with condition (6). 

The necessary conditions of equilibrium may also be expressed in 
the following way. If a system of forces acts in one plane upon a 
rigid body, and the algebraic sum of their moments about each of 
three points in the plane but not in the same straight line are each 
zero, the system of forces is in equilibrium. 

In this case, the forces cannot reduce to a couple since the 
moments are zero ; and they cannot reduce to a single resultant 
because, although this may have zero moment about two points if 
it passed through them, it cannot have zero moment about a third 
point not in the same line as the other two points. 

The equilibrium of coplanar forces is also assured if the following 
three conditions are complied with : the forces must have zero 
moment about each of two points in the plane, and must have no 
total component force in the direction of the line joining these two 
points. 

Smooth bodies. A smooth body is defined as one which offers no 
tangential resistance to another sliding over it. When two smooth 
bodies are in contact, the reaction or force exerted by each body 
on the other is normal or perpendicular to the tangent plane between 
the surfaces in contact. This is because there is no frictional 
component tangential to the smooth surface. 

Although no surface is absolutely smooth or frictionless, many 
are smooth enough for frictional forces to be ignored. A hinge 
satisfies these conditions, since the reaction may be assumed to pass 
through the centre of the pin of the hinge. Line contact of a roller 
and point contact of a ball bearing afford further examples ; the 
reactions in these cases will pass along a diameter through the 
points of contact. 


First moments. 


The product of an 1 


f area 
I volume 
| mass 
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by its distance x 
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from a given point or axis is called the first moment of the 


area 
volume 
mass 
force 

Often it is simply referred to as the 


about the given point or axis 
moment. 

The first moment centre of an area or centroid is that point at which 
the whole area may be deemed to be concentrated in order that its 
moment about any given line will be equal to the first moment of 
the area about the same line. 

Hence if A is the total area and x the distance of the centroid 
from the given line, 

Ax = 2 First moments, where 2 indicates “ sum of ” 

2 First moments 
or 


_ 2 First moments 

x = 


2 Areas Total area 

The summation of first moments and areas may be effected by 
the ordinary rules of mensuration or by integration, as the following 
example will show. 

Example. Find the centroid of the area 
OEPQ , if the equation to the curve OEP is 
y = 2x 2 . 

Consider a very thin elemental area of 
thickness 8x and length y and distant x 
from the origin O. 

Area of element = y 8x. 

Moment of element about OY 
= Area x distance 
= y8x.x. 

(**=£, f2«=Z, 

Whole area =1 ydx— I 2x 2 dx — J x*. 

Jx^O Jx=o 

In the limit, the sum of moments of area about OY 



rx=Xi rx^Xi 

= 1 xydx— I 2 x*dx= lx,*. 
Jx~o J £=0 


Distance of centroid from OY = x — 


Sum of moments of area 


■k,* 


Whole area 
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y 

Similarly, moment of elemental strip about O X = yhx.-> 


Sum of moments about OX 


rx-x, rij 

= 1 iv 2 dx= I 

J £ = 0 Jo 


2x 4 dx — faq 5 . 
Sum of moments of area 


Distance of centroid y from OX =-—-- 

Whole area 

5 

’i*Y 

but y t = 2x x 2 , so that x 2 ~ \y x ; 


jL'v* 6 

5 X 1 __ jg. 2 

- — fi^i • 


y — l x i 2 — toJv 


Hence the centroid is situated at a distance faq from axis OY and 
To>J l from OX. 

Thus in general the distance of the centroid from OY is given by 
[yxdx 

- - taken between appropriate limits ; and similarly the distance 

J ydx . 

from OX by 


J|i/ 2 dx 
l ydx 


In addition to the algebraic method given above, the centroid may 
be found by graphical or by combined graphical and algebraic methods. 
(See p. 588, Vol. I.) 


the whole 


can be 


rvolume'j 

Centre of gravity. The centre of j mass l is the point at which 

1 gravity] 

C volume of the body } 

a mass of the body 

(.gravitational forces on all particles of the body; 
considered to be concentrated in such a way that its first moment 
about any given line will be equal to the first moment of the 
C volume ^ 

mass [ about the same line. 


s mass 

I gravitational forces J 


For any homogeneous solid, of uniform density throughout, the 
centres of volume, mass and gravity will be one and the same point, 
which will always lie on an axis of symmetry. If the body possesses 
two axes of symmetry, then the centre must lie on a line passing 
through their point of intersection. If there are three axes of 
symmetry, then the centre must lie at the intersection of these axes. 
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In other words, for many regular geometrical solids the centre of 
gravity and the other centres will lie at the geometrical centre. 
Examples of such solids are a uniform bar, regular prism, cylinder, 
cube, ellipsoid, etc. 

The centre of gravity of a body may also be defined as the point 
through which the line of action of the weight of the body always 
passes. 

The centre of mass is sometimes called the centre of inertia. 

Previous reference has been made to the resultant of parallel 
forces due to gravitation acting on particles comprising a body. 
This resultant force, irrespective of the position of the body, always 
acts through the centre of gravity, whether it is within or outside 
the body, so that the centre of gravity is always a fixed point in 
relation to the body. 

In the simplest case, consider two particles A and B of which the 
weights and w 2 respectively comprise a pair of parallel forces. 
The resultant will act at the point C in the line AB such that 

w x . AC — w 2 . BC, 

w 2 -f w 2 w 2 w t 

or ~AB- = AC = BC- 

In other words, AC and BC are inversely proportional to the 
adjacent weights. Thus the system may be replaced by one 
imaginary particle placed at C and weighing u\ + w 2 ; and C may 
be regarded as the centre of gravity of A and B. This imaginary 
particle may be combined with a third particle of weight w 3 and the 
process continued until the position of a single particle situated at 
the centre of gravity of the system and with a weight equal to the 
total weight is found. 

In many cases the centre of gravity of solids may be found 
mathematically, because the distance x of the centre from a point O 
is by definition 

_ 2J First moments of weights about the axis through O # 

* E Weights ; 

in which expression due allowance must be made for variations in 
density and cross-sectional area. 



48 


ENGINEERING SCIENCE 



Fig. 27. 


Example 1. Find the centre of gravity of 
the solid traced out or enveloped when the 
line y— 2x revolves about the axis of x 
between the limits of x = H and x = 0. 
Assume the solid contained by the revolving 
line is of uniform density . 

Imagine the solid to be divided into a 
large number of thin discs of circular 
section, of thickness 8x, cut perpendicu¬ 
larly to the a>axis. Consider one disc at 
a distance x from O which has a radius y. 
Then, weight of disc = pry 2 . 8x, where p 
is the density. 


E First moments of weights 
E Weights 


/ , 

np I xy 2 dx / np\ 
}x = 0 / . 


*x=n 
y 2 dx , 
x-0 


I — 2x, x= j* 4a; 3 dx J J 4a; 2 dx — j a; 3 J = JH. 


Hence the C.G. is at a distance equal to J of the axial length from the vertex 
of the cone. 


Example 2. A uniform cylindrical, disc-type flywheel weighs 30 lb., 
but it is found that its centre of gravity is 0 05 in. from its geometrical 
centre. A small hole is drilled 4 in. from the geometrical centre so as to 
fix the centre of gravity at this centre . Calculate the weight of metal which 
must be removed by the drill . 

Let w lb. be the weight of metal to be removed. 

Before drilling, if the disc is horizontal, a downward force of 30 lb. 
acts 0*05 in. from the geometrical centre and must be balanced. The 
removal of w lb. of metal is equivalent to an upward force acting 4 in. 
from the centre. Taking moments about the centre, a moment of 4 w 
lb. in. must correct the moment of 30 x 0 051b. in. 


30 x 0 05 , fl _ 

w = -4-=!«>. 


Example 3. Find the position of the centre of gravity of a plate 6* by 3" 
which has a 2" diameter hole cut in it as shown in Fig. 28. 

The weight of the plate will be proportional to the area, which is 
18 sq. in. Tho weight of the metal to be removed at the hole will be 
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proportional to n sq. in. C is the 
position of the new centre of 
gravity on the line OG produced, 
and its position can be found 
by finding [the resultant of two 
imaginary opposing parallel forces 
of magnitude tt and 18 units and 
1J in. apart. 

Resultant = (18 - rr) ; 
and taking moments about G, 

(18 — 71 

or 


7T 



■)X— 1^7r 


IJtt 

( 18 — tt) 


= 0-317 in. 


Example 4. A uniform, bar 10 ft. long is pivoted at its middle point 
and a 200 lb. weight is fastened to the ends of the bar by two cords 9 ft, 
and 6 ft. long respectively. Find the inclination of the bar to the horizontal 
and the tension in each of the cords. 

The 200 lb. wt. will come to rest with its centre of gravity vertically 
below the pivot C, which is the point of support. Thus CD (Fig. 29) 
will be vertical. 

Draw the triangle ABD and join CD. 

Now that the directions AD, BD and CD are determined, the triangle 
of forces pgr can be drawn in which qr represents 200 lb. 

Inclination of AB — 90° - L BCD = 23° by measurement. 

Tension in AD —pr— 161 lb. 

„ „ BD =p<7= 105 lb. 



VECTOR 

DIAGRAM 


r 


Fig. 29. 
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Example 5. A rigid frame ABC of tri¬ 
angular shape , in which each bar is 2 ft. long , 
is suspended from a point D on AB , 6 inches 
from one vertex A. If the frame weighs 10 
lb ., find the inclination of the top bar AB 
to the horizontal . What weight W hung 
from the vertex A will restore the top bar 
to the horizontal position? 

Tho triangle ABC will come to rest with 
its centre of gravity G vertically below 
the point of support D. 

GE = i of CE = Jv/3 ft. DE = i ft. 
a = tan* 1 D E/GE = tan- 1 ^3/2 = 40° 55'. 


Taking moments about D, when AB is horizontal, 


Wx J = 10x or W = 10 lb. 


Example 6. A uniform boom 30 ft. long weighing 1000 lb. is hinged at 
the end p {Fig. 31) and is supported in a horizontal position by the tie qs 
inclined at 30 degrees to pr and attached at q, 10 ft. from r. s is vertically 
above p and a vertical load of 2000 lb. is placed at r. It is required to find 
the magnitude of the force in the tie and the thrust at the hinge p in magnitude 
and direction. 

The resultant of the 1000 lb. and 2000 lb. forces will act through t 9 
which is 5 ft. from r, becauso if moments are taken about r 
trx 3000= 1000 x 15, 
tr — 5 ft. 


VECTOR FORCE DIAGRAM 
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This resultant, together with the pull in the tie and the force at the 
hinge, keep the boom in equilibrium ; and therefore their lines of action 
must meet in one point. 

Produce the line of action of AB to meet that of BC the 3000-lb. force 
at u. Join pu. Then pu will be the line of action of CA, the balancing 
force at the hinge. 

Draw cb in the vector force diagram to represent 3000 lb. and complete 
the diagram by drawing ba and ac parallel respectively to the forces 
BA and AC. 

Magnitude of force in tie A B by measurement = 7500 H>. 

„ „ „ at hinge „ = 6550 lb. 

Direction of equilibrant at hinge „ = 6-5° with line pr. 

Centre of gravity and work done in lifting. Knowledge of the 
position of the centre of gravity of a body or system of bodies 
facilitates the calculation of the work done in problems on lifting 
and tilting. For example, in calculating the work done in winding 
a cable, or in pumping water, it is necessary to find the position of 
the centre of gravity of the cable or of the water, both before and 
after lifting. 

By definition, the centre of gravity is a point through which the 
weight of the body (or system of bodies) may be deemed to act for 
all positions of the body (or system of bodies). Hence the work done 
in lifting will be equal to the weight of the body multiplied by the vertical 
distance through which the centre of gravity has been raised. This 
principle applies even if, during lifting, the relative position of the 
centre of gravity alters in regard to the constituent parts of the 
body, or system of bodies. 

Experimental methods of determining the centre of gravity. When 
a body or lamina is suspended from a point or balanced on a knife 
edge and the body is in equilibrium, the centre of gravity must lie 
vertically below the point of suspension or directly above the knife 
edge, as the case may be. This principle is utilised in determining 
practically the position of the centre of gravity of engineering com¬ 
ponents and machines when these are comparatively small, by 
suspending the part from two or three different points or balancing 
upon a knife edge in two or three different positions. The number 
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of balancing positions will depend upon whether the part possesses 
any axes of symmetry. (See Vol. I, p. 196 .) 

Method of inclination. For vehicles and locomotives and large 
parts, the method of inclination may be used. The procedure may 
be to run the vehicle on to a weighbridge and obtain the total 
weight W. The latter may also be obtained by adding together the 
weights of the various parts of the vehicle. Then a crane or jack 
is employed to lift one side of the vehicle so that the tyres are 
only just clear of ground level. The new weight W 1 registered by 
the other side is then noted. Afterwards the same side of the 
vehicle is lifted a measured amount, so that the vehicle is tilted 
through a known angle a and blocked up clear of the weighbridge 
and the third reading W 2 taken. 

Fig. A. Taking moments about X : 

W 1 

WJ, = Wx or x = -i£. 

W 

Fig. B. Taking moments about X : 

W l 

Wy cos a = W 2 l cos a or y = -^-; 

. tf r wj, WJ (W 2 -WJ l 
•• y w w w 

But h = (y -x) cot a 

(W 2 -W 1 )l cot a 

W 

where a is the angle through which object is inclined. 

The above method gives the position of the centre of gravity in 
relation to a cross-section. Similarly, the position of the C.G. on a 
longitudinal section could be found by tilting the vehicle through 
a known angle by lifting the front axle through a known distance. 

To find the position of the centre of gravity of a locomotive 
above its track by the method of inclination, assuming the centre 
of gravity lies on a longitudinal plane of symmetry. 

Method of procedure. The locomotive is run on to a weigh¬ 
bridge and its total weight obtained [Fig. 33 (a)]. The wheels on 
one side of the locomotive are then raised a measured distance AB 
[Fig. 33 ( b )] by a crane or other means. The weighbridge then 
records the pressure exerted downwards by the wheels on the side 
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€. If c is the centre of gravity of the locomotive, then, after inclina¬ 
tion, the resultant gravitational force acts along the line cb. By 
taking moments about B, the distance B& and hence ab may be 
found. Since ac and cb are respectively at right angles to BC and 

AC, the angles bca and BCA are equal. Then — =tan a • 

CLC AC 

Of these quantities, AB, AC and ab are known or can be calculated, 
so that ac the required distance can be determined. 


Example. A tank locomotive in working order weighs 98-5 tons and the 
weighbridge reading when the offside wheels are raised 15 in . is 79-5 tons . 
Find the height of the centre of gravity above rail-level if the gauge width 
is 561 in. 

Taking moments about B, 98-5 tons x Bb cos a = 79*5 tons x BC cos a. 


_ 79-5 xBC 79-5 x 56-5 

B b = ———— = ———-= 45-6 m. 


98-5 


98-5 


Then ab = Bb - Ba = 45-6 - 28-25 = 17-35 in. 


Also AC = \ / 56-5 2 > 15 2 = 54-47 in. ; 

ac AC AC x ab 54-47 x 17-35 . 

since — = — , then ac — ——— =-—-= 63 m. 

ab AB AB 15 

Ans. The centre of gravity of the tank locomotive is 5 ft. 3 in. above rail-level. 


Stability. A body is said to be in stable equilibrium when, if it is 
•slightly displaced from its position of equilibrium, the forces acting 
on the body tend to restore it to its position of equilibrium. 

The body is said to be in unstable equilibrium when, if slightly dis¬ 
placed, the forces acting tend to move it still further from its 
position of equilibrium. 

The body is said to be in neutral equilibrium if, after a slight dis¬ 
placement, the forces acting are in equilibrium and the body remains 
in the new position. 

Stability can also be tested from the energy point of view. 
Because the potential energy of a body in any given position depends 
upon the product of the mass of the body and the vertical height 
of its centre of gravity above the chosen datum-level, the stability 
of its equilibrium will depend upon the amount of potential energy 
it possesses after any given slight tilt. For example, if a body 
receives an angular displacement or tilt, the equilibrium will be 
neutral if the amount of potential energy is constant. Again, if a 
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slight tilt causes the centre of gravity to drop and the potential 
energy to become less, and this condition is maintained, there will 
be no energy available to restore the body to its former position 
and the body will be in unstable equilibrium. On the other hand, 
if the centre of gravity rises and the potential energy increases, 
energy will be available to restore the body to its former position 
and it will be in stable equilibrium. 

Generally speaking, if a body has more than one position of 
equilibrium, the one in which its centre of gravity is lowest and the 
potential energy least will be the position of stable equilibrium, 
while that in which the centre of gravity is highest and the potential 
energy greatest will be the unstable one. 

The stability of a body is increased by : (1) lowering the centre of 
gravity; (2) increasing the area of the base; (3) increasing the weight. 

A solid resting on an inclined plane will overturn if a vertical line 
through its centre of gravity just passes outside the base. The base 
is defined as the area within the polygon formed by joining all 
adjacent points of contact with the plane with straight lines. 

In all cases of a simple rigid body in contact with a supporting 
surface, the path of the centre of gravity as the body rolls over a 
plane surface gives a definite indication of stability. 

Lowest points on this path usually indicate positions of stable 
equilibrium ; highest points positions of unstable equilibrium. 

If the path is a straight line parallel to the plane surface, then 
neutral equilibrium is indicated. 

EXERCISES ON CHAPTER II 

1 . What is a vector? Find the value of 6 0 + 6 180 , 5 240 -f5 6c , and 

u 30 U 390* 

2 . Evaluate 4 60 + 3 270 . 

3. Simplify 9 40 -I- 6 200 - 7 110 . 

4. Simplify ( ci) 7 28 — 4 120 -f- 12 90 + 10 180 ; (b) IL 35 + 6 270 — 4 40 . 

5. At a node or joint of a bridge girder the forces acting are repre¬ 
sented by the vector expression 

20 27O + 16*43 180 + 17 0 + 1 *672 eo + 13 eo - 10 316 . 

Show that the joint is in equilibrium. 
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6 . The following system of forces has a zero vector sum: 4*55 m , 
3-5 1H) , 2 70 , ? Find the missing values. 

7. Fig. 34 shows the forces acting on a rod AB. Determine the 
magnitude, direction and point of application of the equilibrant. 



8 . Four parallel forces of magnitudes 2 lb., 4 lb., 4 lb. and 3 lb. act in 
the same sense, and the distances between the forces are respectively 
2 ft., 5 ft. and 4 ft. Find the resultant of the forces using the link 
polygon method, and check your answer by using the Principle of 
Moments. 

9. A square plate ABCD of side 2 ft. has forces of values 2 lb., 3 lb., 
4 lb. and 5 lb. acting respectively along the edges AB, BC, CD and DA. 
Find, completely, the force required in order to balance the plate. 

10. An isosceles triangular frame ABC in which the span AB is 15 ft. 
and rise 5 ft. has vertical loads of 400 lb. and 600 lb. acting respectively 
in the centre of the bar AC and at C, and also a load of 800 lb. acting 
at the centre of the bar CB and at right angles to it. The reaction at B 
is vertical. Find the magnitude and direction of the other reaction at 
A and the magnitude of the reaction at B. 

Hint. —First, by taking moments about A, find the magnitude of the 
reaction at B. 

11. Fig. 35 shows the magnitudes and directions of forces acting at 
the corners of a square. Determine the magnitude, direction and sense 
of the equilibrant. 



Fig. 35. 
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Fig. 36. 

12 . Fig. 36 shows the forces acting on a dam. Determine the resultant 
force on the face of the dam, and the turning moment it exerts about 
the vertex marked 90°. 

13. A symmetrical three-hinged arch ABC of span AC =12 ft. and 
rise 4 ft. has hinges at A, B and C. The arch takes a vertical load of 
10 tons at a point on the span AC such that the line of action of the 
load is 2 ft. from the vertical through C. Find the magnitudes and 
directions of the forces acting at each of the hinges. 

14. A jib 30 ft. long is hinged at its lower end A and is inclined 45° 
to the horizontal. Its upper end B is loaded with 10 tons, while the 
weight of the jib is J ton and its C.G. is 10 ft. from A. A stay inclined 
at 90° to the jib is fastened to a point on the jib 15 ft. from A and to a 
vertical post through A. Find the magnitude and direction of the force 
at the hinge and the pull in the stay. 

15. A uniform rod AB weighs W lb. and is hinged at one end A and is 
supported in a position making an angle of 30° with the horizontal by 
a force of 60 lb. at B acting at right angles to AB. Find the value of W 
and the reaction of the hinge at A both in magnitude and direction. 

16. One end of a uniform bar AB 4 ft. long rests with one end A 
against a smooth wall while the other end B is supported by a cord 
6 ft. long with its other end secured to a point vertically above A. 
Determine the angle which the bar makes with the vertical. 

B.B.E.S. 


o 
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17. A smooth hemispherical bowl of radius 20 in. has a rod 30 in. 
long placed inside it. Determine the position in which the rod will 
remain in equilibrium if: (a) the rod is uniform, and (b) if the centre 
of gravity of the rod is 8 in. from one end. 

18. Prove that it is impossible for a ladder to remain in equilibrium 
when resting against a smooth vertical wall if the ground upon which 
the ladder is resting is also smooth. 

19. A gate weighing 200 lb. is hung on two hinges 5 ft. apart in a 
vertical line distant 6 ft. from the centre of gravity of the gate. Assum¬ 
ing that the whole weight of the gate is borne by the lower hinge, find 
the resultant force acting at each hinge. 

20. The weight of a kite is 6 lb. and it is inclined 50° to the horizontal. 
If the resultant thrust of the air acts at a point 7 in. above its centre of 
gravity and the string is tied 9 in. above it, find the thrust of the air 
and the tension of the string. 

21 . A rigid rectangular framework measuring 16 in. by 20 in. is made 
of thin uniform bars with a total weight of 4 lb. The framework is 
suspended in the vertical plane by a string fastened to a point 2 in. 
from the end of one of the long bars. Find the angle which this bar 
will make with the vertical. 

22 . A load of 1 ton is free to slide along a smooth wire 10 ft. long. 
The ends of the wire are connected to two points A and B, in such a 
way that B is 5 ft. measured horizontally from A and 1 ft. measured 
vertically below A. Determine the position of the load wdien it comes 
to rest and the tension in the wire. 

23. A telescope consists of four tubes each 10 inches long sliding'one 
within the other, and their weights are 8, 7, 6 and 5 oz. respectively. 
The telescope is to be pivoted at a point under the C.G. when the tubes 
are fully extended. Find the position of the C.G. of the extended telescope 
from the smaller end. 

24. A uniform square board of mass 2 lb. has masses of 3, 5, 7 and 9 lb. 
placed at the four corners. Determine the position of the centre of 
gravity of the system. 

25. Where must a circular hole of 3 in. radius be punched from 
a circular sheet of tinplate of 1 ft. radius in order that the centre of 
gravity of the remainder may be only \ in. from the original centre of 
the sheet? 

26. Find the position of the centre of gravity of a piece of uniform 
angle iron 6 ft. long if the angle section is 6 in. x 6 in. x J in. 

27. An angle section of rolled steel bar is 6 in. x 5 in. outside dimen¬ 
sions and 0-5 in. thick throughout. Find the position of the centroid 
of the angle section. 
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28. A locomotive weighs 400 tons and its centre of gravity is 4 ft. 6 in. 
above the rails, gauge 4 ft. 8£ in. To what angle can t,he locomotive be 
tilted before it upsets, and find the horizontal force through the centre 
of gravity necessary to do this ? 

29. The portion of the balance weight of the driving wheel of a 
locomotive situated between two consecutive spokes is of uniform 
thickness and shaped as shown in Fig. 37. By cutting out the shape in 
cardboard and by suspen¬ 
ding it from two different 
points, determine the posi¬ 
tion of its centre of gravity. 

30. Describe carefully 
with the aid of sketches 
how the centre of gravity 
of a bus could be deter¬ 
mined by the method of in¬ 
clination, both in relation 
to a cross-section and the 
mid-longitudinal section. 

31. A locomotive design¬ 
ed for a gauge of 5 ft. weighs 
120 tons. The wheels on 
one side are raised 12 in. 
and supported on blocks, while the other wheels exert a load of 89*4 
tons on the weighbridge. Find the height of the centre of gravity 
above rail-level. 

32. To support a motor cycle with wheel centres 60 in. apart in a 
horizontal position requires vertical forces of 100 lb. at the front and 

134 lb. at the back axle. When 
the front axle is raised 15 in. above 
the back axle, the back wheel ex¬ 
erts a force of 137 lb. on a weighing 
machine. Determine the position 
of the centre of gravity of the motor 
cycle as loaded. 

33. Fig. 38 shows the loader 
bucket of a concrete mixer. A is 
the centre of gravity of the bucket 
which weighs 400 lb. and B that of 
the mixture which weighs 1070 lb. 
Find the magnitude of the tension 
in each of the wires T and also 
the thrust P at each hinge D when 
the bucket just begins to lift. 
What turning moment will be re¬ 
quired at C in lb. ft. ? 
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34. Fig. 39 shows the tank of a water softening plant supported on 
fixed trunnions at A and tilted by means of a wire rope fixed to tho 
bottom of the tank at B. The empty tank weighs 180 lb. and its centre 
of gravity is at G. Water is allowed to flow into the tank, which is 
tilted until the water level takes up the position shown. 

Find («) the weight of water in the tank in this position if 1 cu. ft. 
of water weighs 62*3 lb. ; (6) the position of the centre of gravity of 
the water in the tank referred to the lines DB and DC ; (c) the tension 
in the wire rope T ; ( d) the magnitude and direction of the resultant 
thrust on the trunnions A. 



CHAPTER III 


RELATIVE VELOCITY. VELOCITY DIAGRAMS FOR MECH¬ 
ANISMS AND APPLICATIONS. INSTANTANEOUS CENTRE. 
EPICYCLIC GEARS 

In Chapter I it was stated that motion must be considered as relative 
and not absolute, and must be specified in its relation to some body 
which is assumed for the time being to be fixed. It is now necessary 
to amplify this statement. In many problems the earth is regarded 
as fixed and the displacement of other bodies measured relatively 
to some point on it. In engineering problems, this may be more 
difficult because it is necessary to determine the magnitude and 
direction of the velocity and acceleration of one point on a machine 
relative to another point which is itself moving relative to the 
earth. 

Relative Velocity. 

Plane motion of independent bodies in the same or parallel straight 
lines. For example, suppose a train A travelling due east at a 
velocity of V A =50 m.p.h. overtakes another train B travelling 
due east at Fg = 40 m.p.h. Since both velocities are of the same 
sign, the first train A will pass B at a speed of 10 m.p.h., and the 
relative velocity of A to B is said to be 10 m.p.h. Thus, 

relative velocity of A to B = ( + V A ) - ( + Vb) = 10 m.p.h. 

Now assume that B’ s velocity is reversed (or becomes negative) 
and it is travelling at - Fj? or 40 m.p.h. due west. In this case, A 
would pass a passenger in B at 90 m.p.h., or the relative velocity of 
A to B = ( + V A ) - ( - Vb) = (50) - ( - 40) = 90 m.p.h. 

In both cases, the relative velocity of A to B is the difference of 
the velocities of A and B, taking signs into account. 

Plane motion of independent bodies along non-parallel straight lines. 
If the bodies are not moving in the same or parallel lines the 
velocities can be represented vectorially and the subtraction must 
be done as with other vectors (p. 32). 

61 
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Fig. 40. 

Suppose two points A and B (Fig. 40) move over a plane rectangular 
surface with velocities V A and Vr respectively relative to E, the 
earth. If the rectangular surface is given a velocity - V that is, 
equal and opposite to Vb , then B will actually remain at rest relative 
to the earth and' A will have a velocity compounded of V A and 
Vb reversed. Therefore to B, which has been brought to rest, A 
will have a velocity, taken vectorially, of 
(+ V A ) + ( - Vb) = V a - V b , or 

= ca-cb=bc + ca = ba = V r. 

Notice that the order of vector lettering indicates that the direction 
of motion is from the first letter, 6, to the second letter, a. Thus, the 
vector be, from b to c, represents the velocity of the earth E relative 
to B. Also the velocity of B relative to A is represented by ab. 

Thus, the velocity of A relative to B is equal to the velocity of A added 
vectorially to the velocity of B reversed. 

In equation form : 

Velocity of A relative to B 

= Velocity of A relative to E - Velocity of B relative to E. ...(1) 
= Velocity of A relative to E + Velocity of E relative to B. ...(2) 

The equation in its latter form is still true if any body C is taken 
instead of the earth, in which case, 

Velocity of A relative to B 

=Velocity of A relative to C + Velocity of C relative to B. (3) 

In this form the relative velocity equation is most useful since 
the point C can be chosen to simplify any given problem. 
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Example 1. One ship A is steaming due north at 40 knots and another , B, 
is due east at 30 knots . At noon , A is 8 nautical miles and B 16 nautical 
miles from the intersection of their courses . 

Determine (a) the relative velocity of A to B> 

(b) the nearest distance between A and B, 

(c) the time when A and B are nearest together , 

(d) the positions of A and B when they are nearest together . 

(a) The relative velocity of A to B is given by the equation 
Velocity of A relative to B = Velocity of A + Velocity of B reversed. 

In Fig. 41 let A and B mark the positions in the space diagram of the 

SPACE DIAGRAM 



Fig. 41. 

ships at noon. Construct the vector triangle by drawing be to represent 
the velocity of B reversed and ea to represent the velocity of A. Join 
ha , which gives the relative velocity of A to B. 

ba to scale represents 50 knots. 

(b) In the space diagram, draw from A a lino parallel to ba to represent 
the velocity of A as its motion would appear to B if the latter were at 
rest. A perpendicular from B meets this line at y. Measure B y to scale, 
as this measures the nearest distance of A to B. 

By measurement, By = 8 nautical miles. 

(c) Now measure Ay and it will be found to represent 16 miles. 

Divide Ay by the relative velocity of A to B, which gives Thus, 
time to travel relatively from A to y = i% hour or 19*2 min. This gives 
the timo after noon when A is nearest to B. ^ ^ 

(d) In 19-2 min. A will have reached r, where Ar——— x 40=12*8 

miles. lna 60 

19*2 

Similarly, B will have reached S, where BS = ~r^~ x 30 = 9*6 miles. 

60 

It will also be noticed that rS is equal and parallel to By. 
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Example 2. A fighter F sights a bomber B 30 miles away in a direction 
due east. The bomber is flying on a bearing of 157J° true at 250 m.p.h. 
If the fighter's speed is 350 m.p.h., find the course the fighter should take 
to reach the bomber in the shortest possible time. 

Let F and B (Fig. 42) represent the positions of the fighter and bomber 
respectively. If B is imagined to be at rest, F’s velocity relative to B 
must be in the direction FB in order that B may be reached in the 
shortest possiblo time. But tho velocity of F relativo to B-- Velocity 
of F relativo to E +Velocity of E relative to B, where E represents the 
earth. Of these quantities the direction of F relative to B is known, 
the magnitude of F relative to E and both the magnitude and direction 
of E relative to B are known. Hence draw be to represent the velocity 
of B reversed (that is, E relative to B), and with centre e and radius 
corresponding to 350 m.p.h. describe an arc cutting the line from b 
parallel to FB at /. Join ef. Then ef represents the absolute velocity of 
F relative to the earth in magnitude and direction, because bf~be + ef. 

F should therefore set off from F in the direction parallel to ef. 

By measurement Z.a=41 degrees. 

Hence the fighter’s course will be on a bearing of 131° true. 

Plane motion of two bodies or points on a rigid link. In the theory 
of machines it is often necessary to consider the motion of two 
points on one rigid part or link of a mechanism. These points 
are a fixed distance apart, and their motion may be very different 
but cannot be independent. Thus, the velocity of each of the two 
points relative to the other can have no component along the line 
joining them and can only be perpendicular to this line. This means 
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that if A and B are two fixed points on a link moving in one 
plane, then the relative velocity of A to B and of B to A are both 
perpendicular to the line AB. 

Let AB, Fig. 43, represent the link of a machine and V A and Vr 
respectively the directions of the velocities of A and B. Suppose 
also that the magnitude of V A is known and the magnitude of Vr 
is required. In other words, the velocity of B relative to the earth 
E is required. 

Using equation (3), p. 62, 

Velocity of B relative to E = Velocity of B relative to A 

4- Velocity of A relative to E, 

or Vr = Velocity of B relative to A + V A , 

The directions of these three velocities are all known because the 
velocity of B relative to A is at right angles to the line AB. In 
addition, the magnitude of V A is known, and thus the magnitudes 
of the other velocities can be determined. In other words, of the 
six quantities involved, namely, three magnitudes and three direc¬ 
tions, so long as four are known, it is possible to find the two 
remaining quantities from the vector triangle. Therefore, from e 
draw ea to scale to represent V A in magnitude and direction. Add 
the vector ab, which represents the direction of the velocity of B 
relative to A, and fix the point b by drawing from e a line parallel 
to Vr . Thus, eb=ea + ab, and eb will give to scale the magnitude 
of Vr, while ab will give the magnitude and direction of B relative 
to A, and similarly ba of A relative to B. 
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If, in the above example, the magnitude of V* instead of the 
direction, were known, the point b may be fixed by describing an 
arc with e as centre and radius equal to Vb and then joining e to 
the two points of intersection. In this way the two possible direc¬ 
tions of Vb are obtained. It should be noted that the scale repre¬ 
sentation of Vb must not be less than the perpendicular distance 
from e on to ab . This perpendicular distance represents the com¬ 
ponent velocity of Vb in the direction AB. 

Velocity of other points on the link. If C and D are two points on 
AB respectively at one-third and two-thirds the distance from A to 
B, their velocities can be obtained by dividing the vector ab in the 

same proportions, for example, so that ~ = ~ =~ , and then joining 

e to c and d. Then ec and ed represent completely Vq and Vb 
respectively. Being on the line AB, both C and D will have the same 
component velocities as A and B in the direction AB, but, relatively 
to A, their velocities will be proportional to their distances from A. 

Angular velocity of a link. To find the angular velocity of the 
link AB as it turns in an anticlockwise direction about A, divide 
the linear relative velocity of B to A by the length of the straight 
line AB. 

Instantaneous centre. Instantaneous centre is the name given 
to the point about which rotation can be considered to be taking 
place at any particular instant and with a particular configuration 
of the mechanism. 

In Fig. 43 draw perpendiculars from B and A respectively at right 
angles to the directions of the velocities of B and A and meeting at I. 
For a very small displacement of the link, I is called the instan¬ 
taneous centre of rotation for the given position of the link. At the 
instant taken, A is turning about some point in the line AI, while 
B is turning about a point in the line BI. Hence I, being the point 
of intersection, must be the instantaneous centre for the whole link. 

For any position of a moving link this centre can easily be found 
unless the motion of the points on the link happens to be almost 
parallel. Usually, as the link moves so the centre changes. The 
locus or path of the instantaneous centre of rotation as the link 
moves is called a centrode. 
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Alternative method. Solution by the instantaneous centre method. 
The problem solved (Fig. 43) by relative velocity methods can also be 
solved by using the centre of rotation I. Any point on the link AB, 
Fig. 43, will also be turning instantaneously about I. For example, 
C and D will be moving respectively at right angles to Cl and DI 
and with velocities proportional to those distances. It should be 
noticed that these directions are respectively parallel to ec and ed 
in the vector diagram, and also that the triangle IAB is similar to 
eab but rotated through a right angle relative to it. Therefore, if 
the magnitude of the velocity of one point on the link is known 
about I, that of any other point can be determined. Since the 
triangles are similar and V A is known and Vb is required, then 


Similarly, 


V b eh IB 

V A ea IA 

or 


yo-y.% 

and 



Also, if cj is the angular velocity of the link momentarily about I, 

then = £4 = Ij = Z2 = Z^ 

" IA IB IC ID ' 

The chief defect of this method of determining velocities is that, 
when the instantaneous centre is obtained graphically, in some cases 
it cannot be determined accurately because the perpendiculars to 
the directions of the velocities may be nearly parallel. Thus, large- 
scale drawings may be necessary for accuracy. 

Mechanisms 

A mechanism may be described as an arrangement of links with 
pairs of rotating units or sliding parts designed collectively to trans¬ 
mit motion. A rotating pair consists of two units together transmitting 
rotation, and a sliding pair is two units, one sliding over the other 
under directional restraint, and together transmitting linear motion. 
Examples of mechanisms. 

(1) Slider crank chain. The mechanism of the ordinary recipro¬ 
cating engine contains (a) one sliding pair, namely the crosshead 
and guides, (b) three rotating pairs, the crank and crankshaft and 
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the crankshaft bearing ; the crank pin and the big end of the con¬ 
necting rod ; the gudgeon pin and the small end of the connecting 
rod. 

(2) Quadric cycle chain. Consists of three links pin-jointed at 
their extremities, with the ends of the first and third link pin- 
jointed to a fixed unit. This contains four rotating pairs, one fixed 
and three movable links. 

(3) Double slider crank chain. This is the mechanism of the 
donkey engine, containing a crank and connecting-rod mechanism 
as in the slider crank chain, with a gudgeon pin and slide operating 
in a circular guide. 

(4) Oscillating cylinder mechanism. This consists of the crank and 
connecting-rod mechanism, as in the slider crank chain, with the 
gudgeon pin directly pin-jointed to the piston, which provides a 
sliding pair with the cylinder which is itself part of a rotating pair. 

When the velocity vector triangle for one link has been drawn 
it is possible to determine the motion of a second link joined to 
or paired with it. The process can be continued until the velocity 
triangle for every link of the mechanism has been drawn and thus 
the velocity of every point found. The method can be best under¬ 
stood by means of worked examples. 

Example 1. Quadric cycle chain. Consider a mechanism (Fig. 44) consisting 
of a crank BC rotating at a given angular velocity about B , connected by the 
coupling rod CD, which causes the crank AD to move with variable angular 
velocity about A. It is required to determine the velocity of D , the velocity of E 
where CE — \CD and the angular velocity of AD for the given position 
of the mechanism. 

The equation from which each vector triangle can be drawn should 
first be written down. The required relative velocity should be placed 
on the left-hand side and the given velocity and the relative velocity 
between the ends of the link on the right-hand side of the equation. 
Thus, 

Velocity of D relative to B = Velocity of D relative to C 

-f Velocity of C relative to B. 

Here the point C is introduced into the equation because the velocity 
of C is known. 

Draw be parallel to Vq to represent the velocity of C, and a line 
through c at right angles to CD and a line through b parallel to V d 



MECHANISMS 


69 



and at right angles to AD to meet the lino from c at d. Then bd repre¬ 
sents the velocity of D. The instantaneous angular velocity of AD will 
be given by Vjy/AD. Divide dc in the ratio 2 ; 1 to determine the 
position of e. Join be, which represents V E . 

Alternatively, the instantaneous centre method may be used to find 
Vj). Produce DA and CB respectively at right angles to Vjy and V E to 
meet at I, the instantaneous centre for the link CD. Join I to E. Then, 
if cd is the angular velocity of CD about I, 

a, = V nllD = V C /IC = Fg/IE. 

V D = V c . ID/IC and V E =V C . IE/IC. 

In this example, if AD = BC and DC = AB, the mechanism becomes 
similar to the familiar coupling rod and cranks of a locomotive. 

Example 2. Slider crank chain. In the mechanism of a simple recipro¬ 
cating engine (Fig. 45), the crank BC rotates at 240 r.p.m. Determine the 
velocity of the crosshead A and the angular velocity of C about A, if the crank 
is one foot long and the connecting rod AC is four feet long , in the position 
when the crank makes an angle of 30° with the inner dead centre. 

Method I. In Fig. 45 draw to a suitable scale the outline or space 
diagram of the mechanism. Write down the velocity equation. 

Velocity of A relative to B = Velocity of A relative to C 

+ Velocity of C relative to B. 

_r i .. i ,. , _ 2 t tNR 2tt x 240 x I 

Velocity of C relative to B = —=-—- 

60 bO 

= 877 ft. per sec. 
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B may be regarded as fixed relative to the earth, so draw be at right 
angles to BC in the direction Vq to represent 8n ft. per sec. 

Then draw ca perpendicular to AC and ba parallel to V meeting in a. 
By measurement, ba representing Va = 15-6, 

ca representing the relative velocity of A to C 
=22 ft. per sec. 

the angular velocity of C to A = ~ = 5-5 radians/sec. 

Method 11. To find Vj_. Produce BC and draw a perpendicular to 
AB to meet it at I, the instantaneous centre of rotation for the link AC. 
IC and IA are respectively perpendicular to V q and F 4 . Measure IC 
and IA. Let a> be the angular velocity of AC about I. 

W= lA = lc’ ° r ^ = F c .IA/IC = 8„. 2 2, 3 5 

= 15-7. 


Example 3. Fig. 46 shows a machine in outline in which A is a crank 
shaft and pivot D is fixed,. Crank AB revolves at 60 r.p.m. and is con¬ 
nected by rod BC with rod EC which pivots about D. E drives the crosshead 
F through link EF. Determine the velocity of F for the given position. 

The problem may be solved in steps by determining ( 1 ) the velocity 
of C, (2) the velocity of E, and finally, (3) the velocity of F. 

The velocity of B or V ^~2ttRN or 277 x £ x 60 or 6 O 7 r ft. per min. 
Points A and D are both fixed, and the velocity equation may be written 
down : 

Velocity of C relative to A = Velocity of C relative to B 

+ Velocity of B relative to A. 
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Of these quantities, the velocity of B relative to A is equal to 607r ft. 
per min. at right angles to AB ; the velocity of C relative to B is at right 
angles to BC, but the magnitude is unknown ; and the velocity of C 
relative to A is of unknown magnitude but is at right angles to CD. 
Accordingly, in the vector velocity diagram draw ab to scale to represent 
607r ft. per min. ; from b and a draw lines respectively at right angles 
to BC and DC to meet at c. Hence velocity of C =ac = 140 ft. per min. 

Similarly, to find the velocity of E, since CE is one link pivoted at D, 
then E will move in the opposite direction to C with a reduced velocity, 
the reduction obviously being in the ratio of 15 : 6. Therefore, from a 
in the line ac, but in the opposite direction, draw ae so that 

ac : ae :: 15 : 6. 

Thus, velocity of E =ae = 56 ft. per min. 

To find the velocity of F, use the equation : 

Velocity of F relative to D — Velocity of F relative to E 

+ Velocity of E relative to D. 


K V 



SPACE DIAGRAM 


Fig. 46. 
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The velocity of E relative to D is the same as that relative to A or eo. 
To find the magnitudes of the remaining velocities of the equation, 
complete the vector velocity triangle aef , in which af is drawn parallel 
to the motion of the crosshead F, and ef at right angles to the link EF 
to represent the relative motion between the ends of that link. 

Velocity of F — af— 60 ft. per min. 

Simple and compound wheel trains. In a simple wheel train of 

toothed wheels each axle of the mechanism carries only one wheel, 
as in Fig. 47. In the case of a compound train of toothed wheels 


(a) 


(b) 


(c) 




Fig. 47. 
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each axle except the first and last carries two wheels (Fig. 47, c). 
The velocity ratios of the axles are constant, being dependent solely 
on the number of teeth on the wheels meshing together, and the 
ratios can easily be determined as shown on p. 13, or in Vol. I, 
p. 171. 

Both simple and compound trains of toothed wheels have wide 
applications in industrial machines. ^ 

Epicyclic gears. When the arm carrying the axles of a train of 
wheels itself rotates and one of the wheels is fixed, the resulting 
arrangement is called an epicyclic gear, because every point on a 
moving wheel traces out one of the cycloidal curves as it turns 
about the fixed wheel. In such cases at least one axis revolves 
about another axis which is fixed. Thus in Fig. 47 (a, b) the axis GH 
(and JK) might revolve about the axis EF, wheel A being fixed. In 
other words, the arm carrying the axles itself revolves. 

When the axes of the first and last wheels coincide, the arrange¬ 
ment is called a reverted wheel train. Obviously in this case the axle 
is divided into two, the epicyclic gear fitting in between the two 
parts. An example of this type of train is the differential bevel gear 
used on the driving axles of motor-cars to permit of the driving 
wheels rotating at different speeds in going round a curve. With 
bevel wheel trains the problem of calculating velocity ratios is essen¬ 
tially the same as for ordinary wheel trains, whether simple, com¬ 
pound, epicyclic or reverted. 

Epicyclic and reverted trains are of very great importance, inas¬ 
much as they provide a simple compact method of obtaining a high 
velocity ratio between two shafts. 

In calculating the velocity ratios of the various axes, wheels and 
arm of an epicyclic gear, the problem would at first appear to be very 
difficult; but if the following points are remembered, the principle 
underlying the method remains the same for all the countless 
arrangements and combinations of this type of gear. 

(1) Rotary motion can be either positive or negative, that is, 
either clockwise or anticlockwise. 

(2) All motions are relative motions. 

(3) The relative motion of two parts of a machine is the same in 
magnitude, no matter whether measured from either part or from 



74 


ENGINEERING SCIENCE 


some independent part, and no matter which part of the machine is 
considered fixed. 

To solve problems on epicyclic gears, first assume one part fixed 
and determine the relative motion between the various parts. 
Work is saved if the fixed part is carefully chosen. Usually it is 
best to assume that the arm of the gear is fixed. Once this relative 
motion between th^ parts is determined and tabulated, the whole 
of the results maylbe subjected to the processes of addition, sub¬ 
traction, multiplication and division, provided the same arithmetical 
process is applied to the relative velocity of each part. The follow¬ 
ing examples will help to make clear the principles involved. 

Example 1. Wheel A and wheel B are connected by the arm R in the gear 
shown in Fig. 47, a, and they have respectively 50 and 25 teeth. Construct 
a table to give the motion of the other two parts when R , A and B are each , 
in turn , considered fixed. Also find how many revolutions R will make if 
B makes 60 r.p.m. in an anticlockwise direction. 


Line 

Procedure 

Condition 

Motion of 

A 

R 

B 

1 


R fixed 

+ 1 

0 

-2 

2 

Subtract 1 
from line 1 

A fixed 

0 

- 1 

-3 

3 

Add 2 to 
line 1 

C fixed 

+ 3 

+ 2 

0 

4 

Multiplying 
line 2 by 20 

A fixed 

0 

-20 

-60 


Clockwise motion is here considered positive ; anticlockwise motion is 
considered negative. 

In line 1, R is considered fixed and A is given + 1 rev., and thus B 
will make - 2 rev. Subtracting I from the results in line 1 gives the 
motion of R and B when A is considered fixed ; and thus line 2 is formed. 
In line 3, B is brought to rest by adding 2 to line 1, and the correspond¬ 
ing motion of A and R is determined. Line 4 is obtained by multiplying 
line 2 by 20, which is necessary to give B a speed of - 60 r.p.m. Thus 
A is at rest and R is revolving at - 20 r.p.m. 

By manipulating the lines, any desired motion can be given to a pair 
of elements of a gear (usually one fixed and the other moving at the 
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desired speed) and the motion of the others easily obtained. The 
results obtained in Example 1 can readily be checked on a simple 
model epicyclic gear. 

Example 2. A reverted train vised as a reduction gear is outlined in 
Fig. 48. The wheel G is fixed and has 60 teeth y while D and E are keyed 
to a shaft A , which in turn is carried by an arm rotating with the driving 
shaft B. D has 15 teeth and gears with G, while E has 16 teeth and gears 
with F, which is keyed to the driven shaft C. F has 59 teeth. If shaft B 
makes 300 r.p.m., calculate the speed and direction of rotation of shaft C. 







Motion of 


Line 

Procedure 

Condition 






B 

G 

D 

E 

F and C 

1 


B fixed 

0 

+ 1 

eo 

~ 15 

_ 

16 

. • O 1 • _ 1 .5. 

+ 15 X 5# — * #l» 

2 

Subtract 1 

G fixed 

-1 

0 

-5 

-5 

5 

6 » 


from line 1 






3 

Multiply line 

G fixed 

-300 

0 

-1500 

-1500 

Ax 300 = 25-4 


2 by 300 

B’s speed 
300 r.p.m. 








Assume that rotation is positive when clockwise as viewed in the 
direction of the arrow (Fig. 48). 

Obtain line 1 in the table above by assuming the shaft B and its arm 
are at rest and G is given 1 rev. clockwise. 

Line 2 is obtained by subtracting 1 from each speed in line 1, which 
fixes G, and gives F a motion of (?-§ x - 1) or 5 5 9 - rev. 

Line 3 is obtained by multiplying line 2 by 300. The speed of wheel 
F and shaft C is thus 25*4 r.p.m. and opposite to the motion of B. 



76 ENGINEERING SCIENCE 

Special Application of Epicycuc Gears 

Motor-car differential gear. The back axle drive of a motor-car 
makes it necessary for one of the rear wheels to revolve at a different 
speed from the other, and the ratio of these speeds must be elastic 
over the range of cornering, so much so that one wheel, the inner, 
must on certain occasions and under certain conditions be almost 
stationary while the outer wheel runs comparatively fast while turning 
the corner. In any case, the wheels are normally the same in diameter 
and equidistant from the line of the main engine drive, while the wheel 
velocity will depend on the radius of curvature at which each wheel is 
turning. The front wheels are not affected in this way, because 
they are separately mounted on steel axles and are not connected 
with the power transmission from the engine, except in front-wheel 
drive trucks. 

The problem is solved by the use of a form of epicyclic gear known 
as the differential gear (Fig. 49). The wheel A is driven direct from 
the engine shaft and gears with B, which is free to rotate on one half 
of the back axle C. To this half of the back axle and to the other 
half D are keyed the two equal wheels E and F. Attached to B is a 



Q 

£ 

Fig. 49. Differential Gear. 
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bearing G carrying a shaft H to which are attached the equal wheels 
J and K, free to rotate on the shaft H. 

The behaviour of the mechanism is best considered by drawing 
up the velocity table for B, E, F, J and K as follows : 


Condition 

B 

F 

E 

Procedure 

B fixed. Give + 1 to E 

0 

- 1 

+ 1 


Give +wto E 

0 

- n 

+ n 


Give + x to B 

X 

x-n 

x + n 

Add x 


It can be seen that as the speed of B is directly related to the 
engine speed according to the teeth relation between A and B, any 
decrease or increase of the speed of E, say by x, will produce a cor¬ 
responding increase or decrease to its complementary wheel F without 
change of engine speed. Thus the road wheels connected to E and 
F will run at equal speeds on a straight road, but will readily alter 
speed to meet cornering as required. 

Applications. From the Principles of Work and Power for the 
ideal or perfect machine (or where the friction is negligible, p. 8), 
a knowledge of the velocity ratio also gives the force ratio in a 
machine, because the force ratio is the reciprocal of the velocity 
ratio and vice versa. An unknown force acting at a certain point in 
a machine can thus be calculated from the vector velocity diagram. 
The same principle can be extended to a part of a jointed structure 
by imagining a small movement of a point in a structure arising 
from the elastic yielding of one of its members, as when the member 
is supposed to be replaced by a stiff coiled spring (see p. 15). Also 
data obtained from the vector velocity diagram enable the vector 
acceleration diagram to be constructed for the same configuration 
of the machine, and when the acceleration is known it is possible to 
deduce the forces involved. These forces are considerable in high¬ 
speed machinery and engines, but such work is beyond the scope of 
this book. 

Similarly, a knowledge of the velocity ratios in operation in an 
epicyclic gear enables the corresponding force ratios to be deter¬ 
mined. 
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EXERCISES ON CHAPTER III 

1. What is the meaning of the term “ relative velocity ” ? How is 
the relative velocity obtained in the case of the motion of two vehicles 
moving along the same or parallel straight lines? 

2 . Describe a method of finding the instantaneous relative velocity 
of two bodies which at a given instant are moving in directions making 
a known angle with each other. 

3. Find the velocity of a point on the rim of a wheel 10 ft. in dia¬ 
meter which is rotating in its beatings at 10 radians per second. If the 
velocity increases with an acceleration of 1 radian per second per second, 
find the vector change of velocity after one second. 

4. An aeroplane’s speed is 240 knots and it is travelling due north 
on a calm day. What would be the actual course or track of the machine 
if a breeze from a bearing of 225° true at 45 knots suddenly springs up? 
Moasure the drift, that is, the angle of deviation due to the wind. 

5. A fighter has an air speed of 450 knots and is overtaking a 
bomber flying on the same course at 300 knots. If the fighter turns 
away when 100 yd. from the bomber, for how many seconds beforo this 
was the fighter within 1000 yd. range of the bomber? 

6. How long will it take an aeroplane to traverse from A to B if A is 
30 miles north of B and 300 miles from it if the air speed of the aeroplane 
is 250 knots? The wind velocity is 35 knots from a bearing of 315° true. 

7. Find the shortest time it would take a swimmer whose water 
speed is 2] m.p.h. to cross a stream 200 yd. wide if the river is flowing 
uniformly at U m.p.h. *What direction should the swimmer take? 

8 . Two ships, the speeds of which are 20 and 25 knots respectively, 
are timed to leave harbour at noon. Their courses are straight and the 
angle between them is 75°. Find (a) the speed of the second ship rela¬ 
tive to tho first, (b) when the first ship will bo 20 nautical miles from 
the second, and the bearing of the second from the first at that time. 

9. Tho straight-line tracks of two aeroplanes cross at the same 
altitude at right angles. At noon, the first is 20 miles from the crossing 
and its speed is 240 knots, while the second is 24 miles from the cross¬ 
ing and its speed is 360 knots. When will tho two planes be nearest 
together, and how far will each have travelled since noon? 

10. A destroyer, the maximum speed of which is 40 knots, sights due 
west an enemy vessel which is travelling due north at 20 knots. Find 
the course the destroyer must take to intercept the enemy as soon as 
possible, and its relative velocity to that of the enemy. How long will 
it take to intercept if the enemv is 17^ miles away? 

11 . Two trains of equal length are approaching a level crossing or cross¬ 
over at the rate of 40 and 50 ft. per sec. respectively. Find the greatest 
length the trains can have, in order to avoid a collision, if the distances 
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of the engines from the 
crossing are respectively 
1200 yd. and 1600 yd. 

12. A piston rod ro¬ 
tates a crank at 2 revs, 
per sec. through a cross¬ 
head and connecting rod. 

The crank is 1 ft. long 
and the rod 5 ft. When 
the crank has turned 
through 40° from its 
inner dead centre, find 

(а) the crosshead speed, 

(б) the position of the 
instantaneous centre of 
the connecting rod, (c) the 
angular velocity of the 
connecting rod, ( d ) the 
turning moment on the 
crank shaft if the piston thrust is 1 ton. 

13. Find the relative velocities of the piston and valve of a steam 
engine when the crank is 60° from its inner dead centre and the engine 
speed is 120 r.p.m. The crank radius is 10 in., the connecting rod 
40 in. long, eccentric radius 2| in., eccentric rod 40 in. long, and the 
angle of advance of the eccentric 30°. 

14. Find the position of the instantaneous centres for all the links of 
the mechanism shown in Fig. 46 (p. 71) when the crank AB is in the 

position shown. 

15. Fig. 50 shows a quick-return 
motion for a slotting machine. The 
block D rotates about the fixed 
point E and at the same time 
slides along rod BC which oscillates 
about the fixed point C. B drives 
the crosshead A by means of rod 
AB. The slide A carries the tool. 
If ED rotates uniformly at 30 r.p.m., 
find the speed of A. 

16. In Fig. 51 the crank AB is 
1 ft. long and rotates at 300 r.p.m. 
Find the angular velocities of the 
links BC and CD if these are res¬ 
pectively 4 ft. and 5 ft. long. Link 
CD oscillates about D. Also find 
the linear velocity of the point E 
which is 1 ft. from C. 




Fig. 51. 
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17. For the simple press shown in 
Fig. 52, calculate the velocity of D if 
C is moving at right angles to AC at a 
speed of 1 ft. per sec. If a force of 
100 lb. is applied at C, find the force F 
necessary to restore equilibrium for 
this position of the machine if friction 
is neglected. 

18. In Fig. 53 the crank AB rotates 
at 240 r.p.m., C slides in the direction 
FG, and E slides vertically. The point 
D is the mid-point of BC. When the 
angle BAC is 45°, draw the vector ve¬ 
locity diagram for the mechanism and 
find the velocities of C and E. 

19. The wheels A, B and C in Fig. 

47, b (p. 72), have respectively 30, 20 and 50 toeth. If wheel A is 
fixed, find the speeds of B and C if R rotates clockwise at 60 r.p.m. 

20. In Fig. 47, c (p. 72), the wheels A, B, C, D have respectively 30, 
50, 20 and 60 teeth. When A is fixed and R revolves clockwise at 120 
r.p.m., calculate the speed of wheels B, C and D. Also find the speeds 
of R, A, B and C if D is fixed and C makes 200 r.p.m. anticlockwise. 

21. In the epicyclic gear shown in Fig. 54, the wheels B, C and D 
have respectively 20, 60 and 100 teoth. The arms A are keyed to the 
shaft E and the planet wheels B are free to rotate at the ends of the 
arms. If C is fixed, find the velocity ratio between D and A. 

22 . A motor epicyclic reduc¬ 
tion gear is shown in Fig. 55. 
Wheel B is keyed to the motor 
shaft, C and D are cast together 
and free to turn on the end of 
arm A. The annular wheel D is 
fixed and does not rotate, while 
the annular wheel E is keyed to 
the machine shaft. Find the 
reduction ratio for the gear if the 
numbers of teeth on the wheels 
are as indicated on the figure. 
Also find the force ratio at the 
pitch circles of the wheels B and 
E if friction is neglected. 





CHAPTER IV 


STRENGTH AND ELASTICITY OF MATERIALS 

The effectiveness of any machine or structure depends upon a 
selection of suitable materials and a knowledge, possessed by the 
designer, of the behaviour of these materials under given conditions. 
Modern design, with the manufacturing conditions imposed upon it, 
demands constant supervision of the materials employed, and the 
metallurgist co-operates with the engineer to produce metals and 
alloys suited to the special requirements of any particular design. 
This supervision covers the methods employed in manufacture of 
the metal, its physical and chemical structure, the heat treatment 
w hich it shall receive, and the mechanical testing of representative 
specimens under something approaching overload conditions. In¬ 
vestigations are carried out on the effects of fatigue, alternation of 
stresses, impact loading and temperature changes, in addition to 
tests on the material under static loading until fracture occurs. 

The purpose of this chapter is not to discuss the metallurgical aspect 
of these tests, but to set out the mechanical tests of the material as 
generally applied in the routine supervision of materials. 

These tests generally take the form of (a) loading a specimen to 
destruction by tension, (b) some form of impact test, (c) an investiga¬ 
tion into the natural hardness of the material. Supplementary tests 
may be carried out in compression, bending and shear, and the 
material may be subjected to fatigue and rapid alternation of load 
tests. 

Behaviour of a material under load. When a material is sub¬ 
jected to the action of external forces, or load, the physical structure 
immediately adjusts itself to resist these forces and the material is 
said to be stressed. Invariably this stress is associated with some 
form of dimensional deformation, which may be temporary over 
the period of loading, or permanent if the material is unable to 
recover from the deformation when the effect of the external force 
is removed. This deformation is called the strain, and it cannot be 
dissociated from a condition of stress. 

82 
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The extent to which the strain or deformation can be taken with¬ 
out assuming a permanent character is dependent upon the elasticity 
of the material, and elasticity may be described as the property 
a material possesses of resisting strain. The property is shown 
in the ability possessed by the material of recovering its original 
dimensions after the straining forces are removed. 

Hooke’s Law states that during the period of complete elasticity the 
strain is directly proportional to the stress. 

It must be understood that the elasticity of a material does not 
generally break down completely at a specific load, but that the 
material is perfectly elastic up to a certain stress condition, after 
which as a rule the elasticity gradually fails and the material takes 
permanent deformation, although some residual elasticity is retained 
almost to the point of fracture. 

Nature of deformation. During the period of stressing and 
straining in which Hooke’s Law holds (that is, the stress and strain 
are proportional and elasticity is perfect) the strain is called the 
elastic deformation. At the end of this period the material yields, or 
the limit of proportionality is reached and the deformation becomes 
wholly or partially permanent. The material is then wholly or 
partially plastic, or mouldable, and the deformation after the yield 
point is known as plastic deformation. 

The yield point is defined as the load per square inch at which a dis¬ 
tinctly visible increase occurs in the gauge length observed either (a) by 
using dividers after the removal of the load, or (b) when there is 
a distinct movement of the testing machine lever as the load is 
steadily increased, or (c) when there is a drop in the gauge finger in 
the case of a hydraulic testing machine. In commercial tests, the 
yield point is often referred to as the “ commercial elastic limit 

The elastic limit, or limit of proportionality, is that point at which 
the extensions cease to be proportional to the loads ; that is, it is 
the point on the load v. extension and the stress v. strain diagrams 
where the graph ceases to be a straight line and becomes less 
steeply inclined or perhaps curved. 

Fig. 56 shows diagrammatically the behaviour of three common 
metals tested in tension to fracture. It will be noticed that in the 
naturally ductile soft copper, practically the whole of the deforma- 
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Fig. 56. 

tion is plastic, whereas in mild steel there is a definite change-over 
from the elastic to the plastic deformation at the yield point. 

Measurement of Stress, Strain and Elasticity 
The intensity of stress in a material subjected to external forces 
is measured as the average load or force per unit area of the cross- 
section under load, and the fractional strain is the average deforma¬ 
tion per unit length. Thus : 

Load 

Intensity of stress = --- ; — , 

Area of cross-section 

_ . « , A . Deformation 

Fractional strain — ~- T - —-— • 

Original dimension 

These quantities will , in accordance with practice , be referred to in the 
future simply as stress and strain . The modulus of elasticity, or Young's 
modulus, is the ratio between the mean intensity of stress and the 
fractional strain taken during the period of elastic deformation. It 
is to some extent a measure of the elastic properties of the material 
and is expressed in the same units as those adopted for stress. Thus : 

stress 

Modulus of Elasticity (E) =——— • 
strain 

The modulus of elasticity is obtained by plotting a graph of load 
v . extension for the material and multiplying the slope of this graph 



POISSON’S RATIO 


85 


by the ratio l/A , where l is the gauge length and A the original area 
of cross-section of the specimen. In this way the representative 
mean value of stress divided by strain over the range of propor¬ 
tionality is best obtained. 

Tensile and compressive stress produces a strain in its own direc¬ 
tion and also an opposite kind of strain in every direction perpen¬ 
dicular to its own. For example, a tie bar subject to tensile stress 
extends in the direction of its length but contracts laterally. The 

ratio .-— — 8t . ra ^ n is usually constant for a material within 
longitudinal strain 

the elastic limit, and is known as Poisson’s Ratio, after S. D. Poisson 
(1781-1840), who first used the ratio when investigating the increase 
in volume of a rod in tension. For many metals the value of the 
ratio is about J, and for india-rubber about J. Frequently, the ratio 
is denoted by the symbol 1/m, and it is an important factor in the 
relations which exist between the various moduli of elasticity for 
materials. These moduli are Young’s Modulus, the Bulk Modulus and 
the Modulus of Rigidity. 

Example 1 . A steel column 4 in. in diameter and 20 in. in length carries 
a thrust of 94 tons which remains axial during the loading . Calculate 
(a) the intensity of stress , (6) the shortening of the column , when E — 13,000 
tons per sq. in. 


Area of cross-section = 7r x 2 2 = 12-56 sq. in. 

a , Load 94 _ 

Stress = - : - - -= ————— = 7-48 tons per sq. m. 

Cross-sectional area 12-56 


E = 


stress 

strain 


7-484 

x 


= 13,000 tons per sq. in. 


7-484 

13,000 


0-000576. 


Strain — x — 


deformation 
original length 


Deformation = 0-000576 x 20 = 0-0115 in. 


Example 2. A hexagonal tie rod of J in. side and 50 in. in length is 
found to lengthen 0-04 in. under load. If the modulus of elasticity of the 
material is 13,700 tons per sq. in., find the load carried by the rod . 

Area of cross-section = 6 xJxJxJ cos 60° 

= 1-461 sq. in. 
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stress _L Z_ L 50 
strain - A X e — 1-461 X 0 04 
_ 13,700 x 1-461 x 0 04 


= 16 tons. 


Example 3. A steel tie bar 2 in. in diameter is subjected to com - 
pressive stress , in the direction of its 3 in. length , by an axial load. The 
length of the bar is shortened by 0-0036 in. and the diameter increases by 
0-00062 in. Calculate Poisson's Ratio for the material. 


Longitudinal strain = 
Lateral strain = 
Poisson’s Ratio = 


0-0036 

3 

0-00062 

2 

0-00031 

00012 


= 0 - 0012 . 
= 0-00031. 


= 0-26. 


Example 4. A bar 11 in. in diameter and 2 ft. in length is subjected 

to a tensile stress of 20 tons per sq. in. Calculate the extension of the 

bar if E— 13,500 tons per sq. in. and the probable diametrical reduction 

if Poisson's Ratio is 0 25. 

-.LI stress 
E = ~ x -= ——— • 

A e strain 


13,500 = 


20 

strain 


Extension = 24 x 
Poisson’s Ratio 
0-25 


20 


0-036 in. 


13,500 
lateral strain 
longitudinal strain 

8X24 s = 0-00037. 


00356 

Diametrical reduction = 0-00037 x 1-5 = 0-00056 in. 


Composite sections. When a unit in a machine or structure is 
made up of two or more materials, such as reinforced concrete or a 
bimetal arrangement, it is assumed that the strains in the con¬ 
stituents are equal. For example, a reinforced concrete column will 
carry a load in such a way that the strain suffered by the concrete 
is equal to that given to the reinforcement. Since the moduli of 
elasticity vary, the stresses set up will be unequal. 
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Example 1. A reinforced concrete pillar 10 in. square is reinforced by 
12 steel bars each J in. diameter. If the length of the column is & ft., find 
the stresses in the concrete and reinforcement when the load is 20 tons. 
E for steel = 13,500, for concrete , 1,000 tons per sq. in. 

Area of cross-section, reinforcement = 12 x w x = 2*355 sq. in. 
Area of cross-section, concrete = 100 - 2-355 = 97-645 sq. in. 
Let f e be stress in the concrete and f r that in the reinforcement. 

stress 

Then, for equal strains, since E = ——— , 

^ strain 


Jjl — fx. 
E c E r ' 


or 


fr Jc. 
13-5 1 ’ 


/r-13-5/ c . 


Now, load = stress x area. 

load carried by concrete —f c x 97-645. 
load carried by reinforcement = 2-355/ r . 
(97-645 + 13 j x 2-355)/ c = 20, 


f r = 0-154 tons per sq. in., 
f c = 2-08 tons per sq. in. 


Example 2. A hydraulic buffer plunger is 10 in. in diameter and takes 
an axial thrust of 300 tons. It is made of steel with a brass liner 1 in. in 
thickness shrunk and keyed to the steel core. If the ratio of the moduli for 
steel and brass are as 13 : 8, calculate the stresses set up in the core and 
the liner. What proportion of the thrust is taken by each? 

Area of core section = n x 4 2 = 50-24 sq. in. 

Area of liner section = n {5 2 - 4 2 } = 28-26 sq. in. 

For equal strains, - = or 8 f c = 13 f e . 

Load taken by core + Load taken by liner = Total load. 

50-24 f c + 28-26 x */ c = 300, 

67-63/ c = 300, 

f c = 4-44 tons per sq. in. 
f e = 2-73 tons per sq. in. 

Thrust taken by core =4-436 x 50-24 = 222-8 tons. 

Thrust taken by liner = 2-73 x 28-26 = 77-2 tons. 
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Stresses due to temperature. It is common practice to take 
advantage of the expansion and contraction of metals under the 
influence of heat when, for example, tyres have to be shrunk on to 
wheels, liners on to rams or plungers, and as a remedy when seizure 
occurs between shafts and bearings. In addition to this, tempera¬ 
ture changes affect members of a structure and components in a 
machine by causing expansion or contraction against the resistance 
due to the rigidity of the structure or machine. This expansion or 
contraction may be regarded as a strain, and since stress and strain 
are simultaneous, if there is resistance to the expansion or contrac¬ 
tion, stress will be set up in the member concerned. 

The extent of the expansion or contraction is dependent upon two 
factors : (1) the change in temperature, (2) the coefficient of linear 
expansion of the material (Vol. II, p. 10). If these two factors are 
known, the amount of expansion or contraction can be calculated. 
The coefficient of linear expansion (a) is the expansion of unit length of 
a material during a temperature rise of 1 centigrade (or fahrenheit) 
degree. 

Thus, for a member of length l in. the expansion will be £a(t 2 - t A ), 
where a is the coefficient of linear expansion and t 2 - t x the change 
in temperature in centigrade degrees. 

stress 

Applying this to E = j n , the strain expressed as a fraction of 

the length is (t 2 - t x ) a, and the corresponding stress due to tempera- 
ture change is £«<*,-*,). 

The ultimate tensile strength of the carbon steels falls, at first, as 
the temperature increases, but then rises to a maximum at about 
360° C. Above this temperature the ultimate tensile strength falls 
rapidly as the temperature increases. With wrought and cast iron 
the strength increases and reaches a maximum at about 360° C., 
then falls continuously with further rise in temperature. The 
ultimate tensile strength of copper and most non-ferrous metals 
decreases rapidly as the temperature rises. 

It is important to realise that steam-operated plant uses steels 
for construction operating between 350° C. and 600° C., while steel 
used for oil refineries and chemical plant may have even higher 
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operational temperatures. As the engineer constantly strives after 
increased thermal efficiency and a greater unit of power for every 
unit of weight, greater demands are likely to be made on the supply 
of materials capable of performing their functions under high- 
temperature conditions. Carbon and alloy steels are used for high- 
temperature service, and the effects of composition, method of 
manufacture and variation of physical condition as a result of heat 
treatment are of the greatest importance. Above 400° C. the 
strength properties of carbon steel are such that prolonged applica¬ 
tion of stress produces continuous slight plastic flow or creep, and 
there is no definite breaking strength. Thus the important criterion 
for steel under stress at high temperatures is the degree of resistance 
to creep, which is very sensitively measured by the rate of creep 
extension under tensile stress in inches per inch length of specimen 
per hour. Creep strains of the order of 10~ 6 inch per inch can be 
measured. Molybdenum appears to be the most promising element 
to increase creep resistance in alloy steels, while in carbon steels it 
has been found that no advantage has been obtained by increasing 
the carbon "content above 0-4 per cent. Molybdenum steel would 
appear to form the best basis for investigation and research 
towards improvement. Research has also shown that the inclusion 
of one or more other elements makes the steel more effective 
over certain ranges of temperature. A vanadium-molybdenum 
steel has already given promising results. 

Investigations are also being carried out on the corrosion produced 
on various alloy steels in flue gases and superheated steam. It is 
found that there is a marked increase in the rate of corrosion above 
500° C. towards 600° C. The increase of sulphur dioxide is found to 
increase the amount of corrosion, being especially marked at the 
lower temperature. Evidence has been obtained that an alloy steel 
with about 5 per cent, of chromium and some molybdenum gives 
increased resistance to corrosion at high temperatures. The table 
(p. 115) lists many of the different metallic and other elements 
incorporated in the various types of steels, and their effects. 

The addition of various elements to cast iron, combined with 
correct methods of manufacture and heat treatment, also gives 
additional strength and resistance to heat, corrosion, erosion and 

B.B.B.S* J) 
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wear. For example, “ Niresist ” iron was developed primarily to 
resist corrosion and heat, and contains nickel (14 per cent.), copper 
(7 per cent.) and chromium (2 per cent.). “ Nicrosilal ” iron was 
developed for heat resistance and contains nickel (18 per cent.), 
chromium (2 per cent.) and silicon (5 per cent.). Both these irons 
have an improved resistance to creep, the latter especially at higher 
temperatures between 600° C. and 850° C. “ Nihard ” is a white 
cast iron, developed to provide resistance to wear, and contains 
nickel (4*5 per cent.) and chromium (1*5 per cent.). It may be 
mentioned here that “ Nomag ” iron, developed for its non¬ 
magnetic qualities, contains nickel (10 per cent.) and manganese 
(5 per cent.). 

Example 1. A steel tie rod is rigidly fixed at its ends , is 10 ft. in length 
and If in. in diameter. Calculate the tensile stress set up by a fall in 
temperature of 10° C. and the load equivalent to this stress. Since rigidity 
is , in practice , impossible , calculate also the load equivalent if the supports 
yield 0-004 in. E — 13,000 tons per sq. in. and oc for steel — 0 00001. 

(a) Rigid supports : natural contraction prevented. 

Contraction per inch length -a(t 2 -t l ) 

= 0-00001 x 10 = 0-0001 in. 


Stress set up = E x contraction per inch 

= 13,000 x 0-0001 = 1-3 tons per sq. in. 

Load equivalent = 1-3 x j = 1-59 tons. 

(b) Yielding supports : 

Contraction prevented = 120 x 0-0001 - 0-004 = 0*008 in. 


Stress — Ex strain = 


13,000 x 0-008 
120 


= 0-87 tons per sq. in. 


Load equivalent = 1-06 tons. 


Example 2. A copper rod 1J in. in diameter is sheathed by a steel tube 
1J in. bore and 2J in. external diameter. Find the stress set up by a 
temperature rise of 140° C. if there is no buckling over the length and the 
rod and tube are rigidly secured together at their ends at the lower temperature. 
E for steel — 13,000 tons per sq. in. E for copper = 6,500 tons per sq. in. 
<xfor steel =0-00001 and a for copper = 0-000017 per 1° C. 
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Before this question can be worked, the premises must be examined. 
They are : 

(1) The copper will not reach its full free expansion. 

(2) The steel will be extended to an extent equal to the actual expan¬ 

sion of the copper. 

(3) The total pull in the steel will equal the total thrust in the copper. 
The effective strain will be 0-000017 - 0-00001 

= 0-000007 per degree. 

If ^strain in the steel j 140(0-000007). 

5„ = „ „ copper J * c 

Stress in the steel = 13,000 
Stress in the copper = 6,500 S c > 
and since pull in the steel = thrust in the copper, 

13,000. 5, {^(2-5= - 1-25 2 )} = 6,500 . 5 C {^(1-25)*}, 

25,(3-75) (1-25) = 5 e (l-25)‘, 

6 5, = 5 C ; 

but 5, + 5, =140(0000007); 

75,= 140(0-000007), 

5, = 0-00014 and S c = 0-00084. 

Stress in the steel = 13,000 x 0 00014 = 1.82 tons per sq. in. 

Stress in the copper = 6,500 x 0-00084 = 5*46 tons per sq. in. 

Example 3. Two copper blocks each 1J in. in thickness are secured by 
four steel bolts and nuts 1 in. diameter fitted with large-diame er washers 
to prevent indentation. Calculate the increase in stress in the bolts due 
to a temperature rise of 200° C., using the values of E and a given in 
Example 2. 

In this case the large-diameter washers have the effect of making 
the compressive strain in the copper negligibly small, and the resultant 
temperature strain on the steel bolts is 0-000017 - 0-00001 per ° C. 

Total strain = 200 x 0-000007 
= 0-0014. 

Increase in stress = 13,500 x 0-0014 
= 18-9 tons per sq. in. 
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Thrust 



TENSION rus COMPRESSION 



SHEARING 

Fig. 57. 


Methods of failure. The failure of a material under load may 
occur in one of several ways dependent upon the strength of the 
material and the manner of loading. The primary causes of failure 
are the destruction of the material under (a) tension, or direct pull, 
(6) compression, or direct thrust, (c) shearing, or the forcing of one 
portion of the material to slide over the other. In the case of com¬ 
pression, the actual cause of failure can usually be identified with ten¬ 
sion or shearing, although the application of the force is direct thrust. 

Fig. 57 illustrates examples of these methods of failure. The 
student is advised to give particular attention to the identification 
of modes of failure in those machine and structural components with 
which he is familiar. 

It frequently happens that conditions of loading introduce a 
variety of stresses in the material, and failure takes place either in 
the locality most heavily stressed or where the material is least able 
to resist the particular stress set up. 
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Stress distribution in beams, cantilevers and shafts. The distribution 
of stress over the sections of beams, cantilevers and shafts depends 
upon the conditions of loading and the shape of the sections. This 
distribution is treated in the sections of the book devoted to beams 
and shafts, and it need only be realised at this stage that failure 
can always be traced to one of the primary methods of failure 
taking effect at the weakest portion of the section, when regarded 
from its resistance to the stresses set up by the loading. This general 
statement also applies to struts, where the stresses due to direct 
loading may be augmented by those due to buckling. 

Multiple shear. When a material is subjected to shear stress the 
distribution may be such that more than one cross-section or surface 
is subjected to the stress at the same time. If failure is to occur, 
fracture or sliding will have to take place on each stressed area 
(Fig. 58), and the material is said to be in double or treble shear 
according to the number of surfaces resisting the shear. 

The commonest example of multiple shear is in the form of double 
shear. This is found in many forms of riveted and pin joints, 
cottered and bolted connections and other machine and structural 
components. 

The area resisting shear is generally taken as double or treble the 
single shear area according to the number of surfaces involved, but 
in certain Board of Trade regulations for riveted joints in double 
shear, 1-75 is specified instead of 2. The reason for this safety factor 
is to make due allowance for badly fitted rivets and the bending 
which may be induced. 



RIVET OF BUTT JOINT IN DOUBLE SHEAR PIN JOINT IN DOUBLE SHEAR 
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Modulus of rigidity and angular strain. The previous discussion 
of the elastic constant for a material has been confined to a strain 
measured on the linear dimensions, that is, strain associated with 
tensile or compressive stress. The relation between stress and strain 
for this linear deformation is the Modulus of Elasticity. 

When the strain, as in the case of shear, becomes the deformation 
of a surface, a further modulus can be obtained known as the modulus 
of rigidity (C), or, as it is sometimes called, the modulus of transverse 
elasticity. 

Consider the angular strain produced by a shear stress. Suppose a 
block of the material (Fig. 59) be rigidly attached at OP, and a 
force F produces a shear stress of f tons per sq. in. in the surface 
QR. 





7777#7Z77 Z7 777777Z7777^ 


Fig. 59. 


The angular displacement will be 0, and therefore the resultant 
shear strain expressed as an angle, QOY or 9 radians. 

Since 0 is usually small, 

0-.sin0 = g|, 

and Modulus of Rigidity (C) = ' e f r 8 ^ e8S . 

angular strain 

C = -=—J— 

8 sin 0 QY 

Resilience. When a material is subjected to tensile or com¬ 
pressive stresses within its elastic limit, energy is supplied to the 
material and stored in it, to be expended in the process of recovery 
after the straining forces are removed. According to the principle 
of conservation of energy, the energy stored must be equal to the 
work done in elastic deformation, that is, the mean or average force 
applied times the extension or compression produced. 
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Since the average force for elastic straining will be one-half the 
maximum applied, 


Work done = \ x force x deformation ; 

, . stress load x original length 

and smce E =——— =-—- -A— , 

strain area x deformation 


Deformation = 


load x original length 
Area x E 


stress x l 

E~ 


Hence, work done = \ force x 


stress x l 
E 


\ stress x area x stress x l 
E 


(stress) 2 x volume 
2E 


When this stress is that required to strain the material to its limit 
of proportionality, this maximum elastic work done or energy stored 
is known as the Proof Resilience. 


f 2 V 

Proof Resilience , 
2E 


where / is the stress at the elastic limit, E is Young’s modulus and 
V is the volume. 

In the case of materials of varied section, the resilience of the 
various parts may be obtained and added to find the total. The 
area under the load v. extension diagram gives the work done in 
fracturing the specimen. 

The rate of loading has a big effect on the behaviour of a metal 
on the plastic portion of the extension. Also, it is found that if at 
some point of the plastic strain the load is removed, a part of the 
strain disappears. When the loading is immediately resumed and 
increased at the former rate, a new ^ield point is obtained at or 
near the stress previously reached before the load was removed. 
Again, if the reloading is delayed for an hour or so, a new yield point 
is obtained at an appreciably higher stress than before, fracture 
occurs under a higher load and the total extension is reduced. A 
process of hardening was going on during the hour interval—a 
process referred to as “ hardening due to permanent set A more 
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marked hardening, due to overstrain, occurs, and the yield point 
is still further raised, if the loading is stopped, then maintained 
constant for some hours, and then resumed. The hardening effect 
in each case is removed by annealing. Elasticity is lost by the over¬ 
straining, but rest and heating both tend to restore it. 

When the load W is suddenly applied to a bar, the load is constant 
over a very brief interval, and the instantaneous stress must be 
twice that obtained when the loading is increasing at a uniform 
rate and the average load is \ W. With sudden loading, a state of 
vibration is set up, the instantaneous stress producing an instan¬ 
taneous strain xjl , twice that which remains when the vibrations 
are gradually damped down and the load becomes stationary. The 
work done is therefore W times x. Thus, finally, the stress and strain 
become the same as with gradual loading. 

If the load W falls unimpeded through a distance h and strikes 
a collar fitted to a bar and is brought to rest after producing an 
instantaneous extension x, the work done on the bar is W(h + x). 
This work done is absorbed by the bar, and the instantaneous stress 
/ produced can be found by equating the work done to the expres¬ 
sion for resilience and solving the resulting quadratic equation. 


rm tit / 7 v Px volume 

Thus, W(h +x) ^ -, . (1) 

fl 

or, since X ~E* .( 2 ) 

th .„ »■(*•£) f, -T- .< 3 > 


When / is determined, expression (2) can be used to find the 
instantaneous extension x. 

Example 1. Find the force necessary to punch a circular hole 2\ in. in 
diameter through plate | in. in thickness , if the resistance to shear is 
21 tons per sq. in. 

Area resisting shear — circumference x thickness of plate 
— 7r x 2-5 x 0*75 sq. in. 

Required force = 7r x 2-5 x 0-75 x 21 tons 
= 123*7 tons. 
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Example 2. A pin is used in a fork and eye coupling to effect the joint. 
Calculate the necessary pin diameter to resist a direct pull of 36 tons when 
the safe shear stress is 8 tons per sq. in. Take a double shear-factor of 1*75. 

Total area resisting shear = — 7 ^— 7 -— =~ sq. in. 

S 8 /I 0 stress o 

Area of cross-section of pin = - ^ — sq. in. 

V 36 x 4 

--——— = 1*81, or say 11 in. 

rr x 8 x 1-75 

Example 3. A steel slide 4 in. wide and 2 in. in depth is to be faced by 
fitting a gun-metal strip \ inch in thickness on its outer surface. The 
bimetal slide is then used as one of the vertical slides for a tupp which 
exerts a force of 15,000 lb. on a stop attached to the slide. Assuming 
equal strains , calculate the portion of the load carried by the gun-metal 
facing , and the minimum diameter of four gun-metal set screws used to 
secure the strip to the slide. E for steel- 13,500 tons per sq. in. E for 
gun-metal = 8,500 tons per sq. in. Safe stress in screws = 3 tons per sq. in. 

Area of slide section = 8 sq. in. 

Area of strip section = 4 x \ = 2 sq. in. 

f f 

For equal strains, ~- = ~, 

E s E g 

fs _ fff 

13,500 8,500 9 

f _115/ 

J 8 — 86 Jg 

8x W/, +2 x/,= 15,000, 

14-77/p = 15,000, 

f g = 1,016 lb. per sq. in., 

/ 8 = W/„ = 1,614 lb. per sq. in. 

Load on slide = 8 / s = 12,912 lb. approx. 

Load on strip = 2f g = 2,032 lb. approx. 

Effective force tending to cause the strip to separate by sliding from 
the slide = 12,912 - 2,032 = 10,880 lb. 

Let d in. be the core diameter of each screw. 
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Then, 

Thus, 


area resisting shear = 


4^rd x 


ird z x 3 x 2,240= 10,880, 
d = 0-718 in. 

If Whitworth screws are used, the core diameter is: 

1*28 

Crest diameter - —-—---— . 

No. of threads per m. 

Adopting | in. diameter screws : 

1*28 

d — core diameter = 0-875-— = 0-732 in. 


Ans. 1 in. diameter Whitworth screws. 


Example 4. Calculate the angular strain , and the linear strain on the 
top surface, of a steel block 2 in. wide and I in. in depth subjected to a 
shearing force of 27 tons. Modulus of rigidity — 12,000,000 lb. per sq. in. 

27 x 2,240 

Intensity of shear stress = —— =30,240 lb. per sq. in. 


C = - , = 12,000,000 lb. per sq. in. 

angular strain 

n J . 30,240 A .. 

8 — angular strain = ———- = 0*00252 radians. 
12 x 10 8 


Linear displacement on the top surface = x, 
x = depth x sin 8 , 
and since sin 8 almost equals 8, 

z= lx 0-00252 = 0-00252 in. 


Example 5. The linear displacement, relative to the base which is fixed , 
on the top surface of a block of material 7 in. wide and 10 in. in depth is 
found to be 0-025 in. If this displacement is the result of a shear stress 
of 14 tons per sq. in., calculate (a) the angular strain, (b) the modulus of 
rigidity of the material. 


Angular strain = sin” 1 


0-025 

10 


= 0-0025 rad. 


Modulus of rigidity, C = stress _ 14 

6 J angular strain 0-0025 

=5,600 tons per sq. in. 
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Example 6. During a tension test a steel specimen £ sq. in. in cross- 
section, 2 in. gauge length,- stretches 0 002 in."under a direct pull of 7,500 lb. 
Calculate the work done in straining the specimen. If the elastic limit for 
this material is reached under a load of 11,000 lb., find (a) the extension at 
the elastic limit , (6) the stress at the elastic limit , (c) the modulus of elasticity, 
(d) the proof resilience . 


Work done in straining = £ load x extension 
= i x 7,500 x 0-002 
= 7-5 in. lb. 


(a) Extension at elastic limit = x 0-002 = 0 0029 in. 

(b) Stress at elastic limit = 11,000 x 4 = 44,000 lb. per sq. in. 


(c) Modulus of elasticity 


(d) Proof resilience 


__ stress _ 7,500 x 4 
strain \ x 0-002 
= 30,000,000 lb. per sq. in. 

_ f^V _44,000 x 44,000 x 1 

2x2x30,000,000 


= 16-13 in. lb. 


Example 7. Calculate the maximum elastic strain energy which may be 
absorbed by, and the stress set up in, a brass buffer 5 in. in diameter 
and 10 in. in length, if the modulus of elasticity is 6,000 tons per sq. in. 
and the compression at the elastic limit is 0-009 in. 


Strain at the elastic limit ■ 


= ^ = 0 . 0009 . 


Stress = E x strain 

= 6,000 x 0-0009 = 5-4 tons per sq. in. 
Maximum energy at the elastic limit, or proof resilience 
_/ 2 F_(5-4) 2 xttx5 2 x 10 
~ 2 E~ 4 x 2 x 6,000 = 


= 0-48 in. tons. 


Example 8. A rod 2 in. diameter and 16 in. in length is turned down to 
1 in. diameter for 7 in. of its length , and carries an axial load of 26 tons. 
Calculate the elastic strain energy stored in the rod if E— 13,000 tons per 
sq. in. 

Volume of full portion =rr x 1* x 9 = 28-26 cu. in. = V 
Volume of reduced portion =nx (J) 2 x 7 = 5-5 cu. in. = V z . 
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f x = stress in full portion = = 0 92 tons per sq. in. 

ibO'ib 
26 

— = 4*73 tons per sq. in. 

5'0 

fi 

2E 2E 

0*92* x 28*26 4*73 2 x 5*5 
26,000 + 26,000 
23*92+123*1 
26,000 
= 0*00567 inch tons. 

Fluctuating loads. The cases where stresses fluctuate repeatedly 
between different limits become a question of great interest from 
the practical and scientific points of view. As is to be expected, a 
part of a machine or structure or a test piece will fracture under a 
much lower maximum stress when subjected to a varying load than 
when subjected to a static load. Much research work has been done 
on this subject, the first being undertaken by A. Wohler. His 
experiments included the alternate loading and unloading of 
specimens in tension, bending and torsion. The general results of 
his experiments and those of others showed that the maximum stress 
at which fracture will occur depends to a large extent on the static 
ultimate strength as well as the range or fluctuation of stress. A 
stress well below the ultimate strength, as measured in the ordinary 
tensile test, will suffice to produce fracture if it be removed and 
restored often enough ; the smaller the fluctuation the greater the 
number of repetitions required. The fracture is said to be due to 
fatigue of the metal. This loss of strength due to fatigue should not 
be confused with deterioration of strength due to shock or impact. 
Strength against shock is to some extent measured in the impact 
testing machine (see p. 140). 

The number of definite stress cycles (N) applied at a definite fre¬ 
quency or regularity which a material can sustain without fracture 
is termed the endurance of the material. Endurance tests on a basis of 
not less than 10 7 reversals of stress are desirable. Frequency may be 
defined as the number of complete reversals or fluctuations per second. 


/ 2 = stress in reduced portion = 
Total elastic strain energy = 
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Graphs of Sv.N are plotted, where S is the greatest stress to 
which the material is subjected during the cycle. A number of 
empirical formulae have been devised to connect (o) the maximum 
stress at fracture after a large number of repetitions of stress, (b) the 
ultimate strength of the material under static conditions, and (c) 
the range of stress. Where it is warranted, this new maximum stress 
must be adopted for design purposes, and a suitable factor of safety 
adopted to obtain the safe working stress. The factor of safety may 

be defined as - s ^ ress 5— - C ^ Ure - . Perhaps the best known of these 

safe working stress 

formulae is Gerber's formula, namely, 


f m =~ + Jp~nAf, 


where f m is the probable new maximum stress at fracture after many 
repetitions of stress, A is the fluctuation or range of stress in terms 
°f/ m ,/ is the ultimate static stress, and n is a factor depending on 
the material varying from 2-5 down to 1-4. n = 15 for ductile iron 
and steel and up to 2*3 for harder and more brittle varieties. 

The Launhardt-Weyrauch formula is also used and gives a new safe 
working stress under fatigue conditions. 

New working stress = 


§ safe static or dead load stress 



minimum load 
maximum loa< 


S)- 


A formula which aims at giving the equivalent dead load when 
combined dead and live loads have to be considered is : 

Equivalent dead load = maximum load + variation in load. 

Example 1. Use Gerber's formula in the following cases to obtain the safe 
working stress for a mild steel member if a factor of safety of 6 is employed . 
The ultimate static strength is 28 tons per sq. in. Take n— 15. 

(а) A stress varying between 4 tons per sq. in. tensile and zero . 

(б) A stress varying between 4 tons per sq. in. tensile and 4 tons per 

sq. in. compressive. 

(c) A steady dead load stress of 4 tons per sq. in. tensile and a varying 
stress ranging between 5 tons per sq. in. compressive and 2 tons 
per sq. in. tensile. 
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(a) Her© A = ( 


/maximum - minimum stress\ 

maximum stress J Jvr 




••• / m = 2 + V/2 “ W/ A = lfm + ^ 282 - 1-6 • 28 ' /»■ 

|/ m 2 = 28 2 - 1*5.28 ./ m , whence / m - 16*95 tons per sq. in. 

16*95 


With a factor of safety of 6 , safe working stress = : 


6 


= 2*82 tons per sq. in. 


( 6 ) Here A — - 


■/»=2/mS 


/m =/m + v/28J ~ 1 '5 •/„ • 28 > whence 

/m- 18 3 tons per sq. in. 

1 

Safe working stress = , or 3*11 tons per sq. in. 

(c) Here A = —^r— fm = \ fm- 


fm = 'ilfm + ^28 2 - 1-5 f m X I X 28, whence 
f m — 15*2 tons per sq. in. 

15*2 

Safe working stress — , or 2*5 tons per sq. in. 

o 


Example 2. A member of a structure carries a tensile dead load of 
9 tons and a live load which fluctuates between 6 tons tensile and 5 tons 
compressive. The safe static stress is to be taken as 7 tons per sq. in. 
Calculate (a) the working stress , (b) the equivalent dead load. 

Using the Launhardt-Weyrauch formula, 

Working stress — § safe static stress (1 + .1 m * n | mum l° a( A 

\ maximum load/ 

= § of 7 (1 + J x Yg) = 5*3 tons per sq. in. 

Equivalent dead load = maximum load 4 - variation 

-(9 + 6 ) +(15-4) 

— 15 +11 =26 tons. 
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Riveted joints. Riveting was, until recent years, the recognised 
method of joining flat plates, but modern practice in shipbuilding 
and structural engineering is to replace, at any rate, some of these 
riveted joints by welded joints. 

In spite of the introduction of welding, riveted joints still remain 
an important consideration in structural and engineering design, and 
their possible failure, strength and construction are applications of 
that portion of mechanics known as strength of materials. 

Preparation of materials. Plates for riveting are generally rolled, 
cleaned of scale and oxide, and the surfaces to be lapped or butted 
are fitted and burred. The rivet holes may be either punched or 
drilled, but in the best work the latter method is invariably used. 
The rivets are usually drop forgings from metal of the correct com¬ 
position ; heating is carried to a temperature introducing ductility 
in the rivet, but not sufficiently high to cause burning or excessive 
oxidation. 

The process of closing the rivet is generally done “ hot ”, with the 
result that the cooling of the rivet places it under an initial tempera¬ 
ture stress. 

Types of joint. Two main types of joint are in general use (Fig. 60), 
(1) lap joints and (2) butt joints. The butt joints may be fitted with 



Fig. 60. 
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either single or double cover plates, and in both lap and butt joints 
several lines of rivets may be used to give the requisite strength. 
The principal disadvantage of lap joints is that the forces tending 
to fracture the joint are not in line, and thus the rivets are sub¬ 
jected to bending in addition to shear (Fig. 61). 

Terms and proportions of joints. The following terms are used in the 
design of riveted joints, and the recognised proportions are shown 
in Fig. 62. 

The pitch (p) is the distance between the centres of two consecu¬ 
tive rivets in a line of rivets. The thickness (t) of the joined plates 
is generally related to the diameter (d) of the rivet by the expression 
d = l-2\/t ; but this formula is not altogether satisfactory as it tends 
to give too large a rivet for the thicker plates. Fig. 63 illustrates 
this point, where the full-line stepped graph gives the rivet diameters 
for plate thicknesses from J in. to 1 in. as recommended by the 
National Boiler and General Insurance Co. Ltd. The dotted stepped 
graph gives sizes of rivets much used in the shipyards, while the 



Fig. 62. 
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National Boiler and General Insurance Co. Ltd. 

Shipyard usage 

1-2 VF=d 

Fig. 63. 

curved chain line gives rivet diameters as calculated from the 
formula d = 1-2 Jt. 

Large rivets are difficult and costly to snap down and to close 
satisfactorily. Although calculations for design are usually based 
on rivet diameters, the more logical procedure would be to work 
on the diameter of the drilled hole which the rivet has to fill when 
properly closed. This hole is usually drilled in. greater than 
the rivet diameter to give the necessary clearance for the insertion 
of the red-hot rivet. The thickness of cover-plates in butt joints 
varies between t/2 and t. 

Design of riveted joints. A riveted joint may fail by one or more of 
the following : (a) shearing of rivets, ( b) tearing of plates, (c) crush¬ 
ing of the rivets or deformation of the holes, or (d) fracture at the 
margin of the plates. Some methods of failure are not likely to be 
exhibited if the proportions existing between plate thickness and 
rivet diameter shown in Fig. 63 are followed. 
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'fhe method of design is to determine first the distribution of the 
rivets and the type of joint to be used. Secondly, this joint is care¬ 
fully considered and all possible methods of failure defined. Other 
factors affect the design ; for example, in water-tight work the pitch 
must not exceed 4 to 4J diameters, and for oil-tight work 3 to 3| 
diameters. Bearing in mind such special considerations as these, 
it is then general to design the joint to have equal strength in all 
methods of failure, using the known safe stresses of the materials 
employed. 


Example. Single riveted lap joint. Design in l-inch plate the single 
riveted lap joint shown in Fig. 64. The safe stresses to he employed are : 
tensile strength of the plate f t , 5 tons per sq. in., shearing strength of rivet 
material f 8 , 4 tons per sq. in. 

As has been explained earlier, this typo of joint introduces rivet 
bending, and the safe stresses must be taken to eliminate danger of 
failure from this cause. The joint may fail by shearing the rivets or 
tearing the plate. 

Diameter of rivet d = 1-2^= T2\ / 0-5 = 0-8484 in., say ft in. rivets. 

Consider one pitch length p in which : 

Strength of one rivet in shear = • 


Strength of cut plate in tension = (p -d)t .f t . 

7 2 J? 

For equal strengths — -~ s =(p-d)t . f t , 


* x (ft) 2 x 4 


= (P- ft)J x5. 


p= T65 in., say, pitch in. 



Fig. 64. 
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Efficiency of a joint. The efficiency of a riveted joint is the ratio 
between the strength of the joint under its weakest condition and that of 
the uncut plate. The efficiency is generally computed on a single 
pitch length of the joint, and the fact that a riveted joint is n6t as 
strong as the uncut plate involves, and is compensated by, using 
plate of greater thickness than would be necessary if no joint were 
needed. 


The efficiency of the lap joint in the example on p. 106 
_ strength on a single pitch length 
strength of uncut plate 


P-t-ft P 175 


= 43 per cent. 


Resistance to crushing of the rivet or plate. It may generally be 
assumed that, if the rivet diameter is 1-2 Jt, there is little likelihood 
of failure due to rivet crushing ; but this cannot be taken for 
granted in the case of the plate, and designs must take into con¬ 
sideration bearing or crushing stresses, / 6 , in the perforated plate. 
This is particularly necessary when the plates arc of poor quality 
ferrous metal or non-ferrous or ductile material. In the case of steel, 
the resistance to crushing is approximately If times that offered to 
rivet shear, that is f b is equal to 1 \f s . 


In single shear , the strength of one rivet is 


4 ’ 


and the resistance 


of the plate to crushing is d.t.f b , that is, the stress times the 
projected area of the rivet hole, d x t. 


Hence for equality : -~ J 3 = d . t . f bf 

and since / 6 = lf/„ 


d = 2-23t. 


It follows that, in single shear , if d is less than 2-23 1 the crushing 
consideration may he neglected : hut if the joint exhibits double shear , 
crushing must he considered when the double-shear factor is 2 and d is 
greater than 1T1£. Similarly , if the double-shear factor is 1*75, d must 
not be greater than 1-211 in order that crushing may be neglected . 

In the foregoing example the rivets kre in single shear and d is 
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less than 2*23£, so that crushing as a possible form of failure is 
neglected in the design. 

Butt joints. The great disadvantage of lap joints lies in the fact 
that the forces acting on the joined plates are not in alignment. 
This leads to a tendency towards plate and rivet bend with joint 
opening as shown in Fig. 61. Particularly for joints resisting fluid 
pressure, butt joints are therefore preferable to lap joints. Single 
or double cover-plates may be used; the former place the rivet in 
single shear and the latter, in addition to making a more effective 
joint, give the advantage of rivets in double shear. 

Single riveted butt joint. Design a single riveted butt joint to join two | in. 
steel plates (Fig. 65) ; allowable stresses f t = 5, f 8 = 4, f b = 8 tons per sq. in. 
Use a double-shear factor of 175. 



Diameter of rivet = 1*2\^= 1*2VO-375 = 0*73 in.: adopt f in. diam. rivet. 
Consider a pitch length p. 

(1) Strength of one rivet in double shear = ------ 8 . 

4 

(2) Strength of cut plate =(p-d)t .f t . 

(3) Strength against crushing — d .t .f b . 

For equal strengths in (1) and (2), 


1-7 &nd*f t 


4 

l-75irx(f)*x4 

A 


= (p-d)tf t , 


= (p-i)! x 5> 


p — 2'4 in. 
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For equal strengths in (2) and (3), 

(p-d)t.f t = d.t.f b , 

(P- i)fx5 = }xf x8, 
p = 1-95 in. 

Adopt the lower of the two calculated pitches, that is, p= 1-95 in. ; 
say 2 in. pitch. 

Efficiency of joint against the crushing or greatest weakness 
_ resistance to crushing _d .t .f b 
strength of uncut plate p .t .f t 


d.f b 

P-ft 


1x8 

|—- = 60 per cent. 

2x5 


Example. Find the maximum pull which may he sustained by the 
spliced tie bar shown in Fig . 66 if the rivets are l in . in diameter and the 
permissible working stresses are f t — 5, f s = 4 and f b — 8 tons per sq. in . 
Use a double-shear factor of 2. 

There are two possible failures of the splice : (1) across A A, (2) across BB. 

To fail across AA, the plate, less two rivet holes, together with one rivet 
in double shear must fail, while across BB the plate less one rivet hole 
must fail. 

(1) Working strength across A A = (4 - 2d)t .f t + 


= (4-l2)ix5 + 


2^(1)* x 4 


49_ 

5 ^ + " 3 ¥ =rl ° 44 t0nS * 


(2) Working strength across BB 

— (4 - y)4 x 5 — 7*81 tons. 

Working strength of three rivets in 

i i 3 x 2nd z f s 

double shears--—— 

4 

= 14-4 tons. 

Resistance to bearing on three rivets 
— 3d.t.f b 

= 3x|xjx8 = 10*5 tons. 

Maximum available pull = 7-81 tons. 



^ _*| 


Fig. 66. 
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Fig. 67. 


Thin cylinders. This treatment of thin cylinders is confined to 
shells in which the thickness of metal is small when compared with 
the diameter of the cylinder. When this is the case, the stress over 
the metal comprising the shell may be considered uniform. Suppose 
the cylinder (Fig. 67) be sealed across its diameter by a flat plate 
and the semi-cylinder so formed be subjected to an internal pressure 
of p lb. per sq. in. Then if the diameter of the cylinder is d in., the 
stress set up in a longitudinal seam is lb. per sq. in. and the 
thickness of the material is t in., the total load on one-inch length of 
the sealing plate is pd lb. This may be proved mathematically as 
follows : 


Pressure on a small elemental area of unit depth —pr80. 

Sum of the vertical components = | pr sin 6 80 

Jo 

= cos 

= 2 pr=pd. 

Sum of the horizontal components = ^pr cos 6 80 

= |~pr sin =0. 

pd is equal to the resistance of two longitudinal seams, that is, 

pd = 2/^. 
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It follows, since pd = 2f l t i that the stress f z in a longitudinal seam 

pd 

or hoop stress is f\ =£—. 


Now consider the cylinder closed at its ends. The force on the 
ends in the direction of the length of the boiler is nC ^ P ? and the 

resistance of a circumferential seam is 7 rdf h t, where f h is the longi¬ 
tudinal stress. 

Hence ~^ = 7 rdf h t. 


Longitudinal stress =fh =®f. 


Example 1. Find the thickness of steel plate required for the shell of a 
Lancashire boiler 8 ft. in diameter if the stress is not to exceed 4 tons per 
sq. in. under a pressure of 160 lb. per sq. in. 

The hoop stress is twice the longitudinal stress ; hence the boiler 
must be designed so that the stress in a longitudinal seam-does not 
exceed 4 tons per sq. in. 


pd _ 160 x 8 x 12 
'* l ~2t 2 1 

160x8x12 
*~2 x4 x 2,240 


= 4 x 2,240 lb. per sq. in. 
=( 86 in.; say J in. 


Example 2. What pressure may be maintained in a fire tube cylindrical 
boiler 6 ft. in diameter , metal £ in. in thickness , if the longitudinal stress is 
not to exceed 6 tons per sq. in.? 



px 6 x 12 
4 x £ 


= 6 x 2,240 lb. per sq. in. 


24p = 6x 2,240, 


p = 560 lb. per sq. in. 


Example 3. Design a triple-riveted butt joint (Fig. 68) for the longi¬ 
tudinal seam of a boiler , internal pressure 200 lb. per sq. in. and diameter 
6 ft. The allowable stresses are f t - 6, f 8 = 4, f b = 8 tons per sq. in. What 
is the efficiency of the joint? 



200 x 6 x 12 
2t 


= 6 x 2,240 lb. per sq. in. 


t = 0*54 in. 
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Assume an approximate joint efficiency of 80 per cent, and adopt 
§ in. thickness of plate. 

Diameter of rivet = 1*2*^= 1*2^0-625 = 0-95: adopt a rivet diameter of 1 in. 

Consider a pitch length p in., double cover-plates and a double-shear 
factor of 1-75. 

Failure at A A : a length of plate ( p-d) and two rivets in double 
shear must fail. 

Failure at BB : a length of plate (p - d) and one rivet in double shear 
must fail. 

Failure at CC : a length of plate (p - d) must fail, or finally three rivets 
must fail in double shear or boaring. 

It follows that the strength of three rivets or failure at CC must 
determine the dimensions of the joint. 

(1) Strength of three rivets in double shear = Tr - - X ~ — (3 x 1-75) 

4 

= 16-5 tons. 

Number of rivets = three per pitch length. 

(2) Strength of plate at CC against tension 

= (p-d)t.f t = (p- l)f x 6 tons. 

(3) Strength of three rivets against bearing = 3d. t ,f h 

= 3xlx£x8=15 tons. 

.*. bearing is the determining factor, since the strength in (3) is less 
than that in (1). 

Equating (2) and (3), 

(p-l)f x6=15, 

p = 5 in. 
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Dimensions of joint. Plate thickness = £ in. 

Rivet diameter = 1 in. 

Pitch = 5 in 

Minimum efficiency of the joint. 

strength of plate at CC 


Efficiency = 


strength of uncut plate 
: iP-d)tf t = p-d = t 
p.t.f t p 5 


Example 4. A high-pressure container 4 ft. in diameter and 6 ft. in 
length is to be designed to resist an internal pressure of 80 atmospheres. 
Design quadruple-riveted butt joints for the longitudinal seams and triple- 
riveted butt joints for the circumferential seam. The plate used is an alloy 
steel offering a resistance to tearing of 20 tons per sq. in., and rivets are 
employed having a shear resistance of 7 tons per sq. in. and bearing resist¬ 
ance of 12 tons per sq. in. Use a double-shear factor of 1-75 and follow 
the recommendations of the National Boiler and General Insurance Co. 
Ltd. for rivet diameters. 

Internal pressure = 80 x 14-7 = 1,176 lb. per sq. in. 

Let the plate thickness be t in. ; then for the longitudinal seam 


_pd_1,176 x 4 x 12 
2 1 = ~ 


1,176 x 4 x 12 
2 1 


2t 

: 20 X 2,240, 


< = 0-63 in. 


Allow an approximate joint efficiency of 80 per cent, and adopt 
t = 1 £x 0-63, say {-£ in. 

Diameter of rivet from Fig. 63 is 1 inch. 

Employ a quadruple-riveted butt joint (Fig. 69) for the longitudinal 
seam and a triple-riveted butt joint (Fig. 68 ) for the circumferential 
seam. 

Longitudinal seam. Consider a pitch length p ; then failure may 
occur as follows : 


Along AA : by tearing plate (p-d) and double-shearing 3 rivets ; 

BB : by tearing plate (p - d) and double-shearing 2 rivets ; 

CC : by tearing plate (p-d) and double-shearing 1 rivet; 

DD : by tearing plate (p-d); 
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or by the failure of 4 rivets in double shear, or alternatively by their 
failure in bearing. 

(1) Strength of plate at DD = (p - d) tf t = (p - 1 ) ft x 20 . 

(2) Strength of 4 rivets in double shear = ————-/ 5 


4 x l*75rr x l 2 
4 


= 38-4 tons 


(3) Strength of 4 rivets in bearing = 4d .t.f b 
= 4xlxftxl2 = 39 tons. 

Equating ( 1 ) and (2), 

(P ” l)it x 20= 38*4, 
p = 3-4 in.; say 3£ in. 


Dimensions of longitudinal seam : pitch = 34 in. 

rivet diameter = 1 in. 


plate thickness = ft in. 

Circumferential seam. 

( 1 ) Strength of plate at CC (Fig. 69) = (p - d)tf t . 

( 2 ) Strength of 3 rivets in double shear — - ~ 


1*75 x 3 x tt x 1 * 
4 


7 

x i 


= 28*8 tons. 


(3) Strength of 3 rivets in bearing = 3 xd xtxf b 
— 3xlxftxl2 = 29*25 tons. 
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Hence (p - d)tf t - 28-8, 

(p- r)H'x 50 = 28-8, 

p — 2-75 in. 

Dimensions of circumferential seam : pitch = 2-75 in., 1 

rivet diameter = 1 in. 

plate thickness = xt in. 

Alloy steels. Considerable use is now being made of alloy steels 
in which one of the rarer metals is alloyed in small proportions with 
ordinary steel to give the alloy steel so formed specific properties. 
The following table shows the effect on steels of alloying certain 
elements, and the special uses to which the resultant steels can be 
adapted. 


Element in 
alloy steels 

Type of steel in which the element is used 

Nickel 

Case-hardening and nitriding steels. High tensile, rust- 
and acid-resisting, heat-resisting and non-magnetic 

steels. 

Manganese - 

High-tensile structural, low alloy, spring, non-magnetic, 
high coefficient of expansion. 

Chromium - 

Corrosion-resisting structural, medium and high-tensile, 
case-hardening and nitriding, spring and ball race, 
magnetic and high-speed tool, rust- and acid-resisting, 
heat-resisting and high coefficient of expansion. 

Molybdenum 

Heat-resisting, high-tensile, nitriding, high-speed tool. 

Tungsten 

Magnet, high-speed tool, heat-resisting. 

Cobait 

Cobalt magnet, high-speed tool. 

Vanadium - 

High-speed tool, spring, medium tensile. 

Copper 

Structural. 

Aluminium - 

Nitriding. 

Silicon 

Heat-resisting. 
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EXERCISES ON CHAPTER IV 
Stress, Strain and Modulus of Elasticity. 

1. Define mean intensity of stress. A steel bar 2£ in. in diameter car¬ 
ries an axial pull of 20 tons. Calculate the mean intensity of tensile stress. 

2. A wire 100 in. in length stretches 0 01 in. under a pull of 14 lb. 
Calculate the fractional strain and the load which would produce an 
extension of 0*07 in. 

3. A column which is too short for buckling to occur, is 15 in. in 
length and compresses 0 001 in. under load. Find the fractional strain. 
What is the mean intensity of stress if the Modulus of Elasticity ( E) is 
30 x 10 6 lb. per sq. in.? 

4. What is Hooke’s Law? A steel tie bar 10 ft. long and 1£ in. in 
diameter carries a pull of 18 tons. Find (a) the mean intensity of stress, 
(b) the total stretch. E = 13,500 tons per sq. in. 

5. A resultant tensile load of 6 tons acts axially along a rod f in. in 
diameter and 40 in. long. Assuming the load is distributed uniformly 
over the section, find (a) the increase in length, and (6) the mean 
intensity of tensile stress. E — 12,000 tons per sq. in. 

6. A steel boiler-stay supports a surface of 240 sq. in., which is sub¬ 
jected to a gauge pressure of 180 lb. per sq. in. If the mean intensity 
of tensile stress in the stay is not to exceed 10,000 lb. per sq. in., calcu¬ 
late tho necessary diameter of the stay. 

7. A hollow cylindrical cast iron strut 8 ft. long receives an axial 
load of 1,000 tons. If the internal and external radii of the cross- 
section of the strut are respectively 8 in. and 12 in., calculate the mean 
compressive stress and the shortening of the column due to the load. 
E = 6,500 tons per sq. in. 

8. A cast iron column 7 ft. in length, external diameter 6 in., internal 
diameter 4 in., is known to shorten 0 007 in. under a load. Find tho 
magnitude of the load if E = 7,000 tons per sq. in. 

9. A steel column of I section has flanges each 3 x | in. and a web 
4 in. x | in. and is subjected to a uniform compressive stress of 6 tons 
per sq. in. on a cross-section. Calculate the load and the shortening 
produced if the column is 7 ft. long and E is 13,500 tons per sq. in. 

10. A tie rod in a roof structure 12 ft. in length is found to stretch 
0-022 in. under a certain load. If E is 13,500 tons per sq. in. and the 
rod is 2 in. in diameter, find the load. 

11. If the value of Young’s Modulus for brass is 14 x 10® lb. per sq. in., 
calculate the load which would cause an extension of 0-02 in. on a bar 
10 ft. long and 1£ in. in diameter. 

12. Compare the greatest loads which two bars each 30 ft. long can 
cany if the stretch is not to exceed 0-1 in. and E is 13,500 tons per sq. in. 
One bar has a diameter of 4 in. and the other has a square cross-section 
of 4 in. side. 
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13. A copper rod 3 ft. long is to carry a tensile load of 2,500 lb. Find 
the necessary diameter of cross-section if the extension is not to exceed 
0-01 in. and E for copper is 15 x 10* lb. per sq. in. 

14. In a roof truss a tie is to be of T section and is to carry a load 
of 40 tons. If the safe working stress permissible is 7 tons per sq. in., 
obtain the dimensions in whole inches of a suitable section if the metal 
is £ in. in thickness. Allow for one rivet of in. in diameter in the leg 
of the T. 

15. A balloon is stationary 10,000 ft. above the earth. What is the 
greatest intensity of stress existing in a steel cable which is hanging 
vertically from the balloon and just reaching the earth? Weight of 
steel is 495 lb. per cu. ft. Calculate the maximum stress in the cable. 
How much cable must hang from the balloon if the maximum stress is 
not to exceed 20,000 lb. per sq. in. ? 

16. A specimen of steel of gauge length 8 in. and 0-497 in. in diameter 
gave the following results when tested in tension : 


Load in tons - 

1 

1-6 

2 

2-4 

2-8 

3-2 

3-6 

4-0 

Extension in thou¬ 
sandths of an inch 
or mils 

3-1 

5 

6 

7 

8-4 

9-8 

10-9 

12 


Plot a graph of load v. extension and use it to determine the Modulus 
of Elasticity of the specimen. 

17. With the aid of a graph determine the modulus of elasticity of 
brass from the following data obtained from a specimen of gauge 
length 4 in. and cross-sectional area of specimen 0194 sq. in. 


Load in lb. 

0 

700 

1200 

1900 

2300 

3000 

Extension in mils 

0 

a 

1-8 

2-4 

3-4 

5 


18. Calculate the value of E, assuming the following data are repre¬ 
sentative of the material. Length of tie rod, 10 ft. ; cross-sectional 
area, 3£ sq. in. ; axial pull, 25 tons ; stretch, 0-07 in. 

19. What is Poisson’s Ratio? If within the elastic limit a 1 in. 
diameter rod 8 in. long stretches 0-01 in. for a certain load and the 
diameter decreases by 0-00036 in., calculate the value of Poisson’s 
Ratio. 

20. A cylindrical bar of steel 10 in. long and £ in. in diameter stretches 
0-00302 in. under a pull of 4,000 lb. while the diameter decreases by 
0-000057. Find (a) Young’s Modulus, (b) Poisson’s Ratio. 
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21. A specimen of indiarubber 8-3 in. long and 0-25 in. diameter sub¬ 
jected to an axial load of J lb. stretches f in. while the diameter decreases 
by 0 0075 in. Calculate the value of Young’s Modulus and Poisson’s 
Ratio. 

Composite Struts and Ties. 

22. A ferro-concrete column is 14 in. square in cross-section ; the main 
reinforcement consists of four longitudinal 2 in. diameter mild steel 
rods, one rod being placed close to each angle of the cross-section. The 
ratio of the moduli of steel and concrete is 15. If a gross compressive 
load of 60 tons is supported by this column, what is the gross load and 
compressive stress in (a) the concrete, (b) the reinforcing bars. What is 
the final strain of the block if E for steel is 30,000,000 lb. per sq. in. ? 

23. Design a reinforced concrete column to take an axial load of 
70 tons. Take the ratio of the moduli of elasticity of steel and concrete 
as 15, and the outside diameter of the column as 14 in. Neglect the 
increased stress in the concrete usually allowed owing to the presence 
of binding reinforcement. Stress in concrete to be 600 lb. per sq. in. 

24. In order to strengthen a wooden joist 4 in. x 10 in., which is in 
tension, two steel plates each j in. x 9 in. are bolted one on each side of 
the joist. If the total direct tensile load on the composite joist is 6 tons, 
find the stress intensity in the wood and steel if the modulus of elasticity 
of the wood is one-twentieth of that of the steel. (Neglect the loss of 
material due to the bolt holes.) 

25. A weight of 300 lb. is suspended by two vertical wires, one of 
which is known to stretch yq in. per 100 lb. of pull and the other is 
0 1 in. diameter and 10 ft. long and is made of steel. Find what load is 
carried by each of the wires. E for steel = 30 x 10® lb. per sq. in. 

26. Calculate the modulus of elasticity of a steel-cored aluminium 
cable by treating it as a composite tie in which the strains on both 
component materials are equal. The cablo consists of 26 aluminium 
wires each of diameter 0-09 in. and 7 steel wires each of diameter 0 07 in. 
E for steel = 30 x 10® lb. per sq. in. ; E for aluminium == 10 x 10® lb. per 
sq. in. 

27. A cylindrical bar of copper 1 in. in diameter is to be sheathed 
with a tube of steel fitting tightly round it so as to form a compound 
bar of copper and steel. Find the thickness of the steel sheathing 
required in order that, when the compound bar is subjected to an axial 
pull, the steel shall carry J of the total load. E for copper = 6,000 tons 
per sq. in. ; E for steel = 13,000 tons per sq. in. 

Stress due to change of temperature. 

28. The temperature of a steel bar 1J in. in diameter and 12 ft. long 
is raised through 60 centigrade degrees while the ends are gripped as 
rigidly as possible. If the grips yield 0 05 in. after cooling, calculate 
the final stress and the total load on the bar. a for steel = 0-000011 per 
centigrade degree. E for steel = 30,000,000 lb. per sq. in. 
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29. A steel rod 2 in. in diameter and 10 ft. long is heated through 
80 centigrade degrees in temperature, but, after cooling, the distance 
between the supports increases by only 0 04 in. Calculate the strain 
and stress in the bar caused by the temperature rise and the total load 
on it. Take a and E as in Question 28. 

30. To what temperature must a ring be raised if it is to slip over 
a boss 6 in. in diameter kept at 15° C., if the ring is bored 0 025 in. 
smaller than the boss? What will be the approximate mean stress in 
the ring after cooling if the boss is assumed to be rigid and unyielding ? 
a = 0*0000125 per centigrade degree. E — 12,000 tons per sq. in. 

31. Define modulus of elasticity. A steel hoop is shrunk on a fly¬ 
wheel boss 20 in. in diameter in order to strengthen it. If the hoop is 
bored 0*015 in. smaller than the boss, to what temperature must the 
ring be raised in order to slip over the boss? Assume the boss is un¬ 
yielding, and find the mean intensity of tensile stress in the hoop after 
cooling. a = 0*000012 per centigrade degree. E= 13,000 tons per sq. in. 

32. A steel pin is ground T0000 in. in diameter and a brass bush is 
ground 0*9999 in. internal diameter measured at the same temperature 
(60° F.). The bush is driven on the pin and the unit is then put into 
service where it reaches a temperature of 420° F. What is the quality 
of the fit between the bush and the pin at this temperature? a for 
brass is 0 0000105 per Fahr. degree ; a for steel is 0*000006. At what 
temperature do the two components have equal diameters? 

33. Calculate the internal dimensions of a brass bridle required to 
slip over a rectangular bar 3 in. x 2 in. at 0° C., when the bridle is at 
300° C. What will be the approximate tensile stress in the bridle after 
it has been shrunk on and cooled ? Assume the bar is unyielding, a for 
brass = 0*000018 per centigrade degree. E= 6,500 tons per sq. in. 

Shear Stress, Resilience, Impact. 

34. What is the meaning of ultimate shear stress? Find the dimen¬ 
sions of a square section key which will fracture across the square 
section in shear under a load of 70 tons if the ultimate shear stress is 
26 tons per sq. in. 

35. Calculate the force required to punch a circular hole 10 in. in 
diameter from brass plate in. in thickness if the ultimate shear 
stress for brass is 14 tons per sq. in. 

36. Distinguish between single and double shear. A hydraulic punch¬ 
ing machine capable of exerting a force of 600 tons is employed to 
punch a hexagonal-shaped hole of side one inch through brass plate of 
thickness 0*064 in. Calculate the number of plates which may be 
punched at one operation if the ultimate shear stress of the brass is 
11 tons per sq. in. 

37. Determine the diameter of a pin required to suit a knuckle joint 
connecting two rods each of one inch diameter. The safe stress in 
single shear for the pin is 4 tons per sq. in. and the safe tensile stress 
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for the rod is 5 tons per sq. in. Take the effective area for double shear 
to be equivalent to 1*75 times that for single shear. 

38. The maximum safe compressive stress in a steel punch is 50 tons 
per sq. in. The ultimate shearing stress for mild steel being 28 tons 
per sq. in., find the diameter of the largest hole which can be punched 
through mild steel plate £ in. in thickness by this punch. 

39. Find the resilience of a bar of mild steel 1 in. in diameter and 
10 ft. long carrying a tensile load of 7 tons. E = 13,500 tons per sq. in. 

40. Define the terms “ elastic limit ” and “ resilience ”. Find the 
total proof resilience and the resilience per cubic inch for a bar of steel 
1J in. in diameter and 12 ft. long if the elastic limit is reached with a 
stress of 18 tons per sq. in. E= 13,500 tons per sq. in. 

41. Calculate the extension produced and the work expended in 
extension when a bar of steel 15 in. long and 1J in. in diameter is sub¬ 
jected to a pull of 6 tons. Over what length must the bar be reduced 
to one inch in diameter in order that the extension produced by the 
same load be increased by 50 per cent.? E- 30 x 10 6 lb. per sq. in. 

42. A bar 2 in. in diameter is subjected to a pull of 10 tons. Calculate 
the least length so that the bar may store 0*507 inch ton of elastic strain 
energy. E= 13,000 tons per sq. in. 

43. A steel bar has been turned down to different diameters, namely, 
2 in. and 1J in. for lengths of 2 ft. and 1 ft. respectively. An axial load 
of 5,000 lb. acts on this bar. Calculate the stress in each part of the 
bar and also the resilience or work stored in the bar. Neglect any effect 
of abrupt change of section on the distribution of stress. E=30x 10® 
lb. per sq. in. 

44. The following table gives the loads and corresponding extensions 
in thousandths of an inch (mils) in a tensile test on an aluminium bar 
1 inch in diameter. Extensions were measured on a length of 8 in. 
The elastic limit was 12,400 lb. 


Load (lb.) 

0 

2000 

4000 

6000 

8000 

10,000 

12,400 

Extension (mils) 

0 

2*1 

4*2 

6*4 

8*4 

10*8 

13*8 


Find (a) the modulus of elasticity, and (6) the proof resilience of the 
bar per foot length. 

45. A member, of effective length 36 in. and 1 in. in diameter, form¬ 
ing part of a machine, became 60 centigrade degrees hotter than the 
rest of the machine. Assuming the supports to yield 0*005 in. in 
permitting partial expansion, calculate for this member : 

(a) the fractional strain produced ; (6) the mean intensity of stress 
in tons per sq. in. ; (c) the resilience or work stored in in. lb. units. 
[E= 13,500 tons per sq. in. ; a = 0*000011 per centigrade degree.] 
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46. Find the extension produced in a length of 10 ft. of steel bar 
1*25 in. in diameter by a sudden pull of 8 tons. If the stress at the 
elastic limit is 15 tons per sq. in., find the proof resilience in in. lb. per 
cu. in. E— 13,500 tons per sq. in. 

47. A bar of steel 2 in. in diameter and 12 ft. long is subject to the 
action of a load of 50 lb. which falls vertically 10 in. on to a collar on 
the end of the bar. Calculate the elongation and the maximum instan¬ 
taneous stress. E— 30 x 10® lb. per sq. in. 

48. When a load of 100 lb. falls through a distance of 6 in. on to a 
collar on the end of a bar 120 in. long and d in. in diameter, it sets up 
an instantaneous stress of 5 tons per sq. in. If E equals 30,000,000 lb. 
per sq. in., calculate the diameter of the bar. 

49. The impact produced by a falling weight of 200 lb. is wholly 
taken up in stretching a steel bar 1J in. in diameter and 10 ft. long. 
Find the extension and the intensity of stress produced. The weight 
falls 2 in. before impact. E— 30 x 10® lb. per sq. in. 

50. Find the equivalent dead loads to the following : 

(a) Tensile dead load of 40 tons and a tensile live load of 10 tons. 

(b) Tensile dead load of 20 tons and a compressive live load of 20 tons. 

(c) Tensile dead load of 15 tons and a tensile live load of 20 tons. 

(d) Compressive dead load of 25 tons and a tensile live load of 20 tons. 
If the strain is not to exceed 0-001, find the area of section required 

in each case. E— 13,500 tons per sq. in. 

Riveted Joints and Thin Shells. 


51. Find the diameter of the rivets and their pitch for a double- 
riveted lap joint if the thickness of the plates is | in. The permissible 
stresses in tension, shear and bearing are respectively 5, 4 and 7 tons 
per sq. in. Find the efficiency of the joint. 

52. Two plates each ^ in. thick are to be joined by a double-riveted 
lap joint. Find the pitch and size of rivets which would bo suitable. 
Stresses as in Question No. 51. 


53. Two lengths of mild steel tie bar 12 in. wide and f in. thick 
carrying a load of 48 tons are joined by a riveted butt joint. Fig. 70 
shows the arrangement of 

the rivets, which are to be 'A 'B ic D 

of 1 in. diameter. Calcu¬ 
late the relative strength of 
the joint as compared with 
the uncut plate if fracture 
is assumed to occur across 
one of the sections AA, BB, 

CC and DD. Assume a 
rivet in double shear to 
be 1| times as strong as 
one in single shear, and f 

B.B.E.S. 



Fig. 70. 
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tensile stress in plate equals shear stress in rivets. What is the average 
shear and bearing stress on the rivets ? 

54. The two plates used to form a tie are of section 7 in. x in. and 
are to be joined by a riveted butt joint. Determine the diameter and 
number of the rivets and the pitch. Assume yo tensile stress = shear 
stress compressive stress. 

55. A joint is to be made in a tie plate J in. thick which is to take a 
maximum load of 25 tons. Assume a rivet in double shear to have 
If times the strength in single shear and take the working stresses in 
shear, tension and bearing as 10,000, 8,000 and 12,000 lb. per sq. in. 
respectively. Design the joint. 

56. Determine the diameter of the rivets and the pitch suitable for a 
double-riveted butt joint for | in. plates. Calculate the efficiency of 
the joint. Permissible stresses in tension, shear and bearing are respec¬ 
tively 5, 4 and 7 tons per sq. in. 

57. Design the essential proportions for a triple-riveted butt joint for 
| in. plates, using the stresses allowed in tension, shear and bearing as 
respectively 7, 5 and 9 tons per sq. in. 

58. Find the circumferential and longitudinal stresses in a cylindrical 
boiler shell some distance from the ends, if the gauge boiler pressure is 
80 lb. per sq. in., the diameter is 90 in. and the plate thickness is £ in. 

59. What is the minimum thickness of a seamless pipe 4 in. in dia¬ 
meter in order that when containing a fluid under internal gaugo 
pressure of 100 lb. per sq. in. the greatest intensity of stress does not 
exceed 1000 lb. per sq. in.? 

60. Find the approximate thickness of plates required for a boiler shell 
to work at a gauge pressure of 100 lb. per 
sq. in.; diameter of shell 8 ft.; efficiency of 
riveted joints 75 per cent. ; tensile stress in 
plates not to exceed 5 tons per sq. in. 

61. A spherical vessel 6 ft. in diameter is 
subjected to an internal gas gauge pressure 
of 120 lb. per sq. in. Find the thickness of 
the plating required for a joint efficiency 
of 07 per cent, and a working stress of 
6000 lb. per sq. in. 

62. The joint shown in Fig. 71 is for the 
draught link of a heavy trailer, which is to 
sustain a maximum pull of 35 tons. If 
t— 1 in. find the dimensions W, D and X to 
resist tearing, shearing and crushing, and 
design the joint. Allowable safe stresses, 
/* = 3, f 6 = 2*5, / & = 6 tons per sq. in. 






CHAPTER V 


MECHANICAL TESTS ON MATERIALS 

The mechanical test of a material has for its objects the determina¬ 
tion of quantitative values relating to its strength, elasticity and 
hardness, and qualitative observations taken during the test and 
during and after failure. The extent to which the test is taken 
will be governed by the information required, and the nature of 
the test will depend upon the particular feature or features to be 
examined. 

When material is supplied by a manufacturer it is generally to 
a specification, and it is the business of those responsible for the 
tests to see that representative specimens conform to this specifica¬ 
tion. The specification may include a certain minimum tensile 
stress at fracture, a specified requirement on impact test, a certain 
degree of hardness, prescribed percentage elongation, a definite 
yield stress and strain, or it may specify certain behaviour in shear, 
compression, torsion or workability according to the nature of the 
work for which it is ordered. 

It follows that tests must be devised to meet the specification, 
and sufficient observations and specimens taken to ensure that the 
delivery is on representative performance at least equal to the 
specification. 

Apparatus. Specially designed machines can be obtained for 
every aspect of mechanical testing ; separate machines may be 
installed for tension and compression, bending, shear, torsion and 
hardness, or, as is often the case, a universal machine is provided 
which can cater for all aspects of the test. The stress is measured 
by accurate instruments ; if the load is applied hydraulically, by 
pressure gauges calibrated to read directly the load on the specimen ; 
or if the load is applied by gearing and a prime mover, it is measured 
by a weigh arm or lever balance. 

Strains within the elastic period are measured with accurate 
multiplying instruments in which the strain is magnified by levers 
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Elongation 

Fig. 72. 

or other mechanism, and a direct reading of the deformation given. 
These instruments, called extensometers for tensile strain and torsion 
meters for torsion or twisting strain, have a small range, and strains 
beyond the elastic period are measured by means of vernier or 
micrometer instruments. 

Tensile test. Before proceeding to an actual test, it is desirable 
that the student should familiarise himself with the terms employed 
and the critical points in the test. For this purpose, consider a 
specimen of mild steel loaded steadily until fracture occurs, that is, 
tested to destruction by tension (Fig. 72). 

The steel specimen will suffer a steadily increasing stress, which 
according to Hooke’s Law is proportional to the strain until the limit 
of proportionality or elastic limit is reached. This period shows a 
straight-line graph between stress and strain, and is known as the 
elastic deformation period. At any time in this period the load may 
be removed and the elastic property of the material will assert 
itself to restore to the specimen the dimensions it possessed before 
loading. 

The elastic limit is the point at which the extensions cease to be 
proportional to the loads, that is, where the load v. extension 
diagram ceases to be a straight line. The yield point is the stress at 
which a distinctly visible increase occurs in the distance between 
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the gauge points on the test-piece as observed by using dividers 
after the removal of the load ; or the point at which when the load 
is increased there is a distinct drop of the gauge finger in a hydraulic 
testing machine or a distinct drop of the weigh arm in a lever testing 
machine. Mild steel gives a clearly defined yield point; but the 
yield point is not so evident in other metals, and in very ductile 
metals it is absent altogether. 

From the yield point onwards, strain ceases to be proportional to 
stress and the material suffers plastic deformation, or is ductile. The 
period following yield point on the stress v. strain curve is known as 
the plastic deformation period. 

This ductile period will continue to a stage when the specimen 
begins to decrease appreciably in cross-sectional area, or waist, and 
this is the period of stricture, which is immediately followed by 
fracture. The performance of the specimen after stricture is of 
little value, and the ultimate stress, or failing stress, is taken as the 
maximum stress reached immediately before stricture occurs. 

Critical observations. The test will require observations for one, 
some, or all of the following : 

(a) Ultimate tensile stress , or breaking stress. 

(b) Yield stress , or stress at yield point. 

(c) Percentage yield extension , or extension at yield point as a 

percentage of gauge-length. 

(d) Percentage fracture extension , or extension at fracture as a per¬ 

centage of gauge length. 

( e ) Modulus of elasticity , or the ratio of stress to strain up to the 

limit of proportionality or elastic limit. 

When the test is of an exhaustive character, it is general to pre* 
pare a graph of stress v. strain or load v. extension in order to ensure 
that there was no unusual behaviour of the specimen during either 
the elastic or plastic deformation period. If the graph exhibits 
characteristics of an unusual type, the test is repeated on further 
specimens to confirm, or otherwise, the unusual behaviour as char¬ 
acteristic of the material from which samples have been taken. 

Report on the test. The preparation of a test report should, in 
addition to revealing the observations taken during the test, give 
the following information : 
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(а) Source of the specimen and the method of its selection. 

(б) Dimensions of the specimen and the gauge length used as a 

base for elongation observations. 


(c) Type of testing machine used and extensometer employed. 


(d) Ultimate tensile stress - 


(e) Yield Stress = 


. , Ultimate load 

le stress — - A -~--- 

Area of cross-section 

Load at Yield Point 
Area of cross-section 


... -o , • 77 7 .. 100 xextension at yield point 

(]) Percentage yield elongation =- ? -^--- 

gauge length 

/XT > . » , ,. 100 x total elongation 

(g) Percentage fracture elongation =- gauge length -’ 


(h) Modulus of elasticity = 
deformation curve. 


stress 

strain 


taken at a period in the elastic 


The report may, if necessary, be amplified by graphs of load v. 
extension for the whole test and for the elastic period separately, 
with photographs of the fracture and comments upon any specific 
features revealed by the test. 

The tensile test has been dealt with more fully to illustrate 
the principles of testing ; the subsequent tests will be explained 
more briefly, emphasising features by which they differ materially 
from the tensile test. 

Compression test. The compression test is carried out on a short 
stiff specimen in order that failure may be due to compression 
only, and not associated with any tendency the specimen may 
have towards buckling. The behaviour of the material will depend 
upon its nature and, for brittle materials such as cast iron, failure 
will be sudden, with fracture following closely on the first indication 
of failure. Ductile materials, in their varying degrees of ductility, 
such as iron, steel and non-ferrous metals, will collapse under the 
stress, and it will be difficult to assign an ultimate stress. 

The value of the compression test is thus confined to brittle 
materials where the determination of ultimate stress is the primary 
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aim. For other materials the test determines the yield point and 
the physical behaviour of the material under load. 

Shearing test. Shearing tests are usually conducted with short 
specimens of the material, and care is taken to ensure that failure 
is due to pure shear and not associated with bending or flexure. 

Bending or flexure test. Tests taken of a material under bend¬ 
ing or flexure are not always taken to fracture or destruction. It is 
often sufficient to determine the deflection of a standard specimen 
under load, as the particular failing stresses can be linked by cal¬ 
culation with those found under tension, compression and shear. 
The specimen is usually square or rectangular in section, and the 
test is confined to central loads. 

Torsion test. Torsion tests are carried out to determine the 
behaviour of a material under pure torsion or twisting, and the 
strain observations are measured as angular strain, while the equi¬ 
valent to the load is a twisting couple of increasing moment. 
Ultimate failure is generally by shear. The main function of the 
test is to determine the value of the torque, or twisting couple, 
producing yield, together with the angular strain and its relation to 
the torque producing it. From this the modulus of rigidity can be 
deduced and strain values used in the design of components sub¬ 
jected to torsion. 

Hardness tests. Hardness is a quality which may be defined as 
a resistance to abrasion or indentation of the surface, and is of con¬ 
siderable importance where materials are used as metal to metal 
contacts in slides, rotating parts, bearings and impacting parts. It 
is also of great importance in the manufacture of tools, jigs and 
gauges where hardened surfaces are subjected to wear. 

The test, in its indentation form, is carried out (a) by indenting 
the surface and using a defined pressure behind an indenting tool, 
or (b) in the scleroscope form, by measuring the rebound of a small 
hammer from the surface when the hammer falls from a fixed height. 
In the indentation form the shape of the tool employed determines 
the calculation necessary to assess the hardness, and indenting tools 
are usually either in the form of balls or pyramids made of hardened 
steel or of diamond, according to the relative hardness of the material 
under test. The relationship between the hardness value and the 
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indentation is usually taken as one involving the surface area of 
the indentation. Since the indentation surfaces formed by a 
square-based pyramid on different materials are similar surfaces, 
the hardness must be proportional to the square of a linear dimen¬ 
sion of that surface. In the case of ball indentation the hardness 
is again proportional to the surface area of the segment of the 
sphere formed and for a given size of indenting ball must be pro¬ 
portional to the depth of the indentation. 

Brinell tests. In this test a hardened steel ball is forced, under a 
fixed pressure produced by a pump, into the surface of the metal, 
and the diameter of the indentation is measured by a vernier micro¬ 
scope attached to the instrument. This diameter may then be 
associated with the Brinell Hardness Number by interpolation from 
a chart, or alternatively by calculation, using the following expres¬ 
sion : 

. 11 TT i , T , total pressure on ball 

Brinell Hardness Number = — r —=——- : — 

surface area of mdentation 

__ n 

2~(-V' s - D 4 ’) 

where p is the pressure in lb., r is the radius of the ball in mm., 
D the diameter of the indentation in mm. It is usual to employ a 
ball of 5 mm. radius for this test. 

Rockwell tests. In this case a small ball is pressed into the material 
by a lever-operated press with dead-weight loading. A first impres¬ 
sion is made with a 10 kgm. weight, to be followed by a superimposed 
indentation with a 100 kgm. weight. The depth difference of the 
two indentations is taken to some suitable scale as an indication of 
the hardness, which is read directly from a dial graduated from 0 
to 100 . The ball employed is usually ^ in. in diameter of steel, or 
alternatively, for very hard materials, a cone of 120° apex angle 
made of diamond. The former of these is used for soft metals and 
gives the Rockwell B scale of hardness, and the latter for hard 
materials the Rockwell C scale. 

Vickers and Firth diamond tests. In these tests the indenting tool is 
a square-based diamond pyramid and the diagonal of the indentation 
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is related to the hardness. This diagonal is measured by micro¬ 
vernier, or alternatively shown on a calibrated dial. These tests 
depend on the load being applied and automatically released after 
a specified time, and can be used for thin sheets with shallow indenta¬ 
tions causing a minimum of disfigurement to the plate surface. 

Scleroscope tests. In this test a small diamond-tipped hammer is 
allowed to fall from a fixed height on to the surface to be tested and 
the rebound is measured on a scale. The hardness is related to the 
rebound, and is scaled with 100 as the maximum hardness value, 
the hardness depending upon the proportion of the energy of the 
falling hammer absorbed by the material at impact. Two scales 
are used, one for soft materials and the other for harder varieties 
as in the Rockwell test. 

Herbert pendulum test. This test consists of a compound pendulum 
involving a weight supported on a 1 mm. diameter hardened steel 
or diamond ball. When the pendulum rests on a specimen, an 
indentation related to the hardness is made, and the pendulum 
oscillates with a time of oscillation indicating the hardness. This 
period varies from a short period with soft metals to a longer period 
with the harder metals. The pendulum may be rolled on the 
surface of the specimen with a corresponding increase in hardness, 
and some estimate can be formed of the effect of cold working on 
the hardness of the material. 

Relation between ultimate tensile stress and hardness number. The 
assessed hardness number for a material is closely associated with 
its ultimate tensile strength, and for rough estimation hardness 
may be taken as an indication of tenacity. For this purpose the 
ultimate tensile stress may be taken as 0*22 of the Brinell number. 

Impact tests. The purpose of impact tests is to determine the 
shock-resisting properties of the material under test. The popular 
machine for this test is the Izod machine, in which a square-sectioned 
specimen is used. This specimen has a carefully prepared notch 
machined to a standard depth and shape across its face. The specimen 
is secured in the vice of the machine with the groove just projecting 
from the jaws. Impact is made by a pendulum, with a striking 
block attached, which is allowed to swing from a fixed height and 
strike the specimen at a fixed distance from the notch. 
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This pendulum will lose some of its kinetic energy in fracturing 
the specimen, and arrangements are made for a scale reading of this 
loss to be made by a pointer attached to the pendulum. The test 
is generally taken at each of three notches on adjacent sides of the 
square specimen, with the object of revealing any difference in 
behaviour under impact due to fibre structure or rolling of the metal. 
The test can be applied to heat-treated materials and gives a ready 
means of testing the effect of heat treatment on different sides or at 
different depths in the material. 

One of the difficulties experienced in this test is that the material 
may not fracture under impact, and the specimen merely bends. 
Hence the test must be confined to non-ductile materials. A con¬ 
tinental machine, the Charpy machine, overcomes this difficulty to a 
certain extent, as it arranges for the test piece to be struck opposite 
the groove and not immediately at its side. 

The results of an impact test must be considered with the tensile 
test, as impact alone gives no true indication of ultimate stress. It 
is particularly noticeable that high-tensile materials sometimes 
develop brittleness, especially after heat treatment, with a conse¬ 
quently low Izod value. Conversely, materials with a very high 
Izod value sometimes exhibit low ultimates on a tensile test. 

The theory of the impact machine is that the product of the dif¬ 
ference in height between release and recovery of the pendulum 
and its weight is a measure in foot pounds of the energy spent 
in fracturing the specimen. Actually, some part of this energy is 
absorbed by the foundations and parts of the machine, and observa¬ 
tions and calibration have to be based on known performances and 
cannot be regarded as absolute. The fracture in its ideal sense is 
one of pure shear, but again some portion of the energy is given to 
deflecting the machine itself before it asserts itself in fracturing the 
specimen. In spite of these difficulties some standardisation of 
these tests has been established. The British Standards Institution 
has laid down the dimensions of both pendulum and specimen, 
together with the distance from the notch at which impact is to 
occur. If these standards are adhered to and the machine is care¬ 
fully calibrated and founded, the indicated Izod values can be 
regarded as reliable. The British Air Board specifies a round 
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specimen of 0-45 in. in diameter with a flat \ in. in width to receive 
the impact, and this type of test piece, mainly on account of its 
ready manufacture, is becoming increasingly used in standard tests 
as an alternative to the square section, see Fig. 83 , p. 142 . 

Fatigue of Metals 

It has long been established that the ultimate strength of a 
material depends upon the conditions of loading and the nature of 
the load. Stresses which vary between compression and tension, 
or are rapidly repeated and relieved, produce a condition in the 
material known as fatigue. This condition has a direct influence on 
the ultimate stress, and apparatus has been designed to provide 
rapid alternations of stress in order that material may be tested 
under fatigue conditions. 

Among the earlier investigators of the phenomena of fatigue was 
Wohler, and he designed a testing machine, in which the specimen 
with its axis in a horizontal position was rotated at about 
2000 revolutions per minute while a load was suspended from it. 
This had the effect of rapidly alternating the stress between 
compression and tension, and provided a test of the fatiguing 
effect on the ultimate strength of the metal. The test is now 
carried out on a modification of the Wohler machine; and by 
means of a weigh arm similar to that of a single-lever testing 
machine, the range of stress variation is determined. Rotation 
under alternating stress is continued until fracture occurs, and the 
fracturing stress is related to the ultimate tensile stress. Results of 
such a test are given as the number of alternations before fracture 
and the stress range at which the specimen was loaded. It does not 
appear that the speed of alternation has any marked effect on the 
result, but invariably the breaking stress under these conditions is 
considerably less than the ultimate tensile stress under static load. 

Proof stress. In the earlier discussion of the behaviour of mild 
steel under tension, it was pointed out that the yield point was 
clearly defined by a momentary falling of the load on the testing 
machine indicator. This property of mild steel is not characteristic 
of the alloy steels or of the more ductile metals, and some means 
had to be devised with the increasing use of alloy steels to define 
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clearly the maximum limits to which the designer may use the 
material without the danger of premature fracture. 

To meet this need, proof stresses were established ; the proof stress is 
obtained by the methods described in the following paragraphs. The 
proof stress depends on both the extension percentage used, which is 
generally 0-1,0*2 or 0-5 per cent, of the gauge length, and the slope of 
the elastic deformation line. The proof stress, when stated, must 
refer to both the stress value and the extension percentage used. 

The percentage elongation actually adopted to determine the 
proof stress depends upon the nature of the demands to be made 
on the material, and is usually defined in the specification for the 
supply of the material. 

Fig. 73 shows part of the load v. extension diagram for a chrome 
molybdenum alloy steel. The proof stresses are determined as 
follows. Since the gauge length is 2 inches, mark A, D and M respec¬ 
tively at 0*1 per cent., 0*2 per cent, and 0-5 per cent, of 2 inches 
along the extension axis, that is, 0 002, 0 004 and 0*01 inch of exten¬ 
sion. Draw AB, DE and MN parallel to the elastic deformation line; 
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then C, F and O on the load axis indicate the proof loads, which may 
be converted to proof stresses by dividing by the area of cross- 

section, that is, p roo f i oa d 

Proof stress = - A - r —-— . 

Area of cross-section 

Factor of safety (see p. 101). The factor of safety is the ratio 

Ultimate stress , . , 

„ „ , . , , and is an arbitrary constant fixed according to 

Safe working stress 

the conditions of working. Any factor of safety must bring the 
working stress appreciably below the elastic limit, otherwise danger 
of plastic deformation exists ; and it is general so to assign a factor 
of safety that, however strenuous the condition of loading, a good 
margin is established below the limit of elasticity. Proof stresses 
and the yield point determination provide an indication of what 
safety factors may be considered and define clearly the limits of 
elasticity in the material. The student should realise that the 
application of safety factors without accurate knowledge of the 
proof or yield stresses is apt to reduce the “ factor of safety ” to a 
“ factor of ignorance ”, resulting in either inadequate dimensions in 
design or a design far too heavy for the strength required. 

Testing Machines 

Universal testing machine. The following description applies, in 
principle, to any universal testing machine, and to other machines 
designed to perform one or more specific tests. 

Messrs. W. & T. Avery of Birmingham manufacture a universal 
machine capable of performing tests in tension, compression, bend¬ 
ing, shear, hardness and torsion. This machine is built to have a 
maximum capacity of anything between 5 and 100 tons, but the 
more generally used laboratory capacity is either 5 or 10 tons. The 
load is applied by an electric motor geared to a worm and worm- 
wheel which acts as a nut for the straining screw. This screw is 
attached to a crosshead through which the strain is applied. Hand 
operation is provided as an alternative to power and to facilitate 
adjustments to the specimen. The actual straining by hand opera¬ 
tion is limited to a load of about 5 tons. Return motion for the 
straining mechanism is achieved by a reversing switch, and a clutch 
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By courtesy of Messrs. W. & T. Avery, Ltd. 
Fig. 74.—Universal Testing Machine. 

is fitted which enables the loading to be controlled without cutting 
out the motor. 

Weighing is done by a weighing crosshead C suspended from a 
knife-edge on the steelyard by means of a link. The poise can be 
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moved along the steelyard by gearing until balance is obtained, 
and this poise may be in two parts as shown, or a single weight. 
The position of the poise is shown on an engraved scale fitted with 
a vernier and graduated to read the direct load on the specimen. 

When a split poise is used, two scales are provided, one to read 
the load from the larger part of the poise and the other to register 
the more accurate phase of the loading given by the movement of 
the smaller poise. 

When the machine is used for torsion tests, a further scale is 
employed to give direct readings of the torque in pounds inches. 
The balance B is arranged to give the operator a visual indication 
of the movement of the steelyard while he operates the poise-gearing 
through a handwheel. Shock absorbers A are introduced to absorb 
the shock to the moving parts when fracture occurs. 

Fig. 74 shows the machine set with the tools in position for tension, 
compression or bending tests. Load is applied to the specimen by 
the downward movement of the crosshead A and transmitted through 
the specimen to the weighing crosshead B, the link and the steel¬ 
yard where it is balanced by the moving poise. 


For tension tests the speci¬ 
men is carried between the 
crossheads A and B ; whereas 
for compression tests, the 
specimen rests on the beam C 
and the load is transmitted 
by means of four steel rods 
to the weighing crosshead. 

When the machine is used 
for bending tests the specimen 
is placed across fulcra on the 
beam C and the load applied 
to the centre of the span by 
a special tool placed under 
the straining crosshead A. 

Shearing tests are carried 
out by introducing shear 
tools (Fig. 75) placed between 



By courtesy of Messrs. W. dt T. Avery , Ltd. 
Fig. 75.—Shearing Test Tool. 
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By courtesy of Messrs W 6c T. Avery, Lia 
Fig. 76.—Torsion Test. 


the compression surfaces of the machine. The tests are made on 
cylindrical specimens in double shear. 

Torston tests are performed on an attachment secured to 
the vertical frame of the machine (Fig. 76). The specimen is 
held in a holder attached to a shaft rotated by a handwheel 
B through spur and worm-gearing. The other end of the specimen 
is secured m a second holder attached to an arm the end of which 
is connected by a subsidiary knife-edge linked to the steelyard. 

Plastic materials are subjected to very similar types of test to 
metals and wood, including the usual physical tests for specific 
gravity, coefficient of expansion, water absorption, dielectric 
strength, volume resistivity and power factor. Mechanical tests are 
taken for tensile and shear stress and the modulus of rupture. 
Approximate maximum values for specimens of bakelite are tensile 
stress 25,000 lb. per sq. in., shear stress 16,000 lb. per sq. in., and 
modulus of rupture 19,000 lb. per sq. in. 

Hardness testing machines. Fig. 77 shows the Avery hardness 
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By courtesy of Messrs. W & T Avery, Ltd. 

Fig. 77.—Hardness Testing Machine. 

testing machine designed to carry out Brinell tests. For ferrous 
metals a load of 3000 kgm. is applied to the specimen through a 
steel ball 10 mm. in diameter for a period of 15 sec. When the test 
is carried out on non-ferrous metals, a load of 500 kgm. is used for 
a period of 30 sec. The Brinell hardness number is obtained by 
the method shown on p. 128, or by direct reference to a hardness 
chart after the impressed diameter has been measured by a micro- 
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By courtesy of Messrs. W. & T Avery , Ltd. 
Fig. 78. 

scope scale (Fig. 78). During the test, load is applied through the 
handwheel and a worm-drive until the steelyards are horizontal, 
thus indicating a full load. After the prescribed interval of time, 
the handwheel is reversed and the load removed. 

Vickers hardness machine. This type of hardness testing machine 
is regarded as a standard instrument where reliable hardness values 
are required which are absolute in their interpretation. The quan¬ 
titative value of hardness is determined by means of the ratio 

-- Load — and the accuracy of the interpretation of this 

Area of indentation 

ratio is the result of the mechanical control of the loading and the 
use of a practically undeformable indenter of regular shape which 
gives geometrically similar impressions. 

In the Vickers machine the diamond indenter is capable of indent¬ 
ing the hardest metals without appreciable deformation of the 
material or indenter. Its shape is that of a square-based pyramid 
of 136° interfacet angle, and the area of the indentation produced, 
as derived from its diagonal measurements, is applied to the above- 

mentioned ratio, -t -— to obtain the hardness. 

Area of indentation 

A range of loads varying from 1 to 120 kgm. is available to enable 
the use of a suitable load for the material under test. The load is 
applied through a simple lever, and its application, duration of 
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loading, and removal automatically con¬ 
trolled ; special precautions being taken to 
avoid shock at all stages. 

The surface indentation is clearly defined 
and can be measured with extreme accuracy 
across its diagonals. Fig. 79 shows such an 
impression viewed through the microscope. 

The hardness value is independent of the load 

applied, since the ratio T -.— 

Area of indentation 

is constant for; homogeneous materials and is internationally recog¬ 
nised as the V.P.N. or the Vickers Pyramid Numeral. 

Fig. 80 illustrates the construction of the machine. This consists 
of a main frame F carrying the stage S with a simple lever L of 
20 to 1 ratio, through which the load is applied to a thrust rod 




Fig. 80. — Vickers Hardness Machine. 


Tr and a tube T free to 
reciprocate vertically and 
carrying the indenting tool 
D at its lower end. 

Attached to the main 
frame is the unit Fm con¬ 
taining the control me¬ 
chanism, which consists of 
the plunger PI operated by 
the rotating cam C apply¬ 
ing and releasing the load. 
The cam is mounted on a 
drum rotated with the re¬ 
lease of the starting handle 
Sh and controlled by the 
weight W attached to a 
flexible wire. A piston 
operating in an oil-filled 
dashpot, in which the oil 
displacement is regulated 
by an adjustable valve, 
controls the time cycle of 
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the cam. The plunger carries a rubber pad at its upper end which 
engages a cone mounted on a beam, thus ensuring a slow and 
diminishing speed of application for the load. Since the cam both 
lowers and raises the plunger, uniformity in application and duration 
of loading is achieved without inertia errors and premature removal 
of load. Depression of the foot pedal returns the cam drum and 
weight to their original positions, while a tripping piece Tp supports 
the beam and drops out of action when the plunger is in its top 
position. The machine is then ready for further tests. 

Impact testing machine. Fig. 81 shows an Izod impact testing 
machine manufactured by Messrs. W. & T. Avery. In this machine 



By courtesy of Messrs. W. <k T. Avery, Ltd. 
Fig. 81.—Izod Impact Testing Machine. 
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By courtesy of Messrs. W. d T Avery , Ltd. 
Fig. 82. 


the specimen is held between the gripping dies and the pendulum 
raised to engage the release trigger. After release, the pendulum 
strikes the specimen and energy is used to cause fracture at the 
notch. An inverted quadrant and needle (Fig. 82) are employed to 
give a direct reading of the energy absorbed during the process of 
fracturing the specimen. This is read off from the needle position 
on the graduated quadrant either to a maximum of 120 ft. lb. or its 
equivalent in metres kilograms. 

Specimens for standard tests. Fig. 83 shows the standard type 
of specimen used for the various tests. The British Standards 
Institution recommends test pieces of J, £ and § sq. in. in cross- 
section, with gauge lengths respectively 2, 3 and 3| in. These 
dimensions satisfy the equation 

Gauge length L=4-s/a, 

where A is the area of the original cross-section. It is found that 
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Fig. 83.—Impact Specimens. 

where these sizes are used the percentage extension and the percen¬ 
tage diminution in area are approximately equal for the three sizes. 

Experiment shows that local extension at the waist of a specimen, 
formed during plastic deformation, is proportional to the square 
root of the cross-sectional area, while the total extension, elastic 
and plastic, is proportional to the gauge length plus a constant times 
the square root of the area of cross-section. 

For compression the specimen has a length which seldom exceeds 
2-1 times the diameter, thus eliminating the danger of buckling 
under load. A good diameter for a compression specimen is 1*128 
in., which gives a cross-sectional area of one square inch. 
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The torsion specimen has two tapered ends to fit the holders, and 
in these ends keyway slots are cut to prevent the rotation of the 
specimen. Keys in the holders fit these keyways, and the keys are 
so designed that the maximum torque applied will not cause them 
to shear. 

Two forms of impact test pieces are illustrated: (a) the British 
Standard Notched Bar, which is a 10 mm. square test piece ; and ( b) 
the Air Board Standard Test Piece, which is 0-45 in. in diameter; both 
test pieces have a 45° notch. The area of cross-section is thus the 
same in each type of specimen, and impact occurs at the same 
distance from the notch with consequently equal Izod values. 
When three tests are required at right angles, triple test pieces 
are prepared as shown in the figure, and the three impact tests 
are taken in sequence on the same notched bar. 

Radiological tests. It is well known that X-rays are used by 
physicians and surgeons in the examination of the human body. 
The principal property of these rays is that they are able to pene¬ 
trate solid matter with varying degrees of absorption. The degree 
of absorption varies from lead, the strongest absorber, through 
the denser metals to materials of an organic character such as 
wood, carbon and compounds consisting of very light atoms such 
as hydrogen, oxygen or nitrogen, which are easily penetrated by 
X-rays. 

Industrially, the X-ray method is used to detect porosity, blow¬ 
holes and irregularities in the structure of metals. The object to be 
examined is placed between an apparatus producing X-rays and a 
suitable photographic film or a fluorescent screen, and a picture is 
obtained of the object, not clearly defined as in a photograph, but 
consisting of a number of shaded areas, the intensity of the shading 
indicating the degree of absorption offered by the material at this 
area. Cracks, flaws, blow-holes and very porous areas will give high 
penetration and will be revealed on the sensitive film or screen, 
while a perfectly homogeneous material free from flaws will show a 
shaded area of equal intensity or density throughout. 

Considerable experience is required in interpreting an X-ray 
photograph, and although the apparatus can be used by a trained 
operative, the interpretation must be given by an expert. 
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Crack and surface flaw detection. The general paethod now 
adopted for the detection of surface cracks and flaws depends upon 
the ability to magnetise the material, and can thus be used for 
almost all the ferrous metals and their alloys. A notable exception 
is the non-magnetic austenitic type of steel. Cracks in the non- 
ferrous metals must still be found by microscopic examination, 
etching of suitable sections or X-rays. 

The standard type of instrument for the magnetic detection 
processes is the Johnson-Fel Crack Detector. The specimen can be 
magnetised by the passage of a momentary current through it, 
or its exposure to an external magnetic field of sufficient strength 
to magnetise that portion of the specimen to be examined. When 
the specimen is magnetised, it is covered with a layer of detector 
ink carrying iron particles in suspension ; then the cracks will reveal 
themselves by the adherence of the iron particles to their walls. 

Extensometers. An extensometer is an instrument designed to 
measure accurately the small elastic deformations and sufficient of 
the plastic deformations to determine proof stresses, yield point, 
limit of proportionality and modulus of elasticity during a tensile 
test. The extensometer is always removed before the deformation 
takes appreciable shape, and the instrument is thus a delicate 
measuring device suitable for small deformations only, and must be 
handled and used with these restrictions firmly in mind. 

Extensometers may be divided broadly into two types : (1) those 
relying upon mechanical means to magnify the small deformations ; 
and (2) those using optical means for the same purpose. In the 
former group the measurement is made by means of levers, a cali¬ 
brated scale, micrometers or dial indicators ; whereas in the latter 
type a beam of light reflected by a mirror, or series of mirrors, is 
employed. The former type is employed in general mechanical 
tests, while the latter is almost entirely confined in its use to labora¬ 
tory and research tests, where exceptional accuracy is demanded. 

There are many types of instrument in each group, each with its 
advantages and special suitability. We have selected for description 
one type from each group representative of good modern practice. 

The Hounsfield Extensometer. This extensometer is of compara¬ 
tively recent introduction. The essential parts are shown in Fig. 84, 
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namely, a clamping frame (1), and a bellcrank lever (2) pivoted 
on the frame, the position of the pivot being marked in the 
diagram. These parts (1) and (2) can be attached by point contact 
(18) and (19) (Figs. 84 and 85) to the test piece over the usual gauge 
length of two inches ; the stop (14) is employed to ensure that the 
points (18) and (19) are exactly two inches apart. The bell crank 
lever moves, about its pivot, with the deformation and has a 2 : 1 
arm ratio, the longer of which contacts the anvil of a 50 threads per 
inch micrometer screw (9), to which is attached by friction a gradu¬ 
ated wheel (11) divided on its periphery into 100 equal parts. Thus 
one division on the graduated wheel represents 

(Screw) x (Graduations) x (Lever) = 

m x Too x l=Io^oo =0()001 in ' deformation 

on the specimen. The micrometer screw is operated by a knurled 
head (8), the larger nut (12) providing the friction grip of the 
graduated wheel on the measuring screw. To obtain positive read¬ 
ings free from personal error, electrical contacts are provided which 
close a lamp circuit when the correct reading is obtained. 

A platinum contact (4) is mounted on an insulated spring (7) 
pressing firmly against an insulated stop (5). The contact (3) is 
mounted on an earthed spring (6) pressing lightly on the micrometer 
anvil, and the circuit is completed through an external battery and 
bulb of the flash-lamp type. To obtain a reading the micrometer 



Fig. 85. 


Mf'xxrs J enxu'tru'ter, Lti. 
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screw (9) must be screwed in against the spring (6) only until the 
platinum points (3) and (4) touch and the lamp just lights. 

Plates (15) on each clamp move over a sector scale (16) graduated 
in tenths of an inch. These can be pre-set to the diameter of the 
specimen when the clamping points (18) are in position, to be finally 
adjusted by the screws (20) and (22) fitted to the clamping sleeves (21). 

The sensitivity of this instrument is such that it will detect the 
expansion produced by the heat of a lighted match on a specimen 
of 2 in. gauge length, and it can be relied upon to give positive read¬ 
ings to to ooo in. deformation, with estimated readings to an even 
smaller amount. 

Amsler mirror extensometer. This type of extensometer is used to 
measure small elastic deformations with extreme accuracy and is 
adopted fairly generally for research tests. On each side the 
specimen is marked to its exact gauge length, and a pair of com¬ 
parison strips of an equal length are lightly clipped, one on each 
side, with the sharp edges at one end placed in one of the marks of 
the gauge length. At the other end of each comparison strip a light 
lever fitted with sharp parallel knife-edges is supported, one knife- 
edge fitting into a notch in the comparison strip and the other into 
the gauge mark on the specimen. Each lever carries a plane mirror, so 
that the readings from the sides of the specimens can be averaged. 
When the gauge length suffers deformation, that of the comparison 
strips remains constant, with the result that the levers are tilted, the 
mirrors thus being given an angular movement equal to that of the 
lever. 

The angular movement of the mirrors is measured by a stationary 
telescope directed at the mirror and free to rotate against a scale at 
right angles to the axis. The movement of the mirror allows the 
image of the scale to be reflected and traverse the telescope reticule 
by an amount which is related to the gauge length. The Marten's 
Mirror Extensometer is made by Alfred J. Amsler & Co. (Agents, 
T. C. Howden & Co., Birmingham.) 

Principle of the mirror extensometer. When the specimen is de¬ 
formed by an extension e, the mirror moves through an angle a with 
respect to its original position, where telescope and gauge line are 
in line, and an image of the point O on the scale can be seen through 
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IiG. 87 —Amsler Mirror IK bensometer. 


the telescope Fig 88. The image of P is then seen through the 
telescope, where the angle subtended by the lever and mirror axis 
and OP is 2a. Then OP = x. 

Let the gauge length be g and the length of the lever a. 

Then a sina=e, 


and 

Since a is small, then 


- = tan 2a, 
V 


tan 2a = 2 tan a = 2 sin a, 


or tan a = sin a. 


(1) 

( 2 ) 
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Hence in (1), 
and in (2), 


a tan a = e, 


- =2 tan a. 

y 


ax 



Thus the deformation e (Fig. 88) can be calculated from the observed 
values of x and y with the known length of the lever a. The distance 
y is so chosen that a suitable value of x is given. 

Selection of extensometers. The choice of an extensometer 
suitable for a particular field of testing is one to which considerable 
thought should be given. For routine testing in the materials 
laboratory of a factory, the extensometer should be of a robust 
type giving clear and easily read observations within the limitations 
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of accuracy demanded by the test. For this work a highly skilled 
operator is seldom employed and the limitations of the operator 
must be considered. 

Technical schools and colleges generally possess several types of 
extensometers, and the more delicate and accurate types are only 
released for operation by senior students taking work of a high 
standard. The mirror type of extensometer and the more delicate 
of the mechanical types are essentially the instruments of the factory 
research laboratories, the more advanced technical students and 
other cases where very accurate results are demanded and the 
operators are skilled in the setting up and use of delicate instru¬ 
ments. 


Representative Mechanical Tests 
The following is a series of representative tests in which various 
materials are tested by straining, the observations tabulated and 
essential derived results obtained. 

Tensile tests. 

Test No. 1. Mild steel. 

Diameter of specimen =0-565 in. 

Area of cross-section =0-25 sq. in. 

Gauge length = 2 in. 

Observations. 

Ultimate load = 8 tons. 

Yield load =5 tons. 

Maximum elongation =0*46 in. 


Load in tons 

1 

2 

3 

4 

5 

5-5 

Elongation in inches 

00006 

0-0013 

0-002 

0-0025 

0-003 

0-035 

Load in tons 

60 

6-5 

7-0 

7-5 

8-0 

7-6 

7-2 

Elongation in inches 

1 0-055 

0-08 

0-1 

0-16 

0-39 

0-44 

0-46 
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(a) 


Ultimate tensile stress — 


ultimate load 
cross-sectional area 


8 

0*25 


(b) Yield stress = 


yield load 


cross-sectional area 0-25 


= 32 tons per sq. in. 
= 20 tons per sq. in. 


(c) Percentage elongation = 


max. elongation x 100 0*46 x 100 


gauge length 2 

= 23% 

(d) Modulus of elasticity, at A on the elastic curve, p. 151. 
Stress = 16 tons per sq. in. Strain = — =0-0012. 


Modulus of elasticity = 


stress 


16 


strain 0-0012 
= 13,333 tons per sq. in. 


Test No. 2. High tenacity non-ferrous alloy. 

Diameter of specimen =0-357 in. 
Area of cross-section =0-1 sq. in. 
Gauge length =2 in. 


Observations. 

Ultimate load =5-15 tons. 
Maximum elongation =0-8 in. 


Load in tons 

0-5 

10 

1-5 

2-0 

2-25 

2-5 

Elongation in inches - | 

0-0009 

0-0018 

0-0027 

0-0036 

0-0045 

0-000 

Load in tons 

2-75 

3-0 

3-25 

3-5 

3-75 

4-0 

Elongation in inches 

0-018 

005 

0-07 

0-1 

0-13 

0-18 

Load in tons 

4-25 

4-5 

4-75 

5-0 

5-15 

4-6 

Elongation in inches - | 

0-23 

0-32 

0-4 

0-53 

0-64 

0-8 



REPRESENTATIVE TESTS 


153 



0 02 0-4 0-6 0-8 

Elongation - Inches 



0-005 0;01 0 015 0-02 

Elongation - In. 

Fig. 90. 


B.B.B.S, 
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(a) Ultimate tensile stress : 


(b) Proof stresses: 


515 
' 01 
2-4 


= 51*5 tons per sq. in. 


0-1 per cent, proof = — = 24 tons per sq. in. 
2*55 

0*2 per cent, proof = = 25-5 tons per sq. in. 

2-72 

0*5 per cent, proof = ~- =27*2 tons per sq. in. 
0-8 

(c) Percentage elongation on a 2 in. length = 4 y x 100 =40 per cent. 

(d) Modulus of elasticity at A on the elastic deformation curve. 

Stress = * ^ = 14 tons per sq. in. Strain =^?^° =000125, p. 153. 
U* 1 z 

„ stress 14 ^ 

E = -~ . =— =11,200 tons per sq. m. 

strain 0-00125 


Test No. 3. High tenacity alloy steel. 

Diameter of specimen =0*252 in. 

Area of cross-section =0*05 sq. in. 

Gauge length =2 in. 

Observations. 

The complete load v. elongation curve is produced by an auto¬ 
graphic recorder, and the following observations are taken by 
extensometer over the elastic period and sufficiently beyond to give 
the proof stresses. 


Load in tons 

1 

1-5 

2-0 ! 2-5 

30 

3-25 

Elongation in inches 

0-003 

0005 

0-006 | 0-008 

0-009 | 

0-011 

Load in tons - - j 

1 3-5 

3-75 

4-0 

4-25 

4-5 

4-75 

Elongation in inches 

0-016 

0-023 

0-035 

0*05 

0-074 

0-1 

l 
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AUTOGRAPHIC DIAGRAM 


EXTENSOMETER READINGS 
TEST No. 3 

HIGH TENACITY ALLOY STEEL 



Fig. 91. 

Derived results. 

(a) From autographic diagram. 

5*25 

Ultimate tensile stress — ~ = 105 tons per sq. in. 

0*05 

0-62 

Percentage elongation on a 2 in. length = — - x 100 = 31 per cent. 

£ 


(b) From extensometer readings : 


3-25 


0*1 per cent, proof = = 65 tons per sq. in. 

, 3*4 

Proof stresses : -j 0-2 per cent, proof = qq^ = 08 tons per sq. in. 

3 . 62 

0-5 per cent, proof = —^ = 72*4 tons per sq. in. 
v U'Uo 

Modulus of elasticity . At A on the elastic deformation curve 

above: 

2 0*006 

Stress = —- = 40 tons per sq. in. Strain = —-— = 0*003. 

U'UD JL 


E = 


stress 


40 


strain 0*003 


= 13,333 tons per sq. in. 
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Test No. 4. Non-ferrous metals. 

These tests have been taken of several non-ferrous metals and 
are largely comparative of ultimate stresses and elongation. The 
yield point is indefinable and although, if extensometer readings 
are taken, proof stresses may be obtained, these values would not 
be very informative. 


Observations and Derived Results. 


Area of cross-section =0*25 sq. in. 
Ultimate tensile stresses. 

1-9 

Aluminium alloy = -=7-6 tons per sq. in. 
\)’Zd 


Soft copper 
Soft brass 


2-92 

0*25 

4-2 


= 11 -68 tons per sq. in. 


= tons per sq. in. 

U*zo 

5’9 

Drawn brass = — ‘ = 23-6 tons per sq. in. 

0-25 
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Percentage elongation on a 2 in. length. 

0-92 

Aluminium alloy = —x 100 =46 per cent. 

Soft copper 

x 100 = 49 P er cent « 

Soft brass 

0-52 

= —— x 100 = 26 per cent. 

Drawn brass 

0T8 

= — — x 100 = 9 per cent. 


Note. —The values of ultimate tensile stress and percentage 
elongation vary considerably with the composition and treatment 
of non-ferrous materials, and wide variation may be expected under 

test ‘ Compression tests. 

Test No. 5. 

These tests have been taken on a series of test pieces IT28 in. 
in diameter and 2 in. in length. The curves are representative. 
Cast iron shows an almost straight line on the load v. compression 
curve until fracture ; steel gives a definite yield point followed by 
a slightly convex curve to fracture or failure; the ductile metals 
give a convex curve turning to concave towards fracture. 
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Observations and Derived Results. 

Area of cross-section = 1 sq. in. 

Ultimate compressive stress of cast iron = 63 tons per sq. in. 

Destruction stresses for the more ductile metals. 

Mild steel =68 tons per sq. in. 

Copper =76 tons per sq. in. 

Aluminium alloy =56-5 tons per sq. in. 

Note. —The value of the ultimate compressive stresses for the 
ductile metals is very unreliable, and it would be more correct to 
call them destruction stresses. Failure commences almost with 
loading in some cases, and the destruction stress is taken when the 
material cracks and fails physically. 

Bending test. 

Test No. 6. Mild steel. 

This test was carried out on a centrally loaded beam of 24 in. 
span, depth 3 in., width lo in. 

Objects. 

(1) To find the maximum stress set up in the material. 

(2) To find the value of the modulus of elasticity for the steel. 



O 0 005 0 01 0 015 0-02 0026 

Deflection in Inches 

Fig. 94. 
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Observations. 


Span = 24 in. ; depth = 

= 3iin.; 

width = 

= 4 in. 


Central load in pounds 

- 

1000 

2000 

3000 

4000 

Central deflection in inches 

- 

0-003 

0-006 1 

0-009 

0-0115 

Central load in pounds 

- 

5000 

6000 

7000 

8000 

Central deflection in inches 

- 

0-014 

0-018 

0-021 

0-024 


Derived Results. 

(1) Maximum load = 8000 lb. 

fbd 2 

Moment of resistance — . See p. 211 . 


Maximum bending moment = 


WS 

4 


8000 x 24 
4 


( 2 ) 

but 


= 48,000 lb. in. 

^ = 48,000 

Max. stress ._ 48.(X)0 x_6 — 21,333 lb. per sq. in. 

J 1-5x9 F H 

WS 3 

Deflection = f8£T _, 

T 6 d 3 11 x27 27. . 

/= T2 = -i2- = “8 m ' Umt8 ‘ 


At A on graph, p. 158, deflection = 0*02 in. = 8 , 
and load = 6800 lb. = W. 
WS 3 


Deflection = 


8 = 0-02 = 


48#./. ’ 

6800 x 24 3 x 8 
48 x # x 27 ’ 


^ 6800 x 24 3 x 8 ____ 

^ = 48 x 27 x 0-02 = 29 ’ 013 ’ 000 lb> *** ^ m ‘ 
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Rubber. Rubber is a material used to an increasing extent, both as 
the natural product and in its synthetic forms, in engineering design. 
The material does not conform to the standard conceptions of 
stressing and straining usually accepted in a study of strength of 
materials, but is a border-line material existing at normal tempera* 
tures in a state which invites consideration as a solid and a liquid at 
one and the same time. Its behaviour under stress obeys simultan¬ 
eously the laws applicable to solids and also those applicable to 
viscous liquids without completely conforming to either, so that any 
investigation of its mechanical properties calls for a special tech¬ 
nique founded on a knowledge of the mechanics of solids and fluids, 
with an adaptation to the peculiar behaviour of this material. 

It has been fairly satisfactorily established that rubber does not 
fall completely into any of the accepted states of matter. It is not 
crystalline or amorphous, and is not strictly solid or liquid ; in fact 
its behaviour is not wholly elastic or wholly plastic. 

Molecularly, rubber is regarded as being a material made up of 
long chains of molecules ; these chains, in the unstrained condition, 
assuming a curled up or spiral configuration. The application of 
stress tends to uncurl this configuration, and the elementary elasti¬ 
city is the tendency for the strained curls to resume their normal 



100 200 300 400 500 600 


% Elongation 
Fig. 95. 


shape on the cessation of 
loading. These molecular 
chains not only possess 
strong intermolecular 
forces holding them to¬ 
gether and in formation, 
but also considerable co¬ 
hesion between the chains 
to prevent internally slip¬ 
ping and shear failure. 

Stress v, strain curve. 
The stress v. strain curve 
follows Hooke’s Law only 
for very small deforma¬ 
tions ; there is no defined 
yield point, and plastic 
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deformation is very difficult to 
divorce from elastic deformation. 
The stress-strain curve is also 
considerably affected by a rise 
or fall of temperature, and cyclic 
and non-cyclic stress variations. 
Fig. 95 shows a fairly typical 
curve for elongation v. stress. 

Shear-strain diagram. The be¬ 
haviour of rubber in shear more 
nearly approaches that of solid 
materials. Fig. 96 shows a typical 
shear v. strain diagram where 
the percentage shear strain is 100 
tan (f> and <f> is the angular shear 
strain. 



% Strain 
Fig. 96. 


Sufficient has been said to warn the student against the application 
of his knowledge of strength of materials to the investigation of the 
performance of rubber ; and to invite him, if he has to deal with 
rubber, to study carefully the standard works on the subject before 
embarking on any tests likely to supply results for the purposes of 
design. 


EXERCISES ON CHAPTER V 

1. Give reasons why comprehensive mechanical tests are taken of 
the materials used in construction, and state the principal tests em¬ 
ployed with their objects. 

2. Explain the terms : “ elastic deformation ” ; “ plastic deforma¬ 
tion ” ; “ yield point ” ; “ limit of proportionality ” ; fc ‘ period of 

stricture ” and “ elastic limit ” when applied to a test to destruction 
of a mild steel specimen in tension. Which of these terms have the same 
meaning? 

3. Explain the terms “ gauge length ” and “ percentage elongation ” 
as applied to a tensile test. How are the stresses at Yield Point and 
the Ultimate Tensile Stress determined from the Load v. Elongation 
curve for a tension specimen? How would you determine the Yield 
Point if the material was mild steel, and what difference would you 
expect to find at this period on the graph if the material were an alloy 
steel? 
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4. How is the. “ modulus of elasticity ” determined from a tensile test 
to destruction ? What precautions would you observe before fixing upon 
the point on your graph from which this modulus could be calculated ? 

5. Explain the limitations of a compression test on a ductile material 
and state the precautions necessary in a compression test on cast iron to 
ensure that a true value is obtained for the ultimate compressive stress. 
Sketch the form of fracture for cast iron and state how failure probably 
occurred. 

6. What is the purpose of an impact test? Why is it necessary to 
regard the results of this test in conjunction with the tensile test if the 
suitability of the material for certain purposes is being considered ? 

7. Explain the general theory of hardness testing, and show the 
reason why spherical and pyramid forms of indenting tools are used. 

8. How is the Brinell test carried out? Explain the method used to 
obtain the Brinell number when charts are not available. What relation 
exists between the Brinell number and the ultimate tensile stross of the 
material ? Can this relation be taken as reliable, or is it a relationship 
which may be used as a general guide ? 

9. Describe hardness tests other than the Brinell, and point out the 
advantages and disadvantages of each method when compared with the 
Brinell. 

10. Prepare dimensioned sketches of impact test pieces (a) British 
Standard, {b) Air Board Standard. What are the difficulties experienced 
when carrying out impact tests on (a) materials possessing a tendency 
towards ductility, (6) materials suffering from faults in rolling such as 
lamination or excessively crystalline patches? How are these diffi¬ 
culties met ? 

11. What do you understand by “ proof stress ”? Name the specific 
reasons for the development of the use of proof stress in the technique 
of testing. 

12. Describe with sketches each of the following : 

(a) Tensile testing machine of the hydraulic type. 

(b) Tensile machine of the lever type. 

(c) Torsion testing machine. 

(d) Impact machine of the Izod type. 

(e) Hardness testing machine depending upon indentation. 

13. Describe, with detail sketches, a universal testing machine, and 
explain how a bending test may be performed on this machine. 

14. A material is specified as follows : The minimum ultimate tensile 
strength to be 95 tons per sq. in. on static loading ; maximum elonga¬ 
tion on a 2 in. gauge length 28 per cent. ; proof stress taken at 0-2 
per cent.; 70 per cent, of ultimate tensile strength ; hardness value on 
Rockwell “ C ” scale between 65 and 70. State what tests you would 
carry out on the material, as delivered, to satisfy yourself that the 
specification had been met. 
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15. What do you understand by “ fatigue in metals ”? Describe the 
basic tests which are carried out in order to determine the effects of 
alternating and repeated stresses on the ultimate tensile stress. 

16. During a Brinell hardness test on a specimen of nickel chrome 
steel, a 10 mm. ball was used with a load of 2000 kg. Calculate the 
Brinell number for this steel if the diameter of the indentation was 
312 mm. 

17. A steel of Brinell hardness number 350 is to be checked for hard¬ 
ness. The indentation is limited to 2 mm. Find the maximum load 
which may be applied to a 10 mm. diameter ball. 

18. Give a brief outline of the application of X-rays to the testing of 
materials for structural and other faults. 

19. The following values of load and elongation on a 2 in. gauge 
length were taken for a high tenacity alloy steel specimen of 0-252 in. 
in diameter. Determine the proof stresses at 0T, 0-2 and 0-5 per cent, 
elongation. 


Load in tons 

1 

2 

3 

3-25 

Elongation in inches 

0-003 

0-006 

0-009 

0-0115 

Load in tons 

3-5 

3-75 

4-0 


Elongation in inches 

0-017 

0-023 

0-038 
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MACHINES WITH FRICTION. FRICTION IN BEARINGS. 
COIL FRICTION. 

Friction. The lateral or tangential force which resists or tends to 
resist the sliding motion of one body over another is called the 
force of friction. Over a limited range of sliding speeds and normal 
pressures and between dry surfaces in contact, certain simple laws 
are approximately true. These laws are : 

The force of friction F, 

(1) is independent of the speed of the relative sliding motion ; 

(2) is independent of the area in contact ; 

(3) is proportional to the normal pressure R between the surfaces ; and 

(4) varies with the nature and type of the surfaces in contact. 

From (3), since F is proportional to R , then 

F/R = sl constant =/x. (1) 

This constant, /a, is called the coefficient of friction for the par¬ 
ticular surfaces in contact. (See Vol. I, p. 103.) 

When a tangential force is too weak to cause sliding, it is resisted 
by an equal and opposite tangential force sufficient to maintain 
equilibrium. This resisting force has a limiting value, and when 

E 

equal to the applied force E the ratio ^ then becomes the coefficient of 

limiting friction and is slightly higher than the value in equation (1) 
when motion is taking place. 

Graphical interpretation. Fig. 97 shows a block of weight W resting 
on a horizontal table and subjected to a pull E, while at the same 
time the force of friction F is resisting motion and is adjusting itself 
to the value of E until motion takes place. At that moment, F has 
its maximum value. N is the normal reaction of the surface. The re- 
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FORCE 

DIAGRAM 


F 

\1 


E 

d 


1 



N 


Fig. 97. 


sultant of F and N is equal to R , 
and when F is a maximum, the 
angle between R and W is called 
the angle of friction and is denoted 
by <j>. When motion takes place, 
and unless E and F are in the same 
straight line, then W and N will 
not be in the same straight line ; 
and hence W and N will form a 
couple, equal and opposite in 
magnitude to the couple formed 
by E and F , to produce equili¬ 
brium. It is obvious from the force diagram that F =N tan </>, 
or R sin </>. 

Body resting freely on a rough incline. A body will remain at 
rest on an inclined plane so long as the angle of the plane does not 
exceed the angle of friction (Fig. 98). This fact can easily be proved 

by experiment, and can be readily 
understood; because if the angle 
of the plane is equal to the angle of 
friction, the resultant R is unable 
to supply a component to balance 
W and so prevent sliding down the 
plane. If W is split into its two 
rectangular components parallel 
and at right angles to the plane, 
then, for equilibrium, F — W sin 0 
and N = W cos 0. When 0 is less 
than <f>, then F is less than its 
limiting value ; and when 0 is 
greater than cf> y then W sin 0 is greater than F f which has now 
reached its limiting value, W sin <f>. In this case, the force produc¬ 
ing acceleration down the plane is 

W sin 0 - F - W sin 0 - fiN = W sin d - \iW cos 6 

•-= W (sin 0 - fi cos 0) .(2) 

Experimental determination of coefficient of friction. The angle 



Fig. 98. 
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of friction between any two given surfaces can easily be obtained 
by fitting an inclined plane with one surface and a slider with the 
other, and then finding the angle of inclination of the plane so that 
sliding without acceleration is obtained. If expression (2) is equated 
to zero, then /x=tan 0, in which case 0 is equal to <f>, the angle of 
friction. 

Example 1. A case weighing 10 cwt. rests on a rough inclined plane 
for which y = 0-3. Find (1) the force parallel to the plane necessary to 
maintain equilibrium if the angle of the plane is 30° to the horizontal. 
(2) the force acting parallel to the plane which will cause the case to ac¬ 
celerate down the plane inclined at 45° to the horizontal. 

(1) Force necessary to maintain equilibrium — W (sin 0 - y cos 0) 

= 1120(0-5- 0-3 x 0-860) 
= 269 lb. 

Tnis force must be applied up the plane. 

(2) Force available for producing acceleration =- IF (sin 6 - y cos 0) 

= 1120(0-707 0-7) 

= 554 lb. 

Example 2. Find the greatest angle at which a conveyor belt can be 
inclined when it is used to move metal articles from one part of a factory to 
another , if the coefficient of friction between polished metal and belt has a 
limiting value of 0-28. 

If the articles are, not to slide, the inclination of the belt must not 
exceed the angle of friction. 

Angle of friction = tan" 1 0-28 = 15° 39'. 

Motion of a body on a rough incline. Suppose a force E is applied 
at an angle a to a body resting on a rough plane inclined at an 
angle 6 (Fig. 99). When motion without acceleration is about to 
take place up the plane, the reaction R of the rough plane will act 
at an angle of friction <f> to the normal to the plane in such a way as 
to give a component parallel to the plane opposing the direction of 
motion. The triangle of forces ABC is also shown in the figure. 
From the sine rule, 

E W R 
sin C sin B sin A ’ 

where sin A = sin {90 - (0 + a)} = cos (0 + a), sin C = sin (0 + <£), 
and sin B = sin {0 + a + 90 - (<f> + 0)} = sin {90 -(<f>- a)} = cos (a - </)). 
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Substituting these values for the angles A, B and C, then 

B W R . 

sin (0 + (f>) COS (a — (j>) COS (0 4- a) 1 ' 

Thus, E JV^n(d^) . 

cos (a - (f>) 

The expression (4) is very important, and it may be adapted to 
meet the special cases of a rough incline as follows : 

Case 1. Force E parallel to incline. In this case, a=0 and (4) 
becomes 

E JVj*n±e+±) . 

cos <f> ■ 

Case 2. Force E applied horizontally. Here, a = - 0 and (4) 
becomes 

. <6) 


Case 3. Minimum value of force E. In this case the denominator 
of (4) is a maximum and cos (a -</>)= 1, or a —<f>. 

Hence, minimum value of E is W sin (d+ </>). 


(7) 
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Case 4. Value of force E when used to pull a body down the plane. 

The angle of friction in this case is negative and (4) above becomes 


W sin (B -<f>) 

COS (a 4- <f>) 


(. 8 ) 


Efficiency of a rough incline as a lifting machine. One definition 
of efficiency is given as the ratio, ideal effort/actual effort. Since 
expressions for the actual effort for the general case and the four 
mentioned above have now been determined in (4), (5), (6), (7), (8), 
and remembering for each case the ideal effort is obtained when 
<f> =0, it is easy to calculate the efficiency. 


Example 3. Obtain the expression for the efficiency of a rough inclined 
plane when the effort is applied horizontally. Also determine when this 
efficiency is a maximum. 

Actual effort from (6) gives E=W tan (04- <£). 

Ideal effort occurs when <f> = 0, whence E—W tan 9. 

Hence, efficiency = tan 0/tan (0 + cp).(9) 

This expression may also be rewritten : 


Efficiency = 


sin 9 cos (9 + <f>) _ sin (29 4 - <f>) - sin <f> 
cos 9 sin (9 4- <f>) sin (29 + </>) + sin (f> 


( 10 ) 


For any given value of <£ this has a maximum value when sin (29+ (j>) 
is a maximum, that is, when 29 4- <£ = 90°, or when 0, which is the slope 
of the plane, is 45° -£cp. 

Substituting in (10), the expression for maximum efficiency is equal to 


(l-sin<p)/(l-fsincp). 


Example 4. At a particular spot on an overhead transporter cdble y the 
cable is inclined at 20° to the horizontal and the motive cable (which moves 
the load) is at an angle of 30°. If the load being pulled along the transporter 
cable , including the weight of pulley and cage , is 10 tons , find the tension 
in the motive cable , given p = 0 007. What would be the tension in this cable 
if the load were being lowered at a uniform speed? Also , find the tension 
in this cable if this tension is a minimum up the plane? 

<f> = tan- 1 0 007 = 24', a = 30° - 20° = 10°, 0= 20°. 

Using (4), E= W sin (04- <£)/cos (a - <f>) 

= 10 sin 20° 24'/eos 9° 36' 

= 3-486/0*986 = 3*54 tons. 
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Using (8), E= W sin (6- <f>)/cos (<x + <f>) 

= 10 sin 19° 367cos 10° 24' 

= 3-355/0-9836 = 3*41 tons. 

Using (7), E=W sin ($ + </>)= 10 sin 20° 24' = 3-49 tons. 

Friction of a screw. The square-threaded screw can be regarded 
as a rough inclined plane of square section wound around the cylin¬ 
drical core of the screw to form a helix, and the expressions for 
mechanical advantage and efficiency can be applied. Thus, in the 
case of a screw jack, the screw working in a fixed nut is used to 
overcome an axial resistance, the screw being turned by means of 
an effort applied at the end of a long arm perpendicular to the axis. 
The angle of the thread or inclined plane is given by tan 9 ^p/nd, 
where d is the mean diameter of the thread of the screw and p the 
pitch. Since the effort is applied at right angles to the axis of the 
screw, case 2 of p. 167 is applicable, and remembering /*=tan<£, 
expression (6) becomes 

E m tan 6 + tan (f> pj^d + p 

W~ an +< ^ ~1 - tan#tan<£ 1 -pp/rrd 

.(id 

ird - \xp 

Expression (9) becomes, 

efficiency = tan 0/tan (6 + <j>) 

p-jxpt/nd n0N 

p+pnd . 1 ’ 

When the screw jack is used for lowering, expression (8) becomes 
applicable, in which x = - 6 and 

E/W = tan (9 ~(f>). 

When the angle of the plane is equal to the angle of friction, that is, 
when 9 = <f>, then EjW = tan (9 -<f>) =tan0 =0. When 9 is less than <f>, 
then E/W becomes negative and an effort will be required to lower 
the load. Again, when 9 is greater than <f> y an effort will be required 
to prevent the load running down. 

The necessity for a supporting effort thus begins when 9 =<f>. At 
this critical value , we have : 

Efficiency = tan 0/tan 2<f> = tan ^/tan 2<f> = \ (1 - tan 2 ^) 

=i( i-M 2 )- 
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Thus, if p has any value whatever, running down will commence 
when the effort is removed in such cases when the efficiency is rather 
less than 0*5. It will be shown later that this result is generally true 
with other machines. 

It is also important to notice that it is better to reduce the value 
of (f> by efficient lubrication than to decrease 6 by reducing the pitch. 

Example 5. Calculate the efficiency and velocity ratio of a screw jack if 
the pitch is J in., the mean diameter of the screw is 2 m. and the coefficient 
of friction is J. The effort is applied at right angles at the end of an 
18 -inch arm . 


Velocity ratio — = 144 n. 


Efficiency = 


p - fip 2 /7rd 
p + \vnd 

l/fi-plnd 3 — 1 / 877 - 


= 0-105 or 10-5 per cent. 


1 Ip + rrd Ip 3 + 877- 

Triangular screw thread. If the cross-section of the thread is not 
square, the force of friction is increased by the double inclination of 
the thread. The axial load W has one component perpendicular to 
the axis of the screw and the other normal to the surface of the 
thread. If i/j is half the angle of the thread, the normal pressure 
will be W sec ip. The frictional resistance is directly proportional 
to this normal pressure, and thus the coefficient of friction is in¬ 
creased to /i sec f Hence formulae (11) and (12) can be modified 
to suit triangular screw threads by writing p sec i/j for p and taking 
an effective angle of friction of f> = tan -1 p sec i/j. 


Example 6. A Vee thread has an angle of 55° and the coefficient of 
friction between the nut and screw is 0-21. Find the value of the effort 
required to exert a pressure of 500 lb. by means of a screw with this thread 
which has a mean diameter of 3-6 m. and a pitch of J in., and a handwheel 
24 in. in diameter. 

(f> = Effective angle of friction = tan -1 p sec if; 

= tan -1 0-21 sec 27£° 

= tan" 1 0-2368 = 13° 19'. 

tan 9= l/(47r x 3-6) = 1/14-477 = 0-0221 and 0=1° 16'. 

E = x 500 tan (S+ </>) = 75 tan 14° 35' = 19-5 lb. 
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Efficiency of a lifting machine. A considerable amount of experi¬ 
mental work has been given in Vol. I, Chap. VII, with the object of 
determining the efficiency of a machine at varying loads. The law 
connecting load and effort may be taken as 

E = mL + c, 

determinable from the graph of load v. effort; while the efficiency 
is the ratio between mechanical advantage and velocity ratio (p. 9). 
It therefore follows that since Mechanical advantage = Load/effort, 
then Efficiency = M.A./V.R. = Load/(effort x V.R.) 

= _ L _ 1 

(mL + c)V.R. (m + c/L)V.R.' 

Obviously the efficiency is a maximum when L is infinite, and the 
maximum efficiency is 1/m x V.R. 

Example 7. The law of a machine is E = 02SL + 3-7. Find the maxi - 
mum value of the efficiency if the velocity ratio is 6. 

Max. efficiency = l/(m x V.R.) == l/(0-28 x(j) - 59 5 per cent. 

Reversal of a machine. If it be assumed that the frictional 
resistance in a machine is the same both normally and in reverse, 
and if the effect of the weight of chains and containers for the load 
are neglected, it can be shown that a machine can run back in the 
opposite direction solely under the action of the load, that is, be 
capable of reversal, if the efficiency exceeds a value in the region of 
50 per cent. 

When in a machine an effort E lb. raises a load L lb. a distance of 
l ft., the useful work done is L ft. lb. If the velocity ratio of the 
machine is V, then the work put into the machine is EV ft. lb., 
and the energy lost in friction is EV -L ft. lb. In order that the 
machine may run down, L must be greater than EV -L. 

Adding L to each side of the inequality, 

2L>EV\ 

dividing each side of the inequality by 2 j EV, 
then L[EV>\. 

Actually, in practice, the figure is rather less than 1, because the 
frictional resistance is not quite as assumed above. 
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Friction in bearings. When a shaft turns in an ordinary cylin¬ 
drical bearing, the reaction, owing to friction between the shaft 
and the bearing, will not pass through the centre of the shaft, but 
the line of reaction will be inclined to the normal at the point of 
contact at an angle equal to the angle of friction. Fig. 100 illustrates 

this point, which shows that for clock¬ 
wise motion contact occurs at point X, to 
which the point of contact rises when 
motion occurs. For equilibrium, R = W 
and the angle between the line of action 
of R and OX is equal to (f> . The anticlock¬ 
wise couple acting against rotation is 
Wr sin (f> or Rr sin <f>. 

Since sin (j> is small, it may be taken as 
equal to tan <f> or /u.; and hence 

Work done per rev. against friction 
= moment of couple x radians per rev. 
= 27 t Wr sin <f> 

Fig. 100. 

= 27T/xr W nearly. 

The small circle of radius r sin <f> is known as the friction circle for 
the particular shaft and the given conditions of lubrication ; and 
when relative motion is taking place, the thrust R is tangential to 
this friction circle on one side or the other according to the direction 
of motion. 

In a bearing, lubrication is perfect when a continuous film of oil 
separates the shaft from its bearing. This ideal condition can most 
nearly be obtained when oil is pumped into the bearing at a pressure 
greater than that due to the external forces thrusting between the 
shaft and the bearing. In practice, there is generally only partial 
separation between shaft and bearing by a film of oil. Thus, the 
conditions often partly correspond to friction between two solids, 
but the presence of an oil film in places greatly reduces the risk of 
seizure which is likely to occur even with low bearing pressures in 
the case of chemically clean, dry metal surfaces. 

Ball and roller bearings (see Vol. I, pp. 108-113). The resistance 
offered to rolling between two bodies results from the indentation 
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of these bodies one by the other. There is also a certain amount of 
sliding between the surfaces. If these surfaces are hard, the indenta¬ 
tion, the areas in contact and the resistance to rolling are less than 
with softer surfaces. With the latter, the yield is considerably 
greater and the areas in contact, the relative sliding motion and the 
resistance to rolling are greatly increased. 

In roller (or ball) bearings, the natural small resistance to rolling 
is ensured by the very hard surfaces given by a special process to 
the rollers (or ball bearings) and the bearing surfaces, and the use 
of these types of bearings is becoming more and more common for 
both journal and thrust bearings. The load or thrust is transmitted 
through a series of rollers (or ball bearings) loosely held in a cage. 
Cages, often made of gun metal, ensure that the rollers or balls, as 
the case may be, are maintained at a predetermined distance apart, 
and special greases are employed to reduce wear by corrosion and to 
exclude dust. 

Coil friction. To determine the power which can be transmitted 
by belting or ropes, it is necessary to obtain the relation existing 
between the tension on the tight and slack sides of a pulley. This 
can be determined theoretically as follows : 

Suppose Fig. 101 represents a driving pulley rotating anti-clock- 
wise, with 6 the angle of the arc of contact in radians and fx the 
coefficient of friction between the belt and the pulley. Consider an 
elemental piece of belt subtending an angle hd at the pulley centre 
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and the forces acting on it. The forces are the tensions T and T + ST 
at the two extremities of the portion of the belt, the reaction R and the 
force of friction fiR opposing any possible slip and acting at right angles 
to R. Since the forces are in equilibrium, the force polygon will close. 
Resolving all the forces first tangentially, that is, parallel to jiR : 
fjiR = (T + ST) cos J80 - T cos J80 = ST cosj Sd. 

Resolving radially, that is, parallel to R, 

R = T sin \S6 + (T + ST) sin J80 = 2 T sin |80, 
since ST sin J SO can be neglected. Also, as S6 is small, then sin |80 
may be taken as J80 in radian measure and cos &S0 may be assumed 
to be unity. 

The expressions thus become fiR = ST and R = TS6. 

Dividing one by the other and integrating between the corre¬ 
sponding limits 1\ and T 2 and 6 and zero, 

f ST IT = f g80, which gives log e (TJT 2 ) = ^0.(13) 

v T i J 0 

In this result, 6 is in radians and hyperbolic or Naperian logarithms 
are used. The result may also be written, 

T 1 = T 2 ^ q and 2-3 log 10 ( T^jT^j = p0.(14) 

When ropes are used, the pulleys must be grooved, and in this 
case (Fig. 102) the normal reaction R is replaced on each surface by 
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Fig. 102. 
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a force Q , where Q = \R cosec a and 2a is the angle of the groove. 
The resistance to slipping is thus 2pQ or pR cosec a, so that com¬ 
pared with a flat belt the coefficient of friction may be considered 
to be increased to p cosec a. Therefore, in the case of a rope drive, 
expression (14) can be written 

2-3 log 10 (T 1 /T 2 ) =pd cosec a.(15) 

Centrifugal tension in belts and ropes. When the part of a belt or 
rope is moving in the path of the arc of a circle, it is subjected to 
centrifugal tension. This is negligible at low speeds, but at 40 feet 
per second it becomes important, while at a belt speed of about 
1700 feet per second this tension will approximate to the strength 
of the belt. 

Expt. 4. Object. To verify the relationship log e (TJTf) =jx6 for 
a belt or cord passing around a pulley or drum . 

Apparatus. The apparatus consists of a wall-board fixed vertic¬ 
ally with a hollow cylindrical drum screwed to the board. Three 



Fig. 103. 
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pulleys are fastened to the boards so that f, 1, 1J, 1|, etc. 
lap can be conveniently obtained when a cord or belt is passed over 
the drum and weights are attached at each end. 

Method of Procedure. In the experiment T 2 is maintained 
constant at 0-38 lb., and weights are added in the pan T 2 until the 
cord just begins to slide on the drum. The angles of contact 6 are 
taken as J 77 , 77 , §7 7 , etc. radians and the values of T x tabulated 
for each case. A graph of lo g e (TJT^ is plotted against 6 and a 
straight line is obtained. 

Observations. T 2 = 0-38 lb. 

Angle of lap in radians 6, - i 77 77 \\tt 2n 2\tt Sn 3 A 77 

T x in lb., - - - - 0-53 0*6 0-78 0-98 1-28 148 2*08 

lo g e TJT 2i - - - 0*33 0-46 0-7 20-95 1-21 1-36 1-70 

Derived Results. When the straight-line graph log,, ( TJT 2 ) v. 6 

is obtained, the slope will be found to be 0*155. Hence, the coeffi¬ 
cient of friction /x for this experiment is 0-155. 


Horse-power transmitted by a belt. 

(T - T ) V 

Horse-power = v —— > where T x and T 2 are equal to the 


tensions on the tight and slack sides of the belt respectively, and V 
is the speed of the belt in feet per second. Substituting T 2 = T 
from (14), 


Horse-power 


T x ( 1 -l/e^)F 
550 


( 10 ) 


The same formula can be used for a rope drive if /z cosec a be 
substituted for /x, a being half the angle of the rope groove. 

Example 8. Find the width of belt necessary to transmit 10 H.P. if the 
belt speed is 25 ft. per sec. and y = 0-2. Allow 100 lb. as the permissible 
tension per inch width of belt and the angle of contact between belt and pulley 

as 180°. 

Horse-power — (T x - T 2 ) F/550. 

10- (T x -T 2 ) 25/550. 

T x - T a — 220 lb. 

Using 2-3 log (T 1 /T 2 ) — yd, log - 0-2 t 7/2-3 and TS-0-5337V 

Thus, T x - 0-533^ - 220 and T x - 471 lb. 

.*. Width of belt required ——4-7, or say 4J in. 

N.B.—Centrifugal tension in the above question is neglected. 
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Example 9. A hemp rope is used in mooring a ship alongside a quay. 
How many turns of the rope must be passed around a bolldrd in order that 
a 5-ton load on the tight side may be held by a sailor using a force of 50 lb. 
on the slack side? p — 0-4. 

Let n = no. of turns required, and use 2*3 log ( T 1 IT 2 ) = pd. 

Here 8 — 2ttu ; ^ = 0-4; T 2 =50 1b. ; 2^= 11,200 lb. 

Then 2-3 log (11,200/50) = 0*4 x 27m. 

2-3x2*35 

0-4x2tt 

= 215 or turns. 

N.B.—It is assumed that any one turn does not touch the rope in 
the turn adjacent to it. 

Friction of a collar-bearing. Assuming that the thrust P is 
evenly distributed over the whole surface 
of the collar, the intensity of pressure 
P 

P ~ir(r*-r 2 2 )' 

The pressure on an elementary ring of 
radius x and width 8x is 2rrxp8x. The 
moment of friction on this elementary 
ring is 

27 TX 2 pp8x y 

and the turning moment on the whole 


surface is Fig. 104. 

27 Tfip f x 2 . 8x = f TTfip ( t *! 3 - r 2 3 ).(17) 

J r z 


Equation (17) becomes frr/i, pr^ in the case of an ordinary flat 
pivot with no collar, where r ± is the radius of a shaft turning in a 
socket of the same diameter. 

Example 10. The inside and outside diameters of a collar-bearing are 
21 in. and 4 in. respectively , and the total load on the vertical shaft which 
is carried by the collar is J ton. Taking p = 0*1 and the speed of the shaft 
as 90 r.p.m.y calculate the horse-power absorbed in friction. 

Intensity of pressure p = 560/7r(2 2 - l£ a ) lb. /in. 8 

= 73-13 lb./in. 2 
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Moment of friction = M= \rrpp (r t 3 - r 2 3 ) 

= $7r x 0*1 x 7313(2 3 - 1J 3 ) lb. in. 
= 92-6 lb. in. 

Horse-power absorbed = 2nMN /33,000 x 12 = 013. 


EXERCISES ON CHAPTER VI 

1. Find the force, parallel to the plane, necessary to keep a body 
weighing 2 tons at rest on a piano inclined at 30° to the horizontal if 
(a) the plane is smooth, (6) if the plane is rough and the coefficient of 
friction /x - 0-35. 

2. A machine which weighs 30 cwt. is being lowered at a imiform 
sj>eed down a plane inclined at 25° by a rope which is parallel to the 
plane. If /z — 0-3, find the pull in the rope. Find the pull in the rope 
if the rope is inclined at 40° to the horizontal. 

3. A wooden crato weighing 1 ton rests on an incline of 23° and the 
coefficient of friction between the surfaces is 0*4. When a crane cable 
is attached to the crate and hauled taut, it makes an angle of 75° with 
the horizontal. Calculate the least tension in the cable to cause the 
block to slide up the plane. 

4. A sliding body weighing 240 lb. is pulled with uniform velocity 
up a plane inclined at 20° to the horizontal. Determine the effort 
necessary if it acts (a) parallel to the surface, ( b) horizontally, (c) in the 
direction in which the effort is least. Coefficient of friction = 0-2. 

5. If a block of stone weighing 2000 lb. can just be hauled up a 
steel incline of 12° to the horizontal by a forco of 800 lb. applied in the 
most effective direction, calculate the value of the coefficient of friction 
and the direction in which the force is applied. 

6. A solid cylinder 4 in. in diameter and 8 in. long is placed with its 
base on a rough plane which is raised so that its inclination to tho 
horizontal is gradually increased. If fi = 0-25, find whether the cylinder 
will fall over or slide down the plane. Find the value of /z for such a 
plane and cylinder in order that the cylinder may just be on the point 
of overturning as the plane is gradually raised. 

7. A crane has a velocity ratio of 300, and in a tost the following 
values of load L and effort E were observed : 

Load (lb.) - 1000 2000 3000 4000 5000 

Effort (lb.) - 19 28 37-5 46 54-5 

Obtain the equation connecting load and effort, and plot the load 
and efficiency curves. Calculate the upper limiting value of the efficiency 
which can be obtained with this crane. 
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8 . The law connecting E and L for a certain pulley tackle is 
E~ 0-405Z/ + 2-5 lb. The velocity ratio is 4 to 1. Find (a) the equation 
to the efficiency curve, (6) the maximum efficiency of this machine, and 
(c) the efficiency when raising a load of 100 lb. 

9. A pulley wheel weighing IF lb. is placed with its shaft horizontal 
and supported by Vee blocks. Find the minimum turning moment 
required to turn the pulley if the shaft is d in. in diameter, the angle of 
the Vee blocks is 90° and the coefficient of friction is /*. 

10. In a screw jack the pitch is 1 in., mean diameter of screw 2| in., 
angle of friction 12°. Neglecting collar friction, calculate the effort 
necessary at a radius of 18 in. to overcome an axial resistance of 2500 lb. 

11. The effort in a screw jack is applied through a handle 20 in. in 
length, the screw is 2 in. in mean diameter and the pitch ^ in. If 
g = 0-15 and the load rotates with the screw, calculate the force required 
at the end of the handle to raise a load of 18 cwt. 

12. A 6 in. stop valve designed to withstand a gauge pressure of 300 
lb. per sq. in. has a spindle, 2 in. in diameter, with a square threaded 
screw of 4 threads per inch. Determine the turning moment necessary 
to rotate the spindle and the efficiency of the screw if /x = 0-2. 

13. In a coupling for railway coaches the pitch of the left- and right- 
handed screw is J in. A force of 50 lb. is applied at a radius of 16 in. 
to rotate the nut on the screw. Calculate the force drawing the coaches 
together if the efficiency of the screw is 33£ per cent. 

14. The mean diameter of a 1| in. bolt is 1*16 in., the angle of the 
thread is 55° and there are 7 threads per inch. If the coefficient of 
friction is 0-25, calculate the axial tightening-up force available with 
this bolt if a force of 45 lb. is being applied at the end of a spanner 
18 in. long. 

15. A rope fastening a ship to the dockside is coiled with seven com¬ 
plete turns round a bollard. If the pull on the rope from the vessel is 
36,000 lb., find the pull necessary in the free end of the rope to prevent 
slipping. ^-0-2. 

16. The safe tension in a single-ply belt is 100 lb. per inch width, 
and the belt is transmitting 20 h.p. at 300 r.p.m. on a 24-in. diameter 
pulley. If the angle of lap is 270° and fi = 0-3, find the necessary width 
of belt. 

17. An electrically-driven capstan at the top of an incline is used to 
draw loaded trucks up an incline of 10° with a coefficient of friction of 
0*15. The maximum weight of the trucks is 3 tons ; the cable is passed 
round the capstan a number of times and a pull of 30 lb. is applied at 
the free end. Calculate the number of turns which must be made 
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round the capstan if g for capstan and cable is 0-3 and the separate 
turns are not allowed to touch. 

18. Ten ropes 2 in. in diameter are employed to drive a pulley 10 ft. 
m mean diameter running at 90 r.p.m. The angle of lap is 210°, the 
angle of the grooves 60° and g = 0-28. The maximum pull in any one 
rope must not exceed 3500 lb. Calculate the maximum horse-power 
which can be transmitted. 

19. The angle of contact in the case of a steel band-brake on a cylin¬ 
drical brake drum (Fig. 105) is 240°. Find the value of T x and the 
necessary pull P at the end of the brake lever to hold a load L of 2 tons 
if ^ = 0-35. 



20. Find the horse-power absorbed in friction in the case of a vertical 
shaft supported by a collar bearing if the outside and inside radii are 
2 in. and 3 in. respectively. The shaft speed is 180 r.p.m., the vertical 
thrust is 800 lb. and ^ = 0‘15. 

21. A plate clutch having two friction surfaces is to transmit 60 h.p. 

at 2400 r.p.m. The internal diameter of the friction surfaces is 7 in. 
and the external 10| in. Calculate (a) the torque to be transmitted, 
(6) the necessary axial pressure between the surfaces, assuming the 
intensity of pressure to be constant, g —0*3. (U.L.C.I.) 
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SIMPLE BRACED FRAMES UNDER NON-UNIFORM LOADING. 
RECIPROCAL FIGURES. METHOD OF SECTIONS. FORCES 
ACTING AT A POINT BUT NOT IN ONE PLANE 

Framed or braced structures are widely employed because of the 
comparative ease with which a structure of the requisite strength 
may be built up with economy in weight of material. 

A few examples of simple pin-jointed braced frames are shown in 
Fig. 106. It will be seen that a firm type of structure is obtained 






naturally when the members of the frame are arranged to form a 
triangle or a number of triangles, as in the case of 1 and 3. In 2 
the number of members or links is deficient, and this particular 
linkage forms a mechanism and can only be converted to a structure 
by providing one or more stiff joints at the angular points. 

A simple way of determining whether a structure is firm or other¬ 
wise can be derived from the triangular make-up. If n is the number 
of nodes or joints and N the number of members, then : 
the structure is firm if N = 2n - 3 
the structure is underfirm if N < 2n - 3 
the structure is overfirm if N > 2n - 3 
In 4 there are more links or members than are necessary from 
the simply firm point of view, and the arrangement is said to be 
redundant or overfirm. Such redundancy does occur occasionally 
in practice where additional bracing is required, but good work¬ 
manship is essential in the construction to prevent initial stresses 
» 181 
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being set up between the various parts before any external 
loads are applied. The work of this chapter will refer to simply 
firm braced structures, as the methods employed for finding the 
forces in the members of redundant frames are beyond the scope 
of this book. 

Forces in simple braced roof trusses and built-up girders. In 

drawing force diagrams for roof trusses and built-up girders, it is 
essential to remember that two kinds of forces have to be considered : 
(a) the ext urn'll forces, that is, the forces due to external loads and 
reactions of the supports which must together be in equilibrium 
among themselves ; and (b) the internal forces induced into the 
various members of the structure by the action of the external 
forces. 

With the external forces, the conditions of equilibrium of forces 
acting on a body set out in Chapter II must apply, the body in this 
case being a “ braced structure ”. 

In the calculations for design it is generally assumed that: 

(1) the structure is made up of members or bars pin-jointed 
together with frictionless pins, so that the internal forces act along 
the axes of the bars and are concurrent at the axis of the pins ; 

(2) the external loads are concentrated at the joints, and in cases 
where the loads are not so given, the total of isolated loads and dis¬ 
tributed loads on a bar must be split proportionally between the two 
ends. 

By making use of these two assumptions, the calculated forces in 
the internal members usually exceed those actually acting, because 
in practice the joints are of a more rigid riveted type. Hence any 
error due to the assumption of pin-joints should be on the “ safe 
side ”. 

Ties and Struts. The members of a structure are classified as 


ties or struts according to the nature of the forces in them. 

A ^strut/ * S a mem ^ er a braced structure which is resisting 

| tension j and . g j n( ^j ca ^ e( ^ j n ^e S p ace diagram by arrows 

[ compression J ° J 

pointing the joints at the extremity of the member. 
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In order to find the magnitude of the forces acting in the various 
ties and struts comprising a braced structure, the external forces 
and reactions are first determined in such a way that these forces 
act only at the nodes or joints, and all the unknown forces are found 
by using the principles of equilibrium. Since it is assumed that all 
the internal forces act along the axes of the bars, and all the external 
forces and reactions have been calculated, it is possible to draw a 
vector force diagram for each joint or node. Generally, the first 
vector diagram is drawn for one of the supports, because there are 
usually sufficient known forces at this joint. The results obtained 
from the first diagram should give sufficient information to enable 
one to draw the vector diagram for one of the adjacent joints ; this 
process can be repeated until all the internal forces have been found. 

In practice, the various vector diagrams are combined into what 
is known as a reciprocal figure as this gives a neater solution, 
especially for involved framed structures. When drawing a vector 
diagram it is customary to take the external and internal forces 
acting at each joint in proper order, starting with a known force 
and then proceeding to the next adjacent to it, and so on until the 
reciprocal figure is complete. 

Example 1. Fig. 107 shows a loaded girder for an overhead travelling 
crane. Draw the reciprocal figure for the given loading and tabulate the 
forces in the various members of the girder. 

The various stops in obtaining a solution may be as follows : 

(a) Draw the space diagram to a suitable scale in such a position that 
room is allowed on the paper for the vector diagram. 

(b) Letter the spaces in the space diagram according to Bow’s 
notation (see p. 34) and Vol. I, p. 77. 

(c) Calculate the unknown reactions. These reactions must be 
vertical to balance the vertical loads. As the bays are equal and 9 ft. 
long, take moments about the left-hand support, 

W 2 x 4= 16 x 3 + 12 x 2, or = 18 tons. 

Hence, W x = 16 + 12 - 10 tons. 

(d) Now draw to a suitable scale the vector diagram abed for the 
external forces and reactions, in which a6 — 12 tons and 6c = 16 tons, 
taking the vectors and letters in the clockwise order, that is, ab , 6c, cd, 
da. In this case the vector diagram becomes a straight line called the 
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12 tons 16 tons 



Fig. 107. 

load line. Arrows are not inserted in this case as they would obviously 
cause confusion. 

(e) Starting at the node l , draw the vector diagram dae to represent 
the forces acting at this node in the clockwise order da , ae, ed ; ae being 
parallel to AE anded parallel to ED. The direction of the force DA is 
upwards, so that ae and ed in the diagram dae indicate that the forces 
acting at the node l are as shown in the space diagram. That is, AE 
is a strut and ED a tie. These stress indications are usually inserted on 
the space diagram at each stage as the reciprocal figure is completed. 
The directions of the forces for each vector polygon or triangle can 
be found by following round the polygon, starting with a force of which 
the direction is known. 

Proceeding now to the adjacent node m, it will be seen that there can 
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be no force in EF, because there is no load at m and the force in AE must 
balance the force in AF. 

Proceeding next to node n, the vector triangle defgd is drawn and 
from it the nature of the forces acting at n can be indicated on the space 
diagram as before. Notice that as there is no force in EF, then e and / 
form one point. 

In the same way, gfabhjg represents the vector polygon for node p, 
dgjd for node q, djhkd for node s, Ichbclc for node r, and dkcd for node t. 
The reciprocal figure is now completed. 

(/) Measure the lengths of the various vectors in the reciprocal figure 
to scale and tabulate the magnitudes of the forces and their natures as 
below. 


AE 

ED 

EF 

FA 

FG 

GD 

GJ 

JH 

HB 

JD 

HK 

KC 

KD 

17-5 

20 

0 

17-5 

13 

29 

7-5 

4 

32-5 

29 

16 

32-5 

37 

6’ 

T 

— 

S 

£ 

T 

S 

T 

8 

T 

S 

s \ 

T 


S — Strut. T =Tie. 

Notice that arrows are not inserted on the vectors in the reciprocal figure in order 
to avoid confusion. 

Example 2. A roof truss is shown in Fig. 108 with ordinary loading 
and a wind load of 2000 lb. normal to the left-hand side of the truss. This 
wind load of 1000 lb. on each bay is divided proportionally at the joints on 
this side of the truss. Determine the reactions of the supports and draw 
the reciprocal figure. Tabulate the forces acting in each member. The 
truss is supposed, to be fixed at q and supported on rollers at s. 

The steps in this purely graphical solution may be as under : 

(a) Choose a suitable scale and draw the space diagram. 

(b) Choose a suitable scale and find the resultant of the wind and dead 
loads acting at each of the joints S, m and n. The two forces acting at 
each of these joints can be combined to form one resultant force by 
representing the dead load and wind load by the two adjacent sides of 
a parallelogram and finding its diagonal according to the method of the 
parallelogram of forces. 

(c) Name the various forces by lettering the spaces according to Bow’s 
notation. 

(d) Find the value of the reactions R 1 and R 2 . Draw the vector force 
diagram abcdef for the external forces AB, BC , CD, DE, EF. The clos- 

b.b.e.s. Q 




Clockwise 

order 



LINK POLYGON 
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ing line af gives the magnitude and direction of the resultant. Choose 
a pole o and join o to the vertices a, 6 , c, d, e, /. Complete the link 
polygon 2, 3, 4, 5, 6 , 7, in which 2, 3 is parallel to 06 , 3, 4 parallel to oc, 
and so on. Draw lines from 2 and 6 , respectively parallel to oa and o/, 
to meet at 7 , and the resultant af or i? must pass through 7. To find 
the direction of the resultant at g, produce R and R x until they meet 
and join q to the same point of intersection. This latter line gives the 
direction of the reaction R 2 , because the three external forces R , R l and 
i ? 2 acting on the roof truss must be in equilibrium and their lines of 
action moet in one point. In the force diagram draw from / a line 
parallel to R 2 and from a a line parallel to R u meeting the former line 
at g. Then ga represents R t in magnitude and direction, and fg similarly 
represents R 2 . 

As a check on the construction, produce 7, 6 to 8 on R 2 and 7, 2 to 1 
on R x and join 1 to 8 . Then 1, 8 should be parallel to og. 

(e) The reciprocal figure to determine the magnitudes of the internal 
forces can now be drawn as in Example 1. Thus gablg represents the 
vector diagram for the node s, Ibchl for node m, and so on. In addition, 
the arrows can be inserted on the members in the space diagram to 
indicate the direction of the forces at the joints and thus indicate which 
members are ties and which struts. Scale measurement of the reciprocal 
figure will give the magnitudes of the forces in the members of the 
truss. 


Member 

BL 

LG 

CK 

KL 

KJ 

DJ 

JH 

HG 

EH 

Force, lb. 

5040 

3760 

3380 

2380 

2160 

3720 

1320 

2880 ! 

5040 

Nature - 

S 

T 

s ! 

s 

T 

S 

s \ 

T 

S 


Reaction R 1 — AG — 4140 lb. Reaction R 2 — GF = 4040 lb. 


Wind loads. The following National Physical Laboratory formula 
gives the wind pressure in lb. per sq. ft. on a vertical wall in terms 
of the velocity of the wind : 

P y =pressure in lb./ft. 2 =0*0027 x (Velocity of wind in m.p.h.) 2 . 

A formula due to Hutton gives the normal pressure P b in lb. 
per sq. ft. on the windward side of a roof inclined at an angle $ 
degrees to the horizontal thus : 

P fl =P„ sin 01-84 cos «-i # 
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This formula makes no allowance for the suction effect on the 
leeward side, which is often considerable. 

Often three separate reciprocal figures are drawn for any given 
roof truss for (1) wind load on the right-hand side, (2) wind load on 
the left-hand side, and (3) for the dead loads due to the weight of 
the structure and any loads suspended from it. Each reciprocal 
figure is then of a simple character. The results obtained from the 
three figures can be combined to give the maximum loads in each 
member. Usually in obtaining the forces in the members of a roof 
truss due to wind loads, only one end is assumed fixed to its support 
as in Example 2, p. 186, while the other is assumed to rest on rollers 
and be free to move (that is, with the reaction at the point taken as 
vertical). In every case the resultant wind load and the two 
reactions form three forces in equilibrium, and therefore their lines 
of action meet in one point, a fact enabling the direction of the 
reaction at the fixed end to be determined. 

The Bailey Bridge. This bridge, made famous by its wide em¬ 
ployment during the Second World War, is named after Sir Donald 
Bailey, of the Ministry of Supply, who took the leading part in its 
design and development. It is constructed from a set of inter¬ 
changeable parts and in its simplest and lightest form can carry a 
load of 20 tons. The bridge is built up from sections 10 ft. long, 
each section consisting of seventeen standard parts while the foun¬ 
dations are constructed from nine other parts. Fig. 109 shows in out¬ 
line the shape and size of a basic section which, it should be noted, is 
not of the simple frame type. Without pontoons it is possible to 
cross a gap up to 240 ft., and a much wider range if midstream 
supports or pontoons are available. The spans are erected in succes¬ 
sion on rollers on the bank and pushed forward by the constructors. 

The 11-ft. wide carriage-way of the near half of the bridge is 
completed first, because the weight of this helps to effect a balance 
as the bridge is pushed forward to touch down on the prepared 
foundation on the other side of the gap. 

By doubling or trebling the simple basic construction, that is, by 
fixing sections like those in Fig. 109 side by side, it is possible to 
build a bridge to carry the heaviest tanks. Joints between the 
sections are secured by two-inch pins. 
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Ftg. 109. 


It is interesting to note that in Italy the Royal Engineers bridged 
the 300-ft. gap across the River Trigni with a Bailey Bridge in 36 
hours. The Somerfeld portable track, so widely used because of its 
flexibility and strength for roads and runways on muddy or marshy 
ground, is also used on these bridges. 

The “ Butterley ” Standard Bridge. This bridge is designed for 
the rapid erection of temporary and permanent bridges and it 
employs only five standardised units made on jigs to a high standard 
of accuracy. A bridge of 270 ft. span was built across a British 
waterway during the Second World War in 120 hours by less than a 
dozen men. All the parts are easily handled with light appliances 
whether for a light footbridge or for a heavy single-span bridge of 
150 ft., and no riveting is done at any stage of the production or 
erection. The welding necessary in the construction of standardised 
units is of a high degree of accuracy. Each girder of a completed 
bridge is of the Warren equilateral type, each bar being 10 ft. long. 
The three-span bridge with two supporting piers is constructed from 
each bank and barges are used to support the ends moving out across 
the river until a pier is reached. Centre spans are constructed by canti- 
levering from each pier until the two halves meet over midstream. 

Suspension bridges. In this type of bridge, the load is taken by 
steel cables which pass over rollers on vertical piers at the ends of 
the bridge and are then anchored down on the land side. Vertical 
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hangers placed at regular intervals transmit the load from the road 
or railway to the cable above. 

To determine the tension in the cables, it is usual to consider the 
equilibrium of that half of the cable between the centre of the bridge 
and the rollers on the top of the pier. The horizontal tension H in the 
cable at the centre of the bridge, the inclined pull T in the cable at 
the top of a pier and the resultant load W on the portion of the cable 
constitute three forces which must be in equilibrium. To find H , 
moments are taken about the rollers at the top of the pier, and 
then a vector triangle will give the magnitude of T . The resultant 
thrust on the piers will depend upon the tensions and the relative 
inclinations of the cable on the two sides and will equal the resultant 
of those tensions. 

Method of sections. When it is necessary to find the force in only 
one or two members of a framed structure, or when it is necessary 
to check a particular result, the method of sections can be employed. 

Imagine a framed structure divided into two parts by a line XY 
cutting across the bars A, B and C (Fig. 110) and that the right-hand 


X 



Fig. 110 
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side is removed. Now suppose that the internal forces in A, B and 
C be balanced respectively by the external forces P, T and S. Obvi¬ 
ously, the portion of the structure will remain in equilibrium under 
the action of the external forces P, T, S, V , Q and P, of which P, 
T and S are unknown. If the moments of all these external forces 
are taken about d, the intersection of the line of action of forces 
T and aS', the latter will have no moment and the moment of P will 
balance the resultant moment of all the remaining external forces 
about d. Hence the magnitude of P can be found, and it is then 
possible to find T by taking moments about the point of intersection 
of P and S. S can be found by taking moments about any point 
not in the line of T. Alternatively, a force polygon may be drawn 
to determine T and S after P has been found. 

The direction of the unknown force can be determined by noticing 
the sign of the moment of the unknown force necessary for equili¬ 
brium, as illustrated in the following example. 

Example 3. In Fig. 110, V = 1000 lb., Q = 500 lb., W = 500 lb., R = 2500 
lb. Calculate the value of P, S and T given ad =2 3 ft., de = T18 ft. whei c 
a is the point of action of force V. 

(a) Taking moments about d with clockwiso moments as positive : 

P v 2-3- 1000 x 1-18 + 2500 x 6*18- 500 x 6 18 = 0, 
or Py 2-3 =1000 x 1-18 -2000x6*18, or P=- 4861 1b. 

This result indicates that P has an anticlockwise moment about d, 
and thus P acts towards a, and A is a strut. 

(b) Taking moments about b, the point of intersection of P and S, 
and remembering be= § of 5=3J ft. 

T x bd sin 52° 30' + (R - Q) x If + V x 3J = 0. 

T x 4-51 sin 52° 30'= - 2000 v If - 1000 x 3£, or T= - 1863 lb. 

T has therefore an anticlockwise momont about b, and thus B is a tie. 

(c) Taking moments about a 

Sy 2 - T x 2-3 sin 68° 28' + (R - Q) x 5 = 0 ; 

S y 2= 1863 x 2-3 sir 68° 28' - 10,000, or S= - 3007 lb. 

S has thus an anticlockwise moment about a, and thus C is a tie. 

Forces acting at a point but not in the same plane. The common 
three-legged support for a tackle used for lifting heavy objects 
where no crane is available is a common example of forces acting at 
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Fig. 111. 

one joint but not in the same plane. Another well-known example 
is provided by the giant sheer-legs used in shipyards for lifting 
very heavy loads. 

In the latter case, the forces in the two inclined and back stay 
can be found for a given configuration, provided an elevation and 
plan of the sheer-legs can be drawn as in Fig. 111. The tension in 
the back stay and the load are forces in one plane, and if an imaginary 
force 8 is included which is both in the plane of the legs and in the 
plane of T and W, a vector triangle of forces can be drawn according 
to the principles of Chapter II, from which the magnitude of T and 
8 can be determined. If ab and ac j ^present the true length of the 
legs to scale, the force 8 can be resolved in these directions and 
thus the compressive force P in each of them determined by scale 
measurement. 

Expt. 5. Objects. To verify the metiods used to find the forces 
acting in a loaded inverted tripod. 

Apparatus. Drawing board and papei, cords, weights, pulleys 
and spirit level. 
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Method of procedure. Four forces PA 1? PB ly PC X , and PW 
(Fig. 112) are arranged to act at a point P, the forces in three cases 
being due to weights passing over pulleys and in the fourth to a 
freely hanging load, the cord passing through a small hole in the 



drawing board. The latter is placed horizontally by using a spirit 
level and, by means of a scale screwed to a block of hard wood of 
true rectangular section throughout, it is possible to choose three 
points Aj, B x and C 1? all at the same height above the board, and 
to plot their plans A, B and C on the paper on the board below. 
Arrange to have P in the plane of the board and join P to A, B and C. 
Produce AP to G in the line BC. The drawing of this plan will 
facilitate the remainder of the work. 
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Fig. 113. 

In Fig. 113 the plan ABC is reproduced together with the true 
lengths of the strings in the planes APG and PBC. In the plane APG, 
Pic represents the load IF to scale. Resolve this load in the 
directions of the string PA and the imaginary string PG, both in the 
planes of APG and PBC. Transfer Pg to Pj in the plane of PBC and 
resolve this imaginary force in the true directions of the strings P b 
and Pc. 

Observations and derived results. Measure Per, Pb and Pc 
to scale, and the forces represented should agree with the weights 
at the ends of the strings respectively passing over pulleys 1, 2 and 
3. It is also instructive to remember that if the forces PA, PB 
and PC are split into their horizontal and vertical components, then 
the three horizontal components will form a closed vector triangle 
of forces, while the sum of the vertical components will be equal to 
the load IF. 
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In the case, when the strings A ± P } BjP, C^P of Fig., 112 are equal 
in length and make equal angles with the horizontal and with 
each other, so that the triangle ABC of Fig. 113 is equilateral, then 
the tension in each string must be the same. If the strings are 
inclined at an angle 6 to the vertical, the vertical components in 
each of the three strings must be \W and, consequently, the 
tension in each string will be J W sec 6. The horizontal component 
of the tension in each string will be \W tan 6 and these horizontal 
components will balance each other. 

When the arrangement shown in Fig. 112 is inverted so that 
the three strings or ties are replaced by three struts to support a 
vertical load from the vertex in such a way that the struts form the 
edges of a pyramid with a triangle for base, similar methods to 
those already given can be employed to find the compressive 
forces in the struts. 

Example. Three poles of equal length are arranged as a tripod with 
their upper ends lashed together and their lower ends fixed on the ground. 
These lower ends are equally spaced and form the vertices of an equilateral 
triangle. If the poles are each inclined at 50° to the vertical and a 
load of 15 cwt. is hung from the upper junction of the poles , find the 
compressive force in each pole. Assume that the lines of action of the 
forces acting along the struts and the load meet in one point. 

As the poles are placed symmetrically and are equally inclined to 
the horizontal, the compressive force in each pole will be the same 
and equal to 

iW sec 9 =r$ x 15 x 1-5557 cwt. 

= 7-8 cwt. 

To complete this chapter, a summary of the graphical conditions 
of equilibrium suitable for problems on coplanar forces as found in 
the theory of structures is given below. Equilibrium is assured if 
either of the three conditions is satisfied. 

SUMMARY OF GRAPHICAL CONDITIONS OF EQUILIBRIUM 

(1) One funicular polygon and the force polygon closes. 

(2) Two different funicular polygons close when the same pole is 

used for both. f 

(3) A funicular polygon closes for each of three poles, provided these 
poles are not in the same straight line. 
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EXERCISES ON CHAPTER VII 

1. Find the reactions at A and B for the loaded Warren girder shown 
in Fig. 114. Find the forces in the members, stating whether tensile or 
compressive. 

2. Determine the forces in the members of the truss shown in Fig. 

115, and distinguish between the members in compression and those in 
tension. (U.L.C.I.) 

3. The figure (Fig. 116) shows a loaded girder of an overhead travel¬ 

ling crane. Draw the force diagram and give the magnitudes of the 
forces in members A, B and C, stating whether they are in tension or 
compression. (U.L.C.I.) 

4. Find the forces in the members of the Warren girder when loaded 
as in Fig. 117. Make a table showing the magnitude of the forces in each 
member and the nature of those forces. 

5. Figs. 118, 119 and 120 show loaded frames. In each case draw the 
reciprocal figure, and tabulate the magnitudes of the reactions and the 
forces in the members and the nature of those forces. 

6. The frame shown in Fig. 121 is loaded between the joints B and C. 
Calculate the equivalent load at B and C, the resultant of the two 
external loads and the magnitudes and natures of the forces in the 
members. 










198 


ENGINEERING SCIENCE 


7. Obtain the values of the forces in the members of the loaded 
frames shown in Figs. 122 and 123. 

8. The reaction at B in the case of the loaded frame shown in Fig. 124 
is vertical. Find the value of the reactions at A and B and the forces in 
each member of tho structure by means of a reciprocal figure. 

9. Fig. 125 shows a roof truss with a resultant wind load of 4000 lb. 
on the left-hand side. Determine the forces at each support and in the 
members of the structure, stating clearly which are ties and which 
struts. Also draw a reciprocal liguro for the same wind load on the 
right-hand side, and tabulato the results. 

10. In Fig. 126 the roof truss is subjected to combined wind and dead 
loads. Find the magnitudes and directions of tho reactions at tho 
supports and draw the reciprocal figure. From tho latter find the valuo 
of the forces in each member of the structure. 

11. Use tho method of sections to find the magnitude and nature of 
the forces in the bars A, B and C of the Warren girder shown in Fig. 127. 

12. A roof principal (Fig. 128) is loaded with vertical loads as shown 

and a horizontal load of 2 tons. It is pinned at B. Find the forces in 
the members DC, ED and FG. (A.M.I.Moch.E.) 

13. Use tho “ method of sections ” to rind the forces in the members 

AB, AC, AD and CD of tho truss shown in Fig. 129. (U.L.C.I.) 

14. The circle O in Fig. 130 represents the plan of a vertical flagstaff; 
the radiating linos 120° apart represent the plans of guy ropes attached 
to the staff at a height of 16 ft. above the ground. It is known that tho 
tension in the guy rope AB is 60 Jb. Find the tension in each of the 
other ropes, and the compressive force acting along the flagstaff. 

15. Two legs of a tripod are each 13 ft. long, the third leg being 
12 ft. 6 in. long. If the feet of the legs lie on the corners of an equilateral 
triangle of side 10 ft. lying in a horizontal plane, find the forces in each 
leg when a weight of 5 tons is suspended from the apex of the tripod. 

(U.L.C.I.) 
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CHAPTER VIII 


BEAMS AND CANTILEVERS. MOMENT OF INERTIA OF BEAM 
SECTIONS. SIMPLE THEORY OF BENDING 

Shearing and Bending of a Beam. For a simply loaded cantilever 
or beam in equilibrium under the action of external forces, the 
latter are all in one plane and perpendicular to the beam. Fig. 
131 {a) shows a cantilever under the action of the resultant 
force P of all the forces to the right of the section XX. This 
resultant force tends to turn the right-hand portion of the canti¬ 
lever about a horizontal axis at XX and also to slide this part 


X 

S P P I S T 



Fig. 131 (a). Fig. 131 (b). 


vertically across the section XX. For, if two equal and opposite 
forces 8 and T , each equal in magnitude to P, be applied at 
XX, the equilibrium of the cantilever will not be affected and P 
and T will form a couple Px giving a bending moment (B.M.) about 
XX, and 8 will tend to cause a sliding down at XX or a shearing 
force (S.F.) at XX. Also, in the simply loaded beam, Fig. 131 (6), 
the external forces balance and each of the two parts on either side 
of a section XX may be considered as a cantilever. 

In this case, for equilibrium, 

R a +R b = P + S + T , 

and, by taking moments about the right hand support to find R A> 
R a (x 3 + x & ) = P(x 2 + x & ) + S(x B ~X,)+T (x 5 -* 4 ). 
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Hence the following definitions of shearing force and bending 
moment: , 

The shearing force at a section of a cantilever or beam is equal to the 
algebraic sum of all the forces on one side of the section. 

The bending moment at a section of a cantilever or beam is equal to the 
algebraic sum of the moments of all the forces on one side of the section. 

To calculate the shearing force or bending moment at any section 
of a beam, first calculate the reactions of the supports. The shear* 
ing force is then the resultant of all the external forces to one side 
of the section, and the bending moment is the resultant moment of 
all the external forces on one side of the section. When calculating 
the bending moment and shearing force in the case of a uniformly 
distributed load, which may include the weight of the beam itself, 
that part of the load on one side of the section may be considered 
as a resultant load concentrated at the centre of gravity of the 
distributed load. 

Shearing force is generally said to be positive when it causes the 
portion of the beam on the left-hand side of a section to rise ; and 
negative when the portion on the right-hand side of a section rises. 
Bending moment is often taken as positive when the upper surface 
of the beam is made convex ; and negative when the upper surface 
is made concave. This means that anticlockwise moments on 
the left-hand side of a section are considered positive ; and on the 
right-hand side of a section clockwise moments are considered 
positive. This is but a convention, and it is only necessary for a 
student to maintain a clear conception of signs in order to arrive at 
correct values of s.f. and b.m. 

In Fig. 131 (6) the bending moment at XX is Px 2 - B A x 3 , or altern¬ 
atively Sx x + Tx a - B E x 5 . 

Inclined loads. When a beam is subjected to an inclined load or 
series of inclined loads, these loads must be split into their com¬ 
ponents at right angles, one normal to the beam and the other along 
the beam. In Fig. 132 the force P acting on the beam at an angle 6 
is split into its components P v and P E , the latter causing a hori¬ 
zontal thrust in the portion of the beam AC. For this beam the 
equilibrium conditions are : 

By -f- Bfi — Py y B E —P E , Byl = PyX oj 
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and the bending moment at the section XX is : 

R v x 1 or -R B (l-x 1 )-\-Py(l-x 1 -x 2 ). 

At XX the shearing force is Ry and the thrust is P H . 

Shearing force, thrust and bending moment diagrams. When the 
shearing force, thrust and bending moment are calculated at a 
sufficient number of sections and the results plotted on a straight- 
line base representing the length of the beam, and the points joined 
by smooth curves or straight lines, as the case may be, the curves 
obtained are called respectively shearing force, thrust and bending 
moment diagrams. 

As is usual in graphical work, positive values are plotted above 
the base, and negative below. These diagrams for a simple case of 
inclined loads are shown in Fig. 132. It should be noted that the 
laboratory method of applying loads to a beam by means of a 
knife-edge application is seldom carried out in practice, except 
in weighing and testing machines. Usually the isolated load is 
spread over a short length of beam, and the effect on the three types 



BENDING MOMENT DIAGRAM 
Fig. 132. 
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(1) CANTILEVER 
(SIMPLE LOADS) 


W 


h- * -h 



Bending Moment Diagram 


(3) BEAM 
(ISOLATED LOAD) 




(2) CANTILEVER 
(UNIFORM LOAD) 


w pounds per foot run 



Mx = f(/x-x 2 ) 

Bending Moment Diagram 
(4) BEAM 
^UNIFORM LOAD) 

Fig. 133. 

Standard cases of Bending Moment 
and Shearing Force. 


Bending Moment Diagram 
(5) BEAM 

(UNIFORM BM BETWEEN SUPPORTS) 


n?i 
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of diagram is to cause a more gradual alteration in the shearing 
force, thrust and bending moment as indicated respectively in Fig. 
132 by the dotted lines ab , cd , efg. 

Standard cases. Some of the more important standard cases of 
shear and bending moment diagrams are shown in Fig. 133. When 
the loads are both concentrated and distributed, the shearing force 
and bending moment can either be calculated directly for any given 
section of the beam or calculated separately for each type of loading 
and the results added algebraically. For a large number of isolated 
loads such as are often experienced in practice, the graphical method 
of determining shearing force and bending moment (as shown, 
p. 238, Vol. I) is very convenient. 

Example. A horizontal beam XY is loaded as shown in Fig. 134 and 
is supported at P and Q. Obtain the reactions of the supports , and draw 


4 Tons 8 Tons 3 Tons 5 Tons 7 Tons 



DIAGRAM 


Fig. 134. 
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the shearing force and bending moment diagrams by means of a graphical 
solution . 

Draw to scale the space diagram and letter it according to Bow’s 
notation. Then draw the load line abcdef ’, and at an integral a,nd 
convenient distance from this line mark a pole o. Join oa, ob, oc , 

od, oe and of. 

To obtain the b.m. diagram, start asfe-any point p on the vertical line 
through the first load and draw the lines pq, qr, rs, st, tu, pv respectively 
in the spaces B, C , D y E, F and A and respectively parallel to ob, oc, od, 

oe, of, oa. 

Finally, close the diagram by joining vu, and in the polar diagram 
draw from o a line parallel to vu, meeting the load line abcdef in g. Then 
the vertical height of the b.m. diagram at any given point is the b.m. 
at this position on the beam measured to the scale : 

B.M. scale in tons ft. = space diagram scale x load scale x polar distance. 
For example, if the space scale is 1 in. = 2 ft., the load scale 1 in. = 5 tons, 
and the polar distance P is 2 in., then the b.m. scale is 1 in. = 2x5x2 
or 20 tons ft. 

The s.f. diagram is obtained by projecting horizontally from the 
points abcdefg in the load line to the projections of the spaces A, B, C, 
I), E, F and G respectively. The scale of this diagram is obviously 
the same as the load scale. By measurement from diagram. 

Reaction of beam ga=Bp = 8f tons. 

fg — Bq = 18| tons, 

Maximum b.m. occurs at Q and is equal to 28 tons ft. 

It should be noticed that when the ends of the beam overhang 
the supports, the maximum b.m. is considerably reduced, and at 
the two places where the b.m. changes sign its value is zero. The 
above results can easily be checked by calculation. 

Mathematical aspect of .relationship between S.F. and B.M. dia¬ 
grams. Referring to Fig. 135 and taking moments about B , 

EJ = wl . 1/2 + W& + W&2. 

;.R a =wll 2 + W.xjl + W&Jl. 

Now, consider any section XX between the loads W 1 and W 2 ; then, 
shearing force at XX = - ivx - W 1 + R A 

= - wx - W x + wl/2 + W^Jl + W^r 2 /l .(1) 

This expression is only true between the isolated loads, because it 
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W, Tors 


W 2 Tons 

w Tons 
per foot run 



is most important to remember that the presence of isolated loads 
causes a break in the continuity of the s.F. and b.m. diagrams. If 
the b.m. at XX is M, then 

M = - W 1 (x -1 + xf) - vox 2 12 + wlx/2 + W^x/l + W^x^x/l. 
Differentiating, dM/dx = - W 1 - vox + wlj2 + W-^xJl + This is 

the same as the expression (1), indicating that the rate of change of 
b.m. is equal to the s.F. The maximum value of the B m. at any 
section is given by dM/dx=0, that is, when F = 0. 

Also, since dMjdx=F or dM =F . dx, and considering the s.F. 
diagram between any two sections, say at aq and x 5 not marked in 
Fig. 135, over which the s.F. is continuous, and taking signs into 
account, then 



or the area of the s.F. diagram represents the change in value of 
the b.m. between those two sections. 

Stresses in beams. In ordinary bending, the loads and reactions on 
a beam cause it to become curved, so that some longitudinal layers 
or fibres of the beam are stretched and others compressed. In 
between, there must be a surface called the neutral surface where 
there is no strain or stress due to bending. The intersecting line 
where the neutral surface meets a transverse section of the beam 
(Fig. 136) is called the neutral axis of the section. The deformations 
due to the external forces set up resisting tensile and compressive 
forces in the material of the beam. Thus, at any section of the 
beam the resulting moment, or Moment of Resistance, due to these 
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resisting tensile and compressive forces will act in the opposite sense 
and balance the external b.m. on the beam at that section. 

In simple bending, the effect of shearing is ignored, and in Fig. 136 
a portion of a beam is assumed to be under the action of pure couples, 
that is, subjected to a constant bending moment. 

In the study of the theory of simple bending, the following assump¬ 
tions for homogeneous materials are made and, although not per¬ 
fectly true, are nearly so within the elastic limit of the material: 

(1) the original plane transverse sections of a beam remain plane 

after bending ; 

(2) the material follows Hooke’s Law, that is, the strain is propor¬ 

tional to the stress producing it ; and the modulus of 
elasticity ( E) is the same in tension and compression and of 
equal value in all directions ; 

(3) the limit of elasticity or proportionality of the material is not 

exceeded. 

Consider two transverse sections PQ and KL close together on a 
beam (Fig. 136 (a)) ; suppose the beam is subjected to the action of 
two equal and opposite couples at its ends. The planes will be 
inclined to one another after bending as shown in Fig. 136 (6), and 
will intersect at O, which will be the centre of curvature of radius R 
for that portion of the beam between the sections. A very thin 
layer MN parallel to the axis of the beam and distant y from the 
neutral axis EF will be altered in length to M 1 N 1 . The strain in 
this layer by bending will be 


M 1 N 1 -MN M l N 1 -EF M 1 N 1 
MN ~ EF ~ EF 1 


but, by similarity of sectors of angle 6 , 


M 1 N 1 _R+y 
EF ~ R ’ 


or 


e = strain = 


M 1 N 1 - EF 
EF 


( R+y)6-R6_ y 
Rd R' 
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Suppose the longitudinal stress producing this strain be p ; then, 
if the elastic limit of the material has not been exceeded, 


^ Ey p E 

p = Ee = -£, or ---g. 


Hence, p is proportional to y , the distance from the neutral axis. 

The result (1) obtained in the last paragraph allows calculations 
to be made for the smallest radius of curvature to which materials 
can be bent when the modulus of elasticity, the elastic limit and the 
depth of the section of the material are known. If the radius of a 
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drum is very large compared with that of the strip, wire or piping 
wound upon it, then the maximum stress induced ifi the material 
may be kept within the elastic limit. 

The success of “ Pluto ”, in which a pipe line was laid across the 
English Channel to supply petrol to the Allied Armies entering 
Europe in 1944, was largely due to the use of the Hais pipe, specially 
designed for flexibility and strength. This piping was wound upon 
large drums 40 ft. in diameter, and afterwards the drums were 
towed across the Channel, the piping being unwound, and laid upon 
the sea-bed. 

The Hais pipe is of composite construction, of 3*08 in. bore, the 
innermost layer consisting of extruded lead nearly 0*2 in. thick, which 
is wrapped and armoured. Steel strip and galvanised steel wires 
separated from each other and from the lead by bitumen-impreg¬ 
nated cotton tape and by paper tape treated with petroleum make 
the pipe extremely strong and flexible. The outside of the pipe is 
covered with gas-tarred jute yarn, which gives the pipe an external 
diameter of 4-49 in. By filling the pipe with water under pressure, 
it can be laid without fear of external crushing. On test, an internal 
pressure of 3500 lb. per sq. in. was necessary to burst or fracture the 
pipe. The cable was constructed in lengths of 30 miles, while one 
drum was able to take 70 miles wound upon it. The simple theory 
just evolved for bending of pipes of homogeneous construction will 
obviously not be applicable for Hais piping of composite construc¬ 
tion and subjected during the laying to variable tension and internal 
and external pressure, but similar strength, flexibility and compara¬ 
tive lightness could not be attained with simple piping. 

The neutral axis. The equilibrium of the portion of the beam to 
the left of section CD (Fig. 136, b) requires that the internal forces 
acting across the section must form a resisting couple equal to the 
external couple acting, and the total tensile forces acting must 
balance the total compressive forces. 

Therefore, taken over the whole section, 

Ep 8a =0, 

E 

and since p = Ey/R , then Ey 8a must be zero. 

Jti 
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But Ey ha represents the whole moment of area of the section 
about the neutral axis. Hence, this expression can only be zero it 
the axis passes through the centroid of the section. 

Example 1. A beam of symmetrical section , 10 in. deep , is bent so that 
the maximum skin or outer layer stress due to bending is 7£ tons per square 
inch. If E— 13,500 tons per sq. in., find the radius of curvature. 

Since p — EyjR , then R — Eyjp, where y — 5 in. 

R = 13,500 x 5/7 Jl = 9000 in. or 750 ft. 


Example 2. A piece of spring steel wire is bent round a drum 4 ft. in 
diameter. If E = 13,500 tons per sq. in., the diameter of the wire is J in. 
and the elastic limit has not been reached, calculate the maximum bending 
stress induced in the wire. 

In this case, R- 2 ft. and y — TE in. 

As p — EyjR, p will be a maximum when y is a maximum. 


13,500 tons per sq. in. x in. 
24 in. 


= 35-2 tons per sq. in. 


Now consider a transverse section of any beam at any point, 
Fig. 137. The neutral axis will always pass through the centroid of 



the section. Consider a thin layer GH of thickness hy distant y 
from N A and over which the stress is p. 

Then, moment of resistance of this layer about NA 

= stress x area of layer xarm of force -=p .z .Sy .y. 
Total moment of resistance over the section 
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The quantity to be integrated is called the moment of inertia or 
second moment of the section about the neutral axis, and is denoted 
by the letter /. The moment of inertia of an area about an axis is 
thus the sum of the products of the areas of its elements and the 
squares of their distances from the axis. 

Hence, since for equilibrium the moment of resistance equals the 
external b.m. on the beam, and combining (1) and (2), we have : 

M _E jp 

as the formula for simple bending in a concise and easily usable 
form. 

It should be noted that the maximum stress will occur on the 
outermost layers farthest from the neutral axis, that is, for the 
values y x and y 2 . 

The quantities Ijy x and I/y 2 are called the moduli of the section 
and denoted by Z, and for symmetrical transverse sections the two 
moduli become equal. 

Unsymmetrical sections often occur in practice when angles, 
channels and tees and built-up sections are employed. Also with 
cast-iron sections it is customary to shape them so that the tension 
flange or portion is much greater in area, so that the neutral axis 
comes nearer to the surface subjected to maximum tensile stress. 
This is because cast iron is weak in tension compared with its 
compressive strength. 

Moment of inertia. The moment of inertia or second moment of 
section about an axis depends not only on the area but also on the 
disposition of that area about that axis. Expressions for / for 
different sections are readily found by the methods of the integral 
calculus. 

Example 3. Find the value of I for a rectangular section of width b and 
depth d about a symmetrical axis parallel to b. 

Consider a strip of width b and thickness Sy distant y from the 
symmetrical axis. 

Moment of inertia of strip about the axis = bSy . y 2 , 

rd/2 f ~]d/2 

I for whole section = by 2 dy — [by 2 /3 J =bd 2 / 12. 

» dj2 d/2 

N.B. Z — II\d — bd 2 l&. 
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The following two theorems are very useful for determining the 
moments of inertia of plane figures or solids about different parallel 
axes. 

Parallel axis theorem. The moment of inertia of a 
about any axis exceeds that about a parallel axis through its centre 
of gravity by the product of the and the 

square of the distance between these two axes. 

Thus, if I G is the moment of inertia of an area A about an axis 
passing through the centre of gravity, l x the moment of inertia of 
the same area about a parallel axis XX, d the distance between the 
axes, then 

lx — Iq + Ad 2 . 

Polar moment of inertia. The sum of the moments of inertia of 
an area about two mutually perpendicular axes XX and YY in its 
plane is equal to the polar moment of inertia about an axis through 
O, the intersection of the other two axes, and perpendicular to the 
plane of the area. 

Thus I x + 1 Y = h- 

Example 4. Obtain the value of (a) the polar moment of inertia of a 
circular section about an axis through its centre and perpendicular to its 
plane. Also , find the moment of inertia and modulus of section of (b) a 
circle of radius R about a diameter , (c) an annulus about a diameter. 

(a) Consider a concentric ring of thickness Sr at r from the centre O . 


y 



Y 

Fig. 138. 


Jplane figure) 
(solid / 
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Moment of inertia of ring about 0 = 2ttt 8 r . r 2 . 


:*l 2 

J 0 = 2ttt z 8r 


“L 2 Jn 


Trd 4 
32 * 


(6) Since, from the polar moment theorem, I 0 = Ix + Iy> then, in this 
case, I x = / y an d lx — i^o = 7rd 4 /64 and 


Z = Ixlid ~ 7rd 3 /32. 

(c) For a hollow section of outside diameter D x and inner diameter 
D it then 

I x = rrDSI 64 - ttD 2 4 /64 = tt (D, 4 - D 2 4 )/64, 

Z = /^(Di/2) - 7T (Dj 4 - D 2 4 )/32D 1 . 

N.B. The modulus in the case of the annulus is not the difference 
of the Z’s of the inner and outer areas, but the difference of the /’s 
divided by the full depth of the section. 

Deflection of a beam under uniform bending moment. Between 
the supports A and B the beam is subjected to a uniform bending 
moment. Hence, this part of the beam will be deflected to form the 
arc of a circle. Referring to Fig. 139 and using the property of 
intersecting chords of a circle, 

2R . A = (L/2) x (L/2) 
or R = L 2 /8A . 

E M E SEA M 

* Ut R~ T “ r~~Ta~ T ; 

ML? _ WxL 2 
**• El “ 8F7/ ’ 

since il/ = TUr for every section of the beam between the supports. 



Fig. 139 . 




214 ENGINEERING SCIENCE 

Expt. To verify the formula A = ML 2 /8EI. 

Apparatus. Deflection bench, knife edges and supports or 
hangers at A, J5, C and D (Fig. 139), weights, dial test indicator for 
measuring the central deflection. Series of beams of different 
cross-sections and of nearly as possible the same material and manu¬ 
facture. 

Method of procedure. Arrange a series of experiments to 
verify that: 

(1) M/A = a constant, by keeping L constant, and E and I con¬ 
stant by using the same beam, varying M and measuring the 
corresponding A . 

(2) IA = constant, by keeping M and L constant and using dif¬ 
ferent-sized beams of the same manufacture and heat treatment, 
varying I and measuring A. 

(3) LP/A = a constant, by keeping M constant, using the same 
beam, varying L and measuring A. 

The good results which can be achieved in the above series of 
experiments should give the student confidence in the use of the 
formulae derived in this chapter. These formulae, which sum¬ 
marise the theory of simple bending, even with the assumptions 
and approximations involved, enable the engineer to calculate 
strains and stresses and to design beams with a margin of safety 
and a fair degree of economy in the use of material. 

Modulus of rupture. This is a stress calculated from the formula : 

stress xZ = bending moment at fracture, 

where the bending moment is that causing fracture. This stress is 
obviously not the true stress, but the figure obtained is used for com¬ 
parative purposes between beams of the same and different materials. 

The test for modulus of rupture is frequently employed in the 
case of cast irons, timber and plastic materials. 

Expt. To find the modulus of rupture of three similar specimens 
of cast iron of circular section. 

Apparatus. A hydraulic testing machine with fittings for 
applying a central load to a short beam supported on knife-edges 
near its ends. 

Method of procedure. By means of the testing machine 
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apply a central load to each specimen in turn, and record in each 
case the load W lb. necessary to produce fracture. .'Use a span L 
of 12 in. in each case, and if R is the mean radius of a specimen, 
the maximum bending moment M on the beam will equal TT2//4, 
and the moment of inertia I of a cross-section will be 7 ri 2 4 / 4 , 

m , , , r x My WLR WL 

Then /=modulus of rupture = —^ = --j - = ^3 • 

Observations. 


Specimen 

w 

R 

7 tR* 

WL 

/ lb./in 

1 

1200 lb. 

0*455 

0*296 

14,400 

48,600 

2 

900 lb. 

0*418 

0*229 

10,800 

47,100 

3 

865 lb. 

0*407 

0*212 

10,380 

48,900 


Derived results. The mean value of the modulus of rupture 
is 48,200 lb. per sq. in. See p. 247, Expt. 30 of Vol. I for modulus of 
rupture of wooden beams. 

Example 5. Find the position of the neutral axis and the moment of 
inertia about the axis NA of the section shown in Fig. 140. 

To find the position of the centroid of the section, take the moments 
of area about the 8 in. base line. 

Total area = 6x 1 + 6 x 1 + 8x2 = 28 in. 2 

2 Sy =6 x 1 x 8|+6x 1 x 5 + 8x 2x 1, 

28y=97 or y — 3-46 in. 

To find the value of I about NA, find the values of I for each rect¬ 
angle about its own axis, and then use the parallel axes theorem. 
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Area Distance of c.G. from I of each rectangle 

(in.) 2 na. (in.) about its own axis 

(in.) 4 


Top flange - - 6 

Web - - 6 

Bottom flange - 16 

I NA = (0*5 + 6 x 5*04 2 ) + 
= 152-91 + 


8-5 - 3-46 = 5 04 6 x 1 3 /12 = 0*5 

5 - 3*46= 1-54 1 x 6 3 /12= 18 

3*46- 1 = 2*46 8 x 2 3 /12 = 5£ 

(18 + 6 x 1-54 2 ) + (5i + 16 x 2*46 2 ) 

32*23 +102*17 


= 287*3 in. 4 units. 


Example 6. A beam which has a symmetrical section and a moment of 
inertia of 2500 in* units and a depth of 20 in. is to take a central load of 
45 tons. If the stress is not to exceed 6 tons per sq. in., find the greatest 
permissible span if the beam is assumed to be simply supported. 

Let L ft. = span. Then maximum b.m. at centre is given by WLj 4, 
where W is the central load. 


WL 45x1x12 


M = ~T = 


- 135L tons in. 


4 4 

1=25 00 (in.) 4 units, y= 10 in., p = 6 tons in. 2 
Since M=plfy , 

then 135L = 6x 2500/10, or L = ll*lft. 


Example 7. A floor is supported by joists 3 in. wide and 9 in. deep and 
the joists have a span of 10J ft. at 12 -in. centres. If the greatest stress 
due to bending is not to exceed 1200 lb. per sq. in., find the maximum load 
the floor can carry in lb. per sq. ft. 

Each joist carries a floor area 10J ft. x 1 ft. and a load of 10 J w lb. 
if the load is w lb. per sq. ft. 

.'. M = {}0hwxl0l)lS lb. ft., since M = WL/S. 

Also M =pl/y, \\0\w = (8 x 1200 x 3 x 9 3 ) /( 12 x 4J x 12), 
or w= 294 lb. per sq. ft. 

Example 8. A water mam is 5 ft. in external diameter , thickness of 
metal 11 in. The span or unsupported length is 9 ft. Consider the main 
as a simply supported beam, and calculate the maximum stress due to 
bending if the main is full of water. 

I for metal section = tt(R* - r 4 )/4 

= 7r(30 4 -28| 4 )/4 = 118,000 in. 4 units. 

Distributed load = wt. of main + wt. of water 

= 7T. (2|) 2 .9.62*5 + tt( 30 2 - 28*5 2 ) x 9 x 480/144 
= 18,240 lb. 

M=WL/S= (18,240 x 108)/8 = 246,240 lb. in. 
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Also y = 30 in. and p = My/I; 

p — 246,240 x 30/118,000 ' 

= 62-6 lb. per sq. in. 

Elementary principles of reinforced concrete design. It is not 

possible, within the scope of this book, to deal at great length with 
design in reinforced concrete, but an example to illustrate the 
general principles may be taken with advantage. The general 
assumptions as regards the conditions of bending are : 

(a) the bending stress on a section is proportional to the distance 

from the neutral axis ; 

(b) the reinforcement takes the whole of the tension and the 

concrete takes the compression ; and 

(c) the total compressive moment of the concrete about the 

neutral axis is equal to the total tensile moment of the 
reinforcement about the neutral axis. 

Consider the beam section shown in Fig. 141. Let the maximum 
compressive stress in the concrete be f c and the tensile stress in the 
reinforcement f t . The average stress over the area b x y is |/ c . 
Then for the concrete, the total force on the section above N A 

= i/c by. 

Total force on reinforcement of area a sq. in. =/ ( a. 



t£ 


B.B.E.S. 


Fig. 141. 



218 


ENGINEERING SCIENCE 


Since the total compressive force = total tensile force, 
then ifc b y=ft a or y= 2 ft a l b fc • •• 

Also, total compressive moment = total tensile moment; 


if c by-%y=fMx-y), 


or 


a = 


fcW 

%ft{ x -y)' 


•U> 

( 2 ) 


The expressions (1) and (2) enable y and a to be found. 

Example 9. Find the area of reinforcement required in a beam ifb = 5 in. 
and x~ 11 in. 9 if the allowable stresses are 0*2 ton per sq. in, for concrete 
and 5 tons per sq, in. for the reinforcement. 

From (1), y = 2f t atf c b~2 .5 . o/(0-2 x 5) 

= 10a. 


From (2), 


f c by 2 _ 0-2 x 5 xy 2 _ y 2 

3 f t (x-y) 3x5(11-2/) 165-1 by' 


(10a) 2 _ 100a 2 

165- 15(10a)“l65- 150a 9 


whence a = 0-66 sq. in. 

With three rods, their diameters will be d = \l - = 0-53 in. 

’ 077 

Therefore, three rods each in. in diameter are suitable. 

Note. The moment of resistance for a reinforced concrete section 
will be either \f c by ,(x- \y) y or f t a(x-%y). 


EXERCISES ON CHAPTER VIII 

1. A horizontal beam of 20 ft. span supported at its end is subjected 
to isolated loads of 10, 20 and 30 tons respectively at 6, 8 and 
16 ft. from one support and acting normal to the beam. Draw the 
shearing force and bending moment diagrams for the beam and find 
the maximum bending moment. 

2. Isolated vertical loads of 4, 5 and 6 tons are carried by a horizontal 
beam of 18 ft. span supported at its ends. The loads act respectively 
at 3 ft., 9 ft. and 16 ft. from one support. Draw the shearing force and 
bending moment diagrams for the beam and find the maximum bending 
moment. 
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3. A cantilever 14 ft. long carries three loads of 3, 4 and 5 tons'at 
distances of 2J, 7J and 14 ft. from the fixed end. If the cantilever also 
carries a uniform load of 0-5 ton per ft. run, draw the b.m. and s.f. 
diagrams. What is the b.m. and s.f. at a section 5 ft. from the support? 

4. A beam spans 28 ft. and overhangs the right-hand end by 4 ft. 
A concentrated load of 2 tons is carried on the overhanging end, a con¬ 
centrated load of 6 tons at 8 ft. from the left-hand support, and a 
uniformly distributed load of 0*5 ton per ft. run over a 10-ft. length 
starting from the left-hand support. Employ a graphical method to 
draw the s.f. and b.m. diagrams, and find the b.m. and s.f. at the 6 ton 
load. 

5. An overhanging beam is supported and loaded as shown in 
Fig. 142. Calculate the reactions of the supports, the shearing forces 


4Ton 3 Ton 8 Ton 5 Ton 7 Ton 


t 

_ 5 ' — 


T 3 ^y 

— 5 —*- 

4 

R 

Y 4 'H 

h q 


Fig. 142. 

and bending moments at each load, and draw the s.f. and b.m. dia¬ 
grams. State the maximum b.m. and where it occurs. Also mark the 
“ points of inflexion ” or zero b.m. 

6. Draw to scale the b.m. and s.f. diagrams for a bridge of 50-ft. span 
supported at the ends and loaded with a 2-8-0 type locomotive, as 
shown in Fig. 143. State the maximum b.m. and mark its position. 
Neglect the weight of the bridge. 

7. In Question 6 and Fig. 143 calculate: 

(o) the reactions of the supports, 
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(b) the position of the centre of gravity of the engine measured back 

from the centre of the bogie axle, 

(c) the bending moment at the section of the bridge immediately 

below the centre of gravity of the engine. 

Neglect the weight of the bridge. 

8. Find the greatest intensity of stress arising from a b.m. of 90 inch 
tons acting on a beam of symmetrical section 8 in. deep if I equals 75 
inch 4 units. 

9. Calculate the moment of resistance for a beam 12 in. deep if I 
for the section is 245 (inch) 4 units and the maximum skin stress due to 
bending is 7J tons per sq. in. 

10. Find the positions of the centroids of the sections in Fig. 144 and 



Fig. 144. 


the moments of inertia of the sections about axes through the centroid 
parallel to the flanges. 

11. A beam 8 in. wide and 10 in. deep is of rectangular section. If 
the stress due to bending is not to exceed 7 tons per sq. in., calculate 
the maximum bending moment the beam can withstand. 

12. To what radius may a beam of symmetrical section 10 in. deep 
be bent without producing a skin stress greater than 6 tons per sq. in. 
Take E as 13,500 tons per sq. in. What would be the moment of 
resistance if the second moment of the section is 211 (inch) 4 units? 

13. A wooden beam 12 in. deep and 6 in. wide with a span of 15 ft. 
and simply supported at its ends carries a central load of 3 tons. Find 
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the greatest intensity of stress due to bending and the approximate 
value of the radius of curvature at mid-span. What uniform loading 
per foot run would produce the same maximum intensity of bending 
stress? £7 = 900,000 lb. per sq. in. 

14. To what radius may a beam of symmetrical section 12 in. deep 
be bent without producing a skin stress greater than 7 tons per sq. in., 
if E= 13,500 tons per sq. in.? What would the moment of resistance 
be if I for the section is 251 (inch) 4 units? 

15. What is the greatest central load that a simply supported beam 
having a span of 3 ft. and a rectangular section 1£ in. wide and 2 in. 
deep may carry if the greatest stress due to bending is not to exceed 
7 tons per sq. in. ? 

16. What distributed load may be carried by a simply supported beam 
of 20 ft. span if the depth and moment of inertia of the section are 
respectively 12 in. and 375 (inch) 4 units? The maximum permissible 
stress is 7\ tons per sq. in. What isolated central load can be carried 
to produce the same^ maximum stress due to bending ? 

17. A steel wire of circular section is bent around a drum 6 ft. in dia¬ 
meter. If the elastic limit for the steel is 14 tons per sq. in., and the 
Modulus of Elasticity is 14,000 tons per sq. in., find the maximum 
diameter of the wire in order that there shall be no permanent deforma¬ 
tion when it is removed from the drum. Also find : 

(a) The moment of inertia of the section of the wire about its neutral 
axis. 

( b ) The maximum bending moment on the wire. 

18. A floor has to carry a load of 1J cwt. per sq. ft. The joists are 
12 in. deep and 4 in. wide and have a span of 20 ft. How far apart 
may the centre lines be placed if the stress due to bending is not to 
exceed 1100 lb. per sq. in. ? Assume the joists are simply supported at 
the ends. 

19. A wooden floor is supported by wooden joists 10 in. deep and 4 in. 
wide, and they are placed 15 in. apart, centre to centre. The clear 
span is 20 ft. If the maximum stress in the wood due to bending is 
not to exceed 1200 lb. per sq. in., determine the uniformly distributed 
load per sq. ft. this floor can safely carry. 

20. A beam of rectangular section 6 in. deep and 4 in. broad resists a 

b.m. of 120 tons in. Show how the intensity of direct stress varies 
throughout the depth of the beam. Divide the part which is in tension 
into three strips each 1 in. deep and 4 in. wide, and estimate for each 
strip (1) the total tension in tons across the section, and (2) the moment 
in tons inches of its pull about the neutral axis. (A.M.I.Mech.E.) 

21. A rectangular beam 9 in. deep and S\ in. wide is required to 
support a load of 2QA lb. per foot run. If the maximum intensity of 
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bending stress is not to exceed 1000 lb. per sq. in., find the greatest span 
the beam can have. 

22. A steel beam 36 in. long is symmetrically and horizontally sup¬ 
ported on knife-edges placed 30 in. apart. The centre of the beam 
receives an upward deflection of 0 1 24 in. when loads of 42 lb. are applied 
at each of the extreme ends. What deflection would be caused if loads 
of 14 lb. had been applied at the ends? Also calculate the deflection in 
the case of the 42 lb. loads if both I for the beam section and E for the 
material of the beam were doubled. 

23. In an experiment to determine the approximate modulus of 
elasticity of brass, a bar 3 ft. 8 in. long and of square section jq in. x ^ in. 
was symmetrically supported on knife-edges placed horizontally and 
exactly 24 in. apart. Loads of 3^ lb. were applied at each end of the 
beam, and the deflection at the centre was found to be 0 017 in. Cal¬ 
culate the modulus for this specimen. 

24. A similar experiment to that described in Question 23 was carried 
out on a steel beam. In this case the beam was 0-75 in. wide and 
0*375 in. deep and the deflection 0*035 in. under the same conditions. 
Calculate the value of E for this specimen of steel. 

25. A beam of span 20 ft. supported horizontally at its ends carries 
a uniformly distributed load of 1 ton per foot run and a vertical central 
load of 5 tons. Calculate : 

(а) the maximum bending moment acting in tons inches ; 

(б) the modulus of the section of the beam required if the stress due 

to bending is not to exceed 5 tons per sq. in. ; 

(c) prove the formula used in finding the maximum bending moment 
in a beam supported at each end and loaded with a uniformly 
distributed load. 

26. An engineer desires to bend a spring steel strip of selected homo¬ 
geneous material in. in thickness, 1 in. wide and 8 ft. in length to a 
perfectly circular arc of 5 ft. diameter. Use your knowledge of the 
theory of bending, and illustrate by sketches how this may be done by 
inducing a constant bending moment. What bending moment will be 
required, and what maximum stress will be set up if E— 13,500 tons 
per sq. in.? 

27. Sketch the b.m. and s.f. diagrams, inserting the principal values, 
for an axle of a railway wagon, gauge 4 ft. 8£ in., loads 6 ft. apart, 
symmetrically placed and 2£ tons each. If the axle is 5 in. in diameter, 
calculate the maximum stress in it due to bending. 

28. A horizontal beam AB of 9 ft. span and simply supported at its 
ends carries loads of 5, 4 and 2 tons at respectively 2 ft., 5 ft. and 8 ft. 
from A. Draw the s.f. and b.m. diagrams for the beam, and state the 
maximum values for each diagram. E— 13,500 tons per sq. in. Also : 
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(a) find the equivalent uniform load per foot run on this beam that 

would produce this maximum bending moment; 

(b) find the radius of curvature of the beam at the section where the 

maximum b.m. acts if I — 150 in. 4 units ; 

(c) calculate the necessary modulus of section if the stress due to 

bending is not to exceed 6 tons per sq. in. 

29. A girder AB , 12 ft. long, of which the section has a moment of 
inertia of 374 (in.) 4 units, is 5 in. wide and 10 in. deep. The girder is 
freely supported horizontally at A and C y C being 10 ft. from A. Loads 
are applied vertically of magnitudes 4, 3 and 5 tons respectively 2 ft., 
7 ft. and 12 ft. from A. Draw the b.m. and s.f. diagrams for this beam, 
and find ( a) the maximum b.m. and s.f. to which the girder is subjected ; 
and ( b ) the greatest intensity of tensile and compressive stress in the 
beam due to bending. 

30. A rolled girder 10 in. deep has a span of 16 ft. and is freely sup¬ 

ported at each end. If it carries a uniformly distributed load of 4000 lb. 
per foot run on half its length from one support to the centre of the 
span, draw the b.m. and s.f. diagrams, and calculate the greatest inten¬ 
sity of bending stress in the girder, I being 345 (inch) 4 units about the 
neutral axis of the beam section. (A.M.I.Mech.E.) 

31. A steel beam carrying a single load midway between its end sup¬ 
ports is thereby stressed to a maximum intensity of 10 tons per sq. in. 
Find the greatest intensity of stress under the action of the same central 
load in a second beam in all respects geometrically similar to the first 
but having all its linear dimensions 20 per cent, greater. (A.M.I.Mech.E.) 

32. A bar 5 ft. long of rectangular section 1 in. wide by 3 inches deep 
is subjected to a pull of 30 tons, the axis of the pull being parallel to the 
axis of the bar, but distant one-tenth of an inch from it. Determine 
(a) the intensity of direct stress ; (6) the b.m. to which the bar is sub¬ 
jected ; and (c) the extreme or maximum tensile and compressive stress 
intensities. 

33. A reinforced concrete beam 6 in. wide and depth 13£ in. is rein¬ 
forced with four bars placed symmetrically 12 in. below the top of the 
beam. If the permissible stresses are 0-2 ton per sq. in. for the concrete 
and 5 tons per sq. in. for the reinforcement, calculate the diameter of 
the bars and the moment of resistance of the section. 



CHAPTER IX 


LINEAR AND ANGULAR MOTION, FORCE AND TORQUE. 
VELOCITY AND ACCELERATION. MOMENTUM. WORK, 
POWER AND ENERGY. FLYWHEELS 

Linear and Angular Motion 


Motion in one plane may be classified as (1) linear, or (2) angular, 
sometimes called rotational, or (3) a combination of the two. Fre¬ 
quently, problems have to be solved in which motion is simply 
translational, or simply rotational, or a combination of the two. 
In addition, the motion is often such that the acceleration is uniform, 
or may be considered as such. The equations of motion with uniform 
acceleration for both linear and angular motion are derived below, 
and as they are widely used they should be memorized by the 
student. 

Equations of motion with uniform acceleration. The equations 
for the two fundamental types of motion are developed side by side 
for the purposes of comparison, commencing with the usual symbols 
for displacement, velocity and acceleration, and obtaining the 
equations by integration and elimination. 


Translational motion 
Displacement, s 


Velocity, v — 


ds 
dt * 


Rotational motion 
6 

dd 
W ~ dt ’ 


Acceleration, 


dv 

dt 


^4 = linear acceleration 
dt 2 


dco d 2 6 , . . 

— = -r— = angular acceleration 
dt dt 2 6 


= a . 


= <x. 


Integrating, ~ = v = at + c lf 


dd 

d£—W t — <xt + c lf 


or v-u + at, . 

...(1) or 

iOj-o^ + at, . 

. (i) 


if v = u, when t = 0. if co 2 = a> 1 , when t = 0. 





EQUATIONS OF MOTION 


225 


Integrating again, 

8 = ut + \at 2 + c % 0 = -f- fat 2 + c 2 

s = ut + £at 2 , .(2) 0 = a> 1 t + £at 2 ,.(2) 

if 8 == 0, when t — 0. if 6 = 0, when t = 0. 

Also, s = average velocity x time 



By eliminating t from (2) and (3) 

v* = u 2 + 2as.(4) co 2 2 = co x 2 + 2a0.(4) 

Examples to illustrate the use of the equations (1) to (4) are given 
below. It should also be remembered that the relationships between 
linear and angular velocity are given by 

v = wr or w=v/r ; and a = ar or a =a\r. 

Example 1. A car starting from rest with a constant acceleration attains 
a speed of 45 m.p.h. in 600 yd. Find the acceleration and the time taken. 
u = 0 ; s— 1800 ft. ; v— 45 m.p.h. = 66 ft. per sec., 

since 60 m.p.h. = 88 ft. per sec. 

Using (4) above for linear motion : v* = u 2 + 2as ; 

a = (v 2 - u 2 )/2s = 66 a /3600 = 1*21 ft. per sec. per sec. 

Example 2. A point on the rim of a flywheel 8 ft. in diameter has a 
velocity of 15 ft. per sec., and this is uniformly accelerated to 21 ft. per sec. 
in 3 minutes. Find the initial and final angular velocity of the flywheel 
and the total number of revolutions made. Also find the angular accelera¬ 
tion. 

v 15 f./s. 

Initial velocity = oj 1 = A — ... = 3-75 c per sec. 

T 4 it. 

v 2 21 f./s. _ 

Fmal velocity = oj 2 = — = —r 7 .-— = 5-25 c per sec. 

r 4 it. 

Using (3) above for angular motion, 

6 = No. of radians turned through = (co a + w x )tl2 
= (5-25 + 3-75) 180/2 = 810 radians 

= 810/27r or 128*9 r.p.m. 

a = angular acceleration = (a> 2 - <*>i)lt from (1) above 
= (5*25 - 3*75)/180 =1*5/180 

= 0*0083 c per sec. per sec. 
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Example 3. At a certain instant a rotor has a velocity of 5 radians per sec . 
and is uniformly accelerating at the rate of 3 radians per sec . What will he 
its velocity after it has made 1200 more revolutions? 

1200 revs. = 24007r radians = 6 ; w x = 5° per sec. 

a = 3 C per sec. per sec. 

Using (4) above : co 2 2 = oj 1 2 + 2<xd = 5 2 + 2 x 3 x 24007T, 
co 2 = 212*7 c per sec. or 33*86 r.p.s. 

Space, velocity and acceleration diagrams. When a space-against- 
time diagram is plotted for a locomotive, vehicle or a machine part, 
the distances s covered are usually plotted as ordinates and times t 
as abscissae. The slope of this diagram at any given time obviously 
is ds/dt, or the velocity at that time. If the slopes are obtained 
at various times and plotted as ordinates at these times, then a 
velocity-against-time graph will be produced. The slope of the graph 
of velocity against time, that is, dvjdt, obviously gives the accelera¬ 
tion at the time considered ; and therefore by finding the slopes 
at various times it is possible to draw an acceleration-against- 
time graph. If the mass of the locomotive or machine part is 
constant, then since force is proportional to acceleration, the 
acceleration-against-time graph will also represent the force-against - 
time graph to a different scale. In this case it is only the force 
necessary to produce the acceleration which is represented. Often, 
however, with big accelerations and decelerations (or retardations) 
met with in modern engineering problems, these forces are of con¬ 
siderable magnitude and the acceleration-against-time graph is very 
important. 

The area under the velocity-time and acceleration-time graphs 
has also an important significance. Thus the area of the velocity¬ 
time graph between any two ordinates at t 1 and t 2 represents the 
distance covered in that time interval, because the area represents 
the average velocity multiplied by the time. 

Similarly, the area under the acceleration-time graph between 
any two ordinates t 1 and t 2 represents the total change of velocity, 
because 

. , ,. velocity change , 

Acceleration = —-^-— and 

time change 
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a i * . velocity change . . . 

Acceleration x time = —:-—r-— x time change 

time change ' ° 

— velocity change. 

Example. In the speed-time curve for an electric train the time scale was 
1 in. = 20 sec. and the speed scale 1 in. — 10 m.p.h. After 30 sec. from 
rest , the tangent to the curve was at 42° to the horizontal , and the area 
under the curve on a base of 180 sec. was 26*4 sq. in. Find the acceleration 
after 30 sec., the distance covered by the train in 3 minutes and the average 
speed. 

tan 42° = 0*9004 = apparent slope of curve after 30 sec. 

I in. = 10 m.p.h. = 14f ft. per sec. 

. . 0*9004 x 14f ft./sec. 

Real slope = acceleration =-—--- 

20 sec. 

= 0*6603 ft./sec./sec. 

1 sq. in. of the diagram represents x ^0 sec> = ^93J ft. 

26*4 sq. in. represents 293J x 26*4 or 7744 ft. 

Average speed = 7744/180 or 43 ft./sec. = 29*3 m.p.h. 


Torque and the laws of motion. At this stage it is appropriate to 
define torque and to restate Newton’s Laws of Motion (Vol. I, p. 261), 
and to study them with particular relation to rotary motion. 

Torque is the turning moment acting on a body which produces 
or tends to produce angular motion and, in rotary motion, corre¬ 
sponds to force in linear motion. Torque is measured in pounds feet 
or pounds inches. 

First or inertia law. A body continues in a state of rest or of 
f uniform motion in a straight line ] 

1 ° F | 

l constant angular velocity about an axis; 


{ force 'j 

or !- to change that state, 
torque J 

Second law. The rate of change of 


flinear 'j 

1 or t 


momentum of a 
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{ force 'j 

or > acting, and takes place 
torquej 


in the direction of the straight line in which the force acts 


or 


i 

j 


l about the axis of the torque. 

It should be noticed that the first law is a particular case of the 
second law, when the rate of change of momentum, whether angular 
or linear, is zero. 

Dealing with the second law and linear motion, if W\g is the 
mass of a body and v its instantaneous velocity, the expression for 
its momentum (see also p. 19) will be Wv/g. Hence, the rate of 

change of momentum will be ^ (~~) 5 an d ^ the mass is constant, 

this expression becomes — . ^, or -5^ if a is the acceleration at the 
. , f g dt g 

instant. * 


Thus, 

Third law. To every 
( force 


F = force acting = Wa/g. 
f force 'j 


.(5) 


f force 'j 
< or l 


or t generally called the \ 


1 torquej 


or r there is an equal and opposite 
torquej 

f reaction 'j 

or . r 

Itorque reaction.; 


Example. A train weighing 450 tons is drawn up an incline of 1 in 48 
at a speed of 12 m.p.h. by a locomotive of 90 tons weight. What horse¬ 
power is required if the frictional resistance of the engine and train is 
10 lb. per ton? What speed could be attained by this train on the level 
with the same frictional resistance and utilising the same horse-power? 

(U.E.I.) 


Total weight of train = 450 + 90 or 540 tons. 

Tractive force due to incline = 540 x 1/48 tons or 25,200 lb. 
Tractive force due to friction = 10 x 540 lb. 

Total tractive effort = 30,600 lb. 

Distance traversed per min. = 12 x 5280/60 or 1056 ft. 

.*. horse-power needed = 30,600 x 1056/33,000 


= 979*2. 
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On the level, the tractive effort necessary = 5400 lb. 

the locomotive can now travel 30,600 x 1056/54Q0 ft. per min. 
or, 5984 ft. per min., or 68 m.p.h. 

Torque and angular acceleration. Imagine a body (Fig. 145) 
turning at a given instant with angular acceleration a radians per 
second per second about the axis O. Suppose the body to be divided 
into a large number of small particles A, B, ... of mass WJg, W 2 jg y ... 
at distances E v E 2f ... from O and acted on by forces F lf F 2 , ... 
respectively at right angles to E ly E 2i .... 

The instantaneous linear acceleration of A , B y ... will be ocE ly 
olE 2 > ... respectively. It is required to find the torque T necessary 
to give the body this acceleration. The total forces required on the 
particles will be 

F 1 + F 2 + ...=( W 1 olE 1 + W 2 <xE 2 +... )/g. 

The combined torque T necessary will be 

T = F.E, + FJt 2 +... = ( W X *E* + W 2 *E* + ...)lg 
= « {W 1 E* + WJi* + ...)lg. 

The quantity above in brackets is called the moment of inertia of the 



Fig. 145. 
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body about the axis O, and is denoted by the letter I ; or I/g in 
engineer’s units. Hence, 

T=Ia/g.(6) 

It should be noticed that the symbol I for moment of inertia takes 
the place of mass in the corresponding formula for linear motion 
(p. 228). As stated in Newton’s First Law, a body which possesses 
inertia cannot change its own condition of rest or motion ; mass 
and moment of inertia are really measures of inertia for linear or 
angular motion respectively. 

Radius of gyration. The radius of gyration k of a body about a 
given axis is that radius at which, if an equal mass were concentrated, 
it would have the same moment of inertia. Thus, if the mass of the 
body is W/g, the moment of inertia will be Wk 2 lg. 

Example. A flywheel starting from rest attains a speed of 3600 r.p.m. 
after 2 minutes. The flywheel weighs 56 lb. and its radius of gyration is 
6 in. Calculate the angular acceleration to which the flywheel has been 
subjected and the torque producing that acceleration. 

3600 r.p.m. = 120 tt radians per second. 

a = angular acceleration ~ = n radians per sec. per sec. 

Ijg — moment of inertia of flywheel 

= Wk 2 [g = 56 x (J) 2 /<7 engineer’s units. 

T = torque = Itx/g = 56 x 77 / 4*7 = 1*366 lb. ft. 

Impulse. If a force or torque acts for a definite time, usually 
short, the effect is known respectively as an impulse or angular 
impulse. Should these effects of forces or torques over a short time 
act on a rigid body of constant mass, the impulse is measured by 
the total change of momentum. 

Thus, impulse = JV dt 

= total change of momentum ; 

= total change of velocity x W/g. 

Similarly, angular impulse = JV dt 

= total change of angular momentum 
= total change of angular velocity x Ijg. 
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With a constant force or torque these expressions reduce to 

Ft-Wfa-vJ/g, .<.(7) 

where v 2 and v l are the final and initial velocities for linear motion ; 
and 

«=JPi»(a> a -«,)/* .(8) 


where a> 2 and co 1 are the final and initial velocities for angular motion. 

The statements (7) and (8) represent the second law of motion 
with reference to total changes of momentum, whereas expressions 
(5) and (6) refer to rate of change of momentum. Expression (8) if 
divided by t reduces to (6), because a) 2 - a> 1 =a.t. 

Example. A fixed plate receives a stream of water at a velocity of 300 ft. 
per second , delivered from a nozzle 1 in. in diameter and perpendicular to 
the plate. Calculate the impulse on the plate. 

Mass of water per second = n xl J x 300 x 62-5/4 x 144 
= 4-082 lb. 

Impulse = total change of velocity x W/g= 300 x 4-082 jg 

= 38 lb. sec. 

Third law and the conservation of momentum. The Third Law 

may also be stated as “ Forces (or torques) always occur in pairs ”. 
Many examples of this law may be quoted ; for example, the 
gudgeon pin exerts a force on the connecting rod and the connecting 
rod reacts with equal force on the gudgeon pin ; the torque exerted 
by the engine on the crank shaft is resisted by the torque reaction 
set up by machines driven from the crank shaft. 

According to the Third Law, action and reaction are equal and 
opposite ; and this applies to both the forces and impulses acting. 
Therefore, if one body gains momentum, the other body concerned 
in the mutual action will lose exactly the same amount; and the 
total or resultant change of momentum is zero. This principle of the 
conservation of momentum is true for any isolated system of bodies 
and is also true for any and every direction of motion. The truth of 
the principle is not affected by forces of friction, because if a fric¬ 
tional force acts on a body against its direction of motion this force 
is a means of transferring momentum from the body to the earth. 
For example, the explosive charge in a gun gives momentum to the 
shell and an equal and opposite amount to the gun. The momentum 
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of the recoiling gun is transmitted to the earth and so is that of the 
shell on impact, so that the resultant momentum given to the earth 
is also zero. 

Example. A gun weighing 42 tons fires a shell weighing 1540 lb. and 
gives it a muzzle velocity of 2400 ft. per sec. Find the initial speed of 
recoil of the gun. 

If the recoil is controlled by a time average force of 500 tons , find how 
long the recoil takes. 

Momentum of gun = momentum of shell. 

42 x 2240 xv = 1540 x 2400. 

v= 1540 x 2400/(42 x 2240) 

= 39 3 ft./sec. 

Time for recoil = 1540 x 2400/(500 x 2240) 

= 3-3 sec. 


Time average of a force or a twisting moment. Another important 
type of diagram is that depicting the time average of a force or 
twisting moment. As implied, the force or twisting moment is 
plotted as an ordinate on a time base. Because 

force x time = mass x velocity = momentum, 
the area under the force-time diagram will represent momentum. 
The area of the diagram divided by the appropriate time interval will 
therefore give the time average of the force. It should be noted that 
the time average is quite different from the space average of a force. 

Motion of connected bodies. Many engineering problems occur 
in connection with lifts and hoists in buildings and ships, and 
winding gear in the case of mines and quarries, where heavy 
loads are raised and lowered by ropes or cables which are employed 



to control the accelerating and decelerating or 
retarding forces often with the aid of balance 
weights. Newton’s Laws can be used to solve 
these problems, and two important cases are 
given below. 

Suppose a frictionless pulley free to turn about 
axis A supports two loads W x and W 2 with the aid of 
an inextensible cord of negligible weight, as shown 
in Fig. 146. If W 2 is larger than W 2 , motion will 


Fig. 146. occur in a clockwise direction. W x will deseend 
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and W 2 will rise with an acceleration a. Suppose the tension in the 
cord is T , then considering the equilibrium of W v the accelerating 
force is W x - T, and therefore, by statement (5), 

W 1 -T = W 1 ajg. 


Similarly, W 2 will rise due to an accelerating force T -W 2i and 


Adding, 


or 


T-W 2 =W 2 a\g. 
W^W^iW^WJa/g 
(W.-WJg 
W t + W 2 


( 9 ) 


Substituting this value of a in the first expression, 


T = 2W 1 WJ(W 1 + W 2 ) .(10) 

It should be noticed that the tension in the cord is not necessarily 
the same as would be the case if the loads were at rest. 

If the acceleration a above had been required, the result could 
have been obtained more quickly by considering the accelerating 
force of the system as W x - W 2 and the loads moved as W 1 + W 2 . 
Thus 

W.-W^iW. + WJalg, or a = (W l -W 2 )g/(W 1 + W 2 ). 

In this case the tension T is ignored or considered as an internal 
force which does not affect the momentum of the system. 

Now consider the case when W 2 reposes on an incline at 6 to the 
horizontal and the coefficient of friction between the load and the 
incline is /x and the acceleration is a. In this case the force and 



Fig. 147. 
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acceleration equations for W , and Wo are respectively 

Wi-T-Wplg, 

T - W 2 sin 6 - ijlR = W 2 a/g. 

Adding to eliminate T J W 1 - W 2 sin 6 - [xB = ( W x + W 2 ) a/g. 


But i? = IT 2 cos 6 , and therefore 

JEi - 1F 2 (sin 6 +/jl cos 0) = (W^ + TF^u/y, 

or a = {TF 1 - IF 2 (sin 6 + ^ cos 6)} g[(W 1 + W 2 ) .(11) 

Substituting this expression for a, 

T = W 1 W 2 (I + sin 0 + ix cos 0)/( IF, + JF 2 ).(12) 


If the incline is smooth, then /x = 0 in (11) and (12) ; and if W 2 
moves over a horizontal surface, then 0 = 0. 

Notice that if the pulley A had appreciable inertia and bearing fric¬ 
tion and if the rope were elastic, the expressions (11) and (12) would 
no longer be accurate. 


Summary of the relations between linear and angular motion. 

The comparison between linear and angular motion can now be 


carried a stage further : 

Linear 

Force = Mass x Acceleration 
_ Wa _ W d*s 
~ g ~ g ’ dt 2 ' 

Momentum — Mass x velocity 
_ IF ds 
~ g ’ dt' 


Angular 

Torque = Moment of Inertia x 
Acceleration 
_I*_Wk*aL_ Wk* drB 
~ g ~ g ~ g dt 2 ’ 

Moment of Momentum 

— Moment of Inertia x velocity 
_ Wk 2 dd 
q dt 


Impulse = Change of momentum. 
Ft=W(v 2 -v 1 )jg . 

Work = Force x distance in direc¬ 
tion of force — Fs. 

T .. . ^ Wv 2 W/dsY 

2g 2g \dtJ 

Work done = Change of K. Energy. 
Fs=W(v 2 2 -v 1 2 )/2g. 


Angular impulse 

= change of angular momentum. 
Tt — Wk 2 (oj 2 — a>i )/g. 

Work = Torque x angle turned 

through in radians — TO. 


„ ico 2 i fdey 

Kinetic Energy = —= — y—) . 

Work done = Change of'K. Energy. 
T8=Ha,S-co 1 *)l2g. 
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Work, Power and Energy 

Energy. Suppose a force F acts on a body of mass Wjg over a 
small distance 8s and increases its velocity from iq to v 2 with a 
mean acceleration a. Then the work done will be F 8s. Howeyer, 
F = Wajg and a 8s = (v 2 2 — v x 2 )/2 from (4). Hence, 

F 8s =Wa 8sjg = W (v 2 - v 2 )l2g .(13) 

Thus the work done is equal to the change of kinetic energy, which 
in this case increases from Wvfl , j2g to Wv 2 2 j2g (see p. 281, Vol. I). 

Similarly, if a torque T acting through an angle 86 on a body of 
moment of inertia Ifg increases the velocity from co 1 to co 2 with a 
mean acceleration a, it will do an amount of work equal to T 86. 

Then, T 86 = la 89/g=I (a> 2 2 - a ) 2 )j2g .(14) 

In this case the work done by the torque increases the kinetic 
energy from 7oq 2 /2<7 to Iu) 2 2 /2g. 

The relations (13) and (14) obviously remain true if the force F 
and torque T are variable quantities, provided F and T represent the 
mean values with respect to the distance 8s and angle 86 respectively. 

In the general case, (13) and (14) become respectively : 

Work done = EF 8s =W(v 2 2 - v 1 2 )/2g 
and Work done =ZT 80-I(o> 2 2 - to 1 2 )/2g. 

Example. A flywheel is required to store 6000 ft. lb. of energy while its 
speed is gradually increased from 199 to 201 r.p.m. What should it weigh 
if its radius of gyration is 2 ft.? Calculate its kinetic energy at 200 r.p.m . 



Using (13), work stored — change of kinetic energy. 

6000= Wk*(a>* - coflj^g. 

W=12,0005r/7 2 (co 2 2 -o> 1 2 ) 

= 12,000 x 3600^/(4 x 800 x 4tt 2 ) 

= 11,500 lb. 

tv t* + onn 1 !,500 x 4 /200 x 2^ 

K.E. at 200 r.p.m. = — { 

= 315,000 ft. lb. 

Space average of a force or twisting moment. When force is plotted 
as an ordinate on a distance base, or when a torque is plotted as an 
ordinate on a base of radian measure, the area under the graph 
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Fig. 148. 

obviously represents work done. If the force acting on a machine 
is greater than the resistance set up, then the difference between 
the force and resistance is available to increase the kinetic energy 
of the machine. Thus the shaded area on the diagram below the line 
AB represents the gain of kinetic energy. If the resistance exceeds the 
applied force or effort, the area between the graphs of effort and 
resistance would be considered negative. 

Probably the most common example of a space-force graph is the 
ordinary indicator diagram for a steam engine, where the ordinates 
represent to some scale the force acting on the piston at any given 
piston position. 

Rolling bodies. When a body rolls on a level track or upon an 
incline, it possesses two types of kinetic energy, translational and 
rotational. Its total energy consists of the instantaneous energy of 
rotation about an axis through its centre of gravity,, together with 
the translational energy considered as due to the entire mass of the 
body concentrated at the centre of gravity. Thus, if a> is the angular 
velocity of the body about its centre of gravity, v the velocity of the 
centre of gravity, and r the distance of the centre of gravity from the 
track, then the total kinetic energy is 

K.E. = Wv 2 \2g + Wk 2 oj 2 j2 gi 

where W/g is the mass of the body, and k its radius of gyration about 
the axis of rolling. 

K.E. = Wv 2 \2g + Wk 2 v 2 j2gr 2 
= (l+k 2 lr 2 )Wv 2 /2g. 
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This expression shows that the inertia of the rolling body is 
increased by (1 +Jc 2 /r 2 ) times as compared with that of the same 
body if it were sliding along the track at the same speed without 
angular motion. In the case of a thin hoop, where k approaches 
the value of r, the kinetic energy is practically doubled when rolling 
is compared with sliding. The total energy of a train is the sum of 
the rotational energy of all wheels plus the translational energy of 
the train itself. 

Flywheels. The turning moment in the crank shaft of a single¬ 
cylinder engine varies considerably throughout a revolution, being 
zero at the inner and outer dead-points and having maximum values 
in between. Diagrams of turning moment can be constructed with 
turning moments as ordinates and crank angle displacement as 
abscissae, or they can be constructed on a polar basis in which the 
ordinates are measured radially outwards from the crank pin circle. 
In the case of two or more cylinders, the turning moment diagrams 
for each cylinder can be combined to make one diagram ; but in 
no case is the turning moment quite uniform even with careful 
arrangement of the crank positions for the cylinders. The area of 
the diagram represents the work done by the engine, and if the 
speed of the engine is the same at the end as it was at the beginning 
of the revolution, the work done by the engine is equal to the resist¬ 
ance overcome. In this case, if the resistance diagram is super¬ 
imposed on the turning moment diagram, the areas of the two 
diagrams will be equal. 

By studying these diagrams it is easy to find the points of maxi¬ 
mum and minimum speed during a revolution. For example, in 
Fig. 149 the curve CD JKLMNB represents the turning moment diagram, 
and ADEFGHB the uniform resisting torque diagram. Obviously the 
maximum speed will occur at E and the minimum at H. The greatest 
fluctuation of energy will be the algebraic sum of the shaded areas 
between E and H, FLG being considered positive, and EFK and GMH as 
negative. Thus, the maximum fluctuation of energy is the difference 
between the kinetic energy of the moving parts measured at the 
greatest and least speeds during the revolution. The coefficient of 
fluctuation of energy is the ratio of the maximum fluctuation of 
energy to the total work done during the revolution. 
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Fig. 149. 

To reduce the variation of speed of an engine during each cycle, 
a flywheel is fitted which alternatively stores and gives out energy. 
As the average energy of the flywheel is generally much greater 
than the other moving parts of the engine, the fluctuations of speed 
are usually small compared with the average speed. 

Flywheel design. Flywheel design is a complex subject, but an 
elementary consideration can be given here. Let W\g be the re¬ 
quired mass of the flywheel, co the mean velocity, co 2 the maximum 
and co 1 the minimum velocity during a revolution, k the radius of 
gyration, I/g the moment of inertia in engineer’s units, K the 
maximum fluctuation of energy and E the mean energy at the mean 
velocity. 

Then K = /(o> 2 2 - oo 1 2 )j2g = I (a> 2 + co x ) (o> 2 -w 1 )[2g. 

But CO 2 + a> 1 = 2co and E — Ico 2 j2g. 

K =Iw (oj 2 - oj^/g = 2E (a) 2 - u)j)/a> 

= 2 E x fractional fluctuation of velocity = 2 EN. 

Example. A compound steam engine develops 450 I.H.P. at 90 r.p.m., 
and it is found from the turning moment diagram that the maximum 
fluctuation of energy is 20 per cent, of the mean energy per revolution. If 
the fluctuation of speed is not to exceed 1/150 and the radius of gyration 
of the wheel is ft,, determine the necessary weight of the flywheel . 
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^ i j i j w 450 x 33,000 rx „ 

2£ = Work developed per revolution =-—r-ft. lb. 

yu 

= 165,000 ft. lb. 

K — 2 0 per cent, of E = 33,000 ft. lb. 

(o> 2 — u>i)l<t) = N = 1/150, 

co — 90 x 27 t/ 60 = 3xr c per sec. 
E = Ia>*l2g = Wk*o>*l2g = 33,000/2 

33000<?__ 33,000 x 32-2 x 150 
(7J) 2 x 97r a x 2240 


= 14*24 tons. 


Hoop stress in flywheels. A rough approximation to the hoop stress 
induced into the flanges of flywheels can be found by assuming 
the stress in the rim is due to the necessity of supplying an inward 
centripetal force to produce angular motion in the particles of the 
rim. 

If w is the density of the material, and a the cross-sectional area 
of the rim, then the weight of rim subtending an angle 80 at the 
centre of the wheel will be war 80, where r is the average radius of 



Fig. 150. 
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the rim. The two tensions T must supply the centripetal force of 
magnitude war 80 v 2 jgr > where v is the mean velocity of the rim at 
radius r. 

Resolving the two forces in the direction of r and equating : 

C=2T sin 80/2 =war 86 v 2 /gr , 

or T =wav 2 jg, since 80 = sin 80 for small angles. 

But T =fa , where / is the hoop stress. 

Hence f = wv 2 jg. 

Example. Find the hoop stress in a flywheel if the peripheral velocity of 
the rim is 70 ft . per sec. and the density of the material is 490 lb. per cu.ft, 
f=wv*/g = 490 x 70 x 70/32*2 lb. per sq. ft. 

= 517*7 lb. per sq. in. 


EXERCISES ON CHAPTER IX 

1. State the Laws of Motion. 

In an experiment to verify the second law, a trolley was drawn along 
a plane by the action of a falling weight attached to the trolley by a 
light string. The times taken were for the trolley to move through 
6 ft. from rest for various values of the falling weight. 

Falling weight (lb.) - 0*2 0*3 0*4 0*5 0*6 0*7 0*8 

Time (sec.) - - - 6*3 5*1 4*4 3*9 3*6 3*3 3-1 

Show how you would use these figures to verify the second law of 
motion. If the trolley weighs 24 lb., what is the value of “ g ” ? (U.E.I.) 

2. A train is timed between two stopping stations, 3 miles apart, 
to cover the distance in 6 minutes. It can be uniformly accelerated to 
maximum speed at 2 ft. per sec. 2 , and can be uniformly retarded from 
maximum speed at 6 ft. per sec. 2 What is the maximum speed and the 
distance travelled at this speed? 

3. A plane is inclined at an angle 0 to the horizontal. Neglecting 
friction, what should be the acceleration of a body sliding down the 
plane? 

A car, weighing, with passengers, 2000 lb., runs down a hill in neutral. 
The hill has a gradient of 1 in 24, the 24 being measured along the road 
surface. The car traverses the whole length of the hill, that is, 0-5 mile 
in 1*5 minutes. At the top of the hill the car was already travelling at 
10 m.p.h. Calculate : (a) the uniform acceleration ; (b) the mean 

retardation due to friction ; (c) the mean frictional resistance against 
which the car is travelling. (U.E.I.) 
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4. A locomotive draws a train weighing 290 tons up a gradient of 
1 in 200 with uniform acceleration such that a speed of 30 m.p.h. is 
attained in 4 minutes from rest. If the frictional resistances are 12 lb. 
per ton and the air resistance varies as the square of the speed and is 
43 lb. at 12 m.p.h., find the H.P. required at the speed of 30 m.p.h. 

(U.E.I.) 

5. In Question 4, if the total load on the coupled driving axles is 
140 tons, find the least coefficient of friction necessary at the speed 
stated. 

6. A nozzle 3 in. in diameter delivers a stream of water at a velocity 
of 210 ft. per sec. perpendicular to a fixed plate. What is the impulse 
of the water on the plate ? 

7. (a) In a velocity-time curve state what the slope of the curve at 
any point represents, also what is represented by the area between the 
velocity-time curve, the time axis and the ordinates at the two given 
times. 

(b) An electric train can pick up its running speed of 40 miles an hour 
by uniform acceleration in 20 sec. starting from rest. The application 
of the brakes produces a uniform retardation of 5 ft. per sec. per sec. 
Find the time taken by the train under these conditions for a journey 
starting from one station and stopping at the next station one mile 
farther on. (U.E.I.) 

8. A horizontal shaft, 4 in. in diameter, resting in bearings at its 
ends, transmits power by belts to various machines. The tensions in 
the belts cause a horizontal force of 1500 lb., and a vertical downward 
force of 500 lb. The weight of the shaft and pulleys is 10 cwt. If 
p = 0-07, find the horse-power absorbed in friction at 100 r.p.m. 

9. A disc flywheel weighs 200 lb. and is 24 inches in diameter. Find 
the time the wheel will take to reach a speed of 1000 r.p.m. neglecting 
friction. The torque acting is 40 lb. ft. 

10. A flywheel weighs 1-6 tons and has a radius of gyration of 2-5 ft. 
It is running at 180 r.p.m., and its speed is reduced to 150 r.p.m. in 
30 sec. Find (a) the average angular retardation, and (b) the torque 
resisting motion. 

11. A flywheel weighing 4J tons has a radius of gyration of 4-5 ft. 
Determine the moment of inertia of the flywheel in engineer’s units, 
and the mean effective torque which may be applied to the flywheel in 
order to increase its speed by 150 r.p.m. in 45 sec. 

12. A steel flywheel cylindrical in shape has a diameter of 12 in. and 
a thickness of 2 in. Calculate its moment of inertia about the axis of 
rotation if 1 cubic inch of steel weighs 0-29 lb. The axis of rotation 
coincides with the axis of the cylinder. 

If the speed of this flywheel increases uniformly from 200 to 300 
r.p.m. in 20 sec., find the angular acceleration. Also find the torque 
producing tfee angular acceleration. 
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13. A flywheel increases its speed from 240 r.p.m. to 360 r.p.m. in 
30 sec. and it is to store an extra 6000 ft. lb. of energy in doing so. If 
the radius of gyration of the wheel is 1 ft., what should the weight be? 

14. The coefficient of friction between a shaft and its bearing is 0 04. 
The shaft is 8 in. in diameter and carries a flywheel which weighs 10 
tons. Find the work done during each revolution of the shaft when the 
motion is uniform. 

If the shaft is rotating at 270 r.p.m., find how many revolutions it 
will make before coming to rest if the only retarding force is friction. 
Radius of gyration of flywheel 3 ft. Neglect the inertia of the shaft. 

15. The mass and radius of gyration of a flywheel are respectively 
10 tons and 6 ft. If it is revolving at 120 r.p.m., find how long it would 
take and how many revolutions it would make in coming to rest against 
a retarding torque of 1000 lb. ft. What is its angular momentum at 
120 r.p.m. ? 

16. A drum 2 ft. in diameter and having a radius of gyration of 9 in. 
and weighing 600 lb. is employed to raise a weight of 6 cwt. with an 
upward acceleration of £ ft. per sec. per sec. Find the torque necessary 
on the drum. 

17. Find the maximum torque on the winding drum shaft for a pit 
cage, given the following data : 

* Weight of pit cage and load = 6 tons. 

Depth of shaft = 400 ft. 

Diameter of winding drum = 21 ft. 

Radius of gyration of drum = 7 ft. 6 in. 

Weight of winding drum= 17 J tons. 

Starting acceleration of pit cage= 1*2 ft. per sec. per sec. 

Weight of cable per foot = 3 lb. 

18. A shell weighing 1200 lb. is projected at a velocity of 1800 ft./sec. 
from a gun weighing 36 tons. Find the initial velocity of recoil of the 
gun. Also find the space average of the force necessary to stop the 
recoil of the gun in 30 in. 

19. Derive the formula you use for determining the kinetic energy of 
a moving body. 

Find the kinetic energy of a motor car, which weighs 1 ton, when it 
is travelling at 35 m.p.h. If it is running down a long incline of 1 in 50 
at the above speed and power be suddenly cut off, how far will it travel 
before coming to rest, the resistance to motion being 110 lb.? (U.L.C.I.) 

20. A four-wheeled truck has a total weight of 15 tons. The weight 
of each axle, with its wheels, is \ ton, while the radius of gyration of 
each wheel is 12 in. and the diameter at the tread is 30 in. What is the 
total kinetic energy of the truck when running at 15 m.p.h.? If the 
brakes on each wheel are pressed to the rim with a force of 1200 lb. 
and the coefficient of friction between the rubbing surface is 0-2, find how 
far the truck will travel up an incline of 1 in 840 before coming to rest. 
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21. A 60-pounder shell moving at 1000 ft. per sec. breaks up and a 
fragment weighing $ of the weight of the shell is brought ,to rest. Find 
the momentum of the remainder of the shell. What energy was ex¬ 
pended in the break up ? 

22. A bullet weighing one ounce travelling horizontally at 2000 ft./sec., 
becomes embedded in a stationary block of mass 8 lb. which is free to 
move horizontally. Find the velocity of the block after impact, and 
the ratio of the original kinetic energy of the bullet to the kinetic 
energy of the block and embedded bullet. 

23. Establish the formula connecting the moment of inertia, angular 
acceleration and torque producing it in the case of a rotating body. 

A wheel weighs 1 ton and it has a radius of gyration of 3 ft. ; its 
speed is increased from 90 to 120 r.p.m. in 30 sec. Determine : 

(a) the average angular acceleration in radians per sec. per sec. ; 

(b) the torque required to produce this change ; 

(c) the change in the kinetic energy of the wheel. (U.E.I.) 

24. Show that, when a body is rotating about a fixed axis under the 
action of a constant torque, the work done is the product of the torque 
and the angle turned through in radians. 

The rotor of a turbine weighs 20 tons and has a radius of gyration of 
5 ft. The speed of the rotor is increased from 190 to 215 r.p.m. in 5 sec. 
Determine (1) the torque necessary to produce the change, and (2) the 
change in kinetic energy of the rotor. 

25. A flywheel is subjected to a torque of 600 lb. ft. Find the time 
the flywheel will take to reach a speed of 300 r.p.m. if friction is 
neglected and the radius of gyration and the weight of the shaft and 
wheel are respectively 2-2 ft. and 3 tons. Find the energy of rotation of 
the above wheel at 300 r.p.m. and the number of revolutions it would 
make in coming to rest under a friction torque of 40 lb. ft. 

26. A disc flywheel, 6 ft. in diameter and weighing 2 tons, is keyed 

to a machine shaft. Determine the torque necessary to reduce the 
speed of the shaft from 150 r.p.m. to 90 r.p.m. in 5 sec. How many 
ft. lb. of energy would the wheel give out during the 5 sec. ? (U.L.C.I.) 

27. A flywheel supported on a horizontal axle 2 in. in diameter is 
pulled round by a cord on the axle carrying a weight. It is found that 
a weight of 4 lb. will just overcome the friction. A further weight of 
16 lb. (making 20 lb. in all) is applied, and after 2 sec. from rest, the 
weight has gone 12 ft. Find the moment of inertia of the wheel. 

28. Determine the moment of inertia of a flywheel and its shaft from 
the observations given below. The flywheel is supported in bearings 
with its shaft horizontal and it is rotated by means of a stout thread 
wound round the shaft. This thread carries a weight of 0-21 lb. at its 
free end, and of this weight 0 01 lb. is necessary to overcome the 
friction of the bearing. The weight falls 30 in. in 28-6 sec. Radius of 
shaft 1 in. Weight of flywheel and its shaft 25 lb. 
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29. A projectile stores two million ft. lb. of kinetic energy at 3000 ft. 
per sec. How much kinetic energy is lost if its speed drops to 500 ft. 
per sec.? Find its kinetic energy of rotation if its speed of rotation 
about its axis of flight is 24,000 r.p.m. and the radius of gyration about 
the same axis is 1 in. 

30. Explain what the letters represent in the formula Wv*l2g which 
is used for determining the kinetic energy of the moving body. 

At a certain instant a body weighing 20 lb. has stored in it 360 ft. lb. 
of kinetic energy. Determine the speed with which it is moving and 
also the reduction of speed that takes place when its kinetic energy is 
reduced to 30 ft. lb. (U.E.I.) 

31. A portion of a mechanism is displaced through 40° from its 
position of equilibrium and about a point O. The centre of gravity of 
the mechanism is 16 in. below O. If the weight is 100 lb., find (a) the 
restoring torque ; ( b ) the kinetic energy of rotation after release and 
passing its position of equilibrium. 

32. The axle of a disc 12 in. in diameter rests on two inclined parallel 
rails, the disc being between the rails. The inclination of the rails is 
1 in. in 6 ft. length of rail. Find the velocity of the disc after rolling 
8 ft. along the rails from rest : 

(а) when the axle is J in. diameter ; 

(б) when the axle is 3 in. diameter. 

The radius of gyration of a disc is the radius divided by n/ 2. Neglect 
the moment of inertia of the axle. 

33. Find the weight of flywheel required for a steam engine in which 
it is desired to limit the cyclical variation of speed to 0-6 per cent on 
either side of the mean. The ratio of excess energy during any one stroke 
to the total work done per stroke is 0-28. The engine is designed to 
indicate 480 H.P. at 110 r.p.m., and the radius of gyration of the fly¬ 
wheel is 6-4 ft. 

34. A certain rolling mill requires 400 H.P. during the 10 seconds 
that the billet is passing through the mills. An electric motor whose 
maximum output is 340 H.P., drives the mill, and a flywheel keeps the 
speed between 80 and 72 r.p.m. during the operation. Find : 

(a) the moment of inertia of the flywheel ; 

(b) the weight of the flywheel, in tons, if its radius of gyration is 

9-5 ft. (U.E.I.) 

35. In a single-cylinder double-acting engine the lengths of the crank 

and connecting rod are 10 in. and 45 in. respectively, and the diameter 
of the cylinder is 18 in. Assuming the net steam pressure to be con¬ 
stant throughout the stroke and to be equal to 35 lb. per sq. in., draw 
on a base representing crank angles a diagram of the torque or turning 
moment acting on the crank shaft for a revolution, and from it find the 
value of the maximum torque. (U.E.I.) 



CHAPTER X 


TORSION. HORSE-POWER TRANSMITTED BY A SHAFT. 
DETERMINATION OF SHAFT DIAMETERS. TORSION 
METERS, COUPLINGS, CLOSE-COILED SPRINGS 

Torsion. When a shaft (Fig. 151) is subjected to two equal and 
opposite twisting couples in parallel planes normal to the shaft axis 
and at the ends of the shaft, it is said to be subjected to simple 


Resisting 

Moment 



Fig. 151. 
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torsion. The couples will cause deformation or twisting, which will 
set up resisting shear stresses in the shaft in plane sections normal 
to the shaft axis ; and at any given section the resisting moment 
on the area of the section due to these shear stresses will balance 
and oppose the twisting couples or torque. The stress at any point 
on the cross-section is due to pure shear, and the strain is such that 
all sections perpendicular to the axis except ADFE, the neutral plane 
of torsion, make a small rotatory movement relative to adjacent 
sections. 

Consider a very thin square layer ABCD, where AD lies on the 
cross-section not subjected to stress. When the twisting couples are 
applied, this square becomes ABjCqD, and the shear strain is BBjAB. 
On a length l of shaft, the shear strain will become PQ/Z for all parts 
of the curved surface or, since PQ = R0, where R is the shaft radius 
and 6 the angle in radians which PQ subtends at the centre O, then 
the strain will be R 6/L 

If / is the shear stress at the surface at radius R, then from the 
relationship, 


modulus of rigidity, 


shear stress 
shear strain ’ 


or 


C=f+Rd/l = fl/Rd , 

/ ce 

R~ l * . 


( 1 ) 


Assuming that radial lines remain radial after strain (and this is 
very nearly true), it can be easily understood that the shear stress 
increases in proportion to the radius, being zero along the shaft 
axis. The quantities 6, C and Z are the same for any given cross- 
section subjected to a torque ; hence the stress q at any point on 
the cross-section will be proportional to the radial distance r of 
that point from the shaft centre. Thus, in general, 


r R l 


( 2 ) 


Note that the torque angle is measured in radians. 

Torsional moment of resistance. If the shear stress at radius r is 
q , this shear stress may be considered as acting on an elemental 
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ring (Fig. 152) of thickness 8r at a radius r 
from centre O of the section. If the section 
be considered as made up of a large number 
of such elemental rings each of thickness 8r, 
the total moment of resistance for the 
section can be obtained. The moment of 
resistance of the elemental ring shown 
in Fig. 152 is area x stress x radius, or 
2nr Srqxr, and since, from (2), q=frjR, 
the moment of resistance is 



2tt r 3 / 8 r/R. 

The total moment of resistance over the section is 

where d =TrR*/2, and is called the polar moment of inertia of the 
section about the centre O. 

Thus, since the resisting moment of the shaft will balance the 
applied torque T , 

T=f .J/R .(3) 

Combining (2) and (3), 

T_l_q_Cd 

J~R— r~~ l *. 


( 4 ) 


In the case of hollow shafts, J, the polar moment of inertia, is 
7t(R 4 — r 4 )/2, where R is the outer radius and r the inner radius. 

Obviously, with a hollow shaft and the same weight of material 
per unit length, the outside radius can be much greater than with a 
solid shaft; hence the polar moment of inertia is greater and the 
hollow shaft consequently is stronger than the solid one of the same 
weight per unit length. 

At the greater radius of the hollow shaft, the material is doing 
more work than at the centre of a solid shaft where the material is 
only lightly stressed. 

Example 1. What diameter of shaft would he necessary to transmit a 
torque of 100,000 lb. ft. if the shear stress on a cross-section is not to exceed 
8000 lb. per sq. in.? 

T = 100,000 lb. ft. = 1,200,000 lb. in. f= 8000 lb./in. 2 





248 


ENGINEERING SCIENCE 


Using (3) above, T = JffR = nR z fl2, 

or R* = 2Tlnf= 2,400,000/80007?*, 

22 = 4*57 in. or Dia. = 9*14 in., or say, 9J in. 


Example 2. In the above example calculate the length of shaft (in dia¬ 
meters) if the angle of twist on the length considered is 1°. The modulus 
of rigidity is 12,000,000 lb./in. 2 . 

Using (1), CBll-flRy where 0=1° or 0 0175 radian. 


No. of diameters = = kt = 

ZR If 


12,000,000x0*0175 
2 x 8000 


= 1312. 


Horse-power transmitted by a shaft. The horse-power is given by 
work done per minute divided by 33,000, and 

work done = torque x radians turned through 
= T x 2772^/33,000, 

where N is revolutions of shaft per minute, and T is torque trans¬ 
mitted in lb. ft. 

In this case, T is the mean torque ; but in practice this varies, 
and the maximum and minimum values may be considerably above 
or below the mean torque. Since the maximum shear stress depends 
on the maximum torque transmitted, this maximum must be 
known, or allowed for, in the designing of shafts for a given average 
or mean horse-power. 


Example 1. Calculate the greatest intensity of shear stress due to torsion 
in a shaft 4 in. in diameter transmitting 80 H.P. at 60 r.p.m. if the maxi¬ 
mum torque exceeds the mean by 33 J per cent. Also calculate the maximum 
angle of twist in degrees per foot of length if C = 12,000,000 lb. jin. 2 


J = 7ri? 4 /2 = 7r x 2 4 /2 = 877 in. 4 units 

Horse-power = T x 277-2V733,000. 

Mean torque = 33,000 x H.P./27r2V 

= 33,000 x 80/(2 tt x 60) = 22,000 /tt lb. ft. 
Maximum torque = mean torque x 133J/100= 352,000/77 lb. in. 
Using the relationship TjJ —fJR , 

TR _ 352,000 x 2 

J 7T X Sn 


/=' 


= 8915 lb. in.* 


To find 0, use Odjl-T/J, where 2= 12 in. 

Then, d=TljCJ =352,000 x 12/(12,000,000 x 8 tt 2 ) radians 
= 0*26°. 
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Example 2. Design a shaft to transmit 100 H.P. at 180 r.p.m. if the 
angle of twist is not to exceed 1° in 5 ft. length of shaft. C = 12,000,000 lb. 
per sq. in. 

Using Cdll —T\J, J = TllCd. 

. ™ . T t tR x 3,300,000 x 12 x 60 

2 2n . 180 x 12,000,000 > 0 0175 
T=~ H.P. x 33,000/27riV. P = 1-589 in. 

= 33,000 x 100 x 12/(2ir . 180) lb. in. 

6 = 1° or 0 0175 radian, 

and diameter = 3J in. or 3£ in. 

The design in this case is from the rigidity point of view. 


Example 3. Calculate the necessary size of a solid shaft to transmit 
100 H.P. at 180 r.p.m. if the maximum stress due to torsional shear is not 
to exceed 10,000 lb. per sq. in. Take the maximum torque as being 40 per 
cent, in excess of the mean. 


As above, T — 3,300,000 x 12/(2tt x 180) lb. in. 
Maximum torque = 1*4 x 3,300,000 x 12/(277 x 180) lb. in. 

= 15,400/tt lb. in. 

Using T(J -fjR, J = TP If. 


tt IP _ 
~2~ = 

2? 3 = 


TR 

f 

2 x 15,400 


cyrr, 

or R* = —., 


or R ~ 1-462 in.. 


* x 10,000’ 
or, diameter — 2-924, say 3 in. shaft. 

In this example, the design is from the point of view of maximum 
stress. It may be necessary in practice to check a design for both 
rigidity and maximum stress. 


Example 4. In an experiment to determine the modulus of rigidity of 
mild steel bar 102-5 in. long and 0-497 in. in diameter, the following 
corresponding values of torque and angle of twist were recorded : 

Angle of twist, degrees, 0 3 7 10 14 17-5 21 

Torque, in. lb. - - 0 42-8 85-7 128-6 168-5 214-4 257-3 

Plot a graph of torque against angle of twist, and use the graph to deter - 
mine the modulus of rigidity of the sample of mild steel. 

J 77l? 4 /2 = 77d 4 /32 = 77 (0-497) 4 /32 = 0-005994 in. 4 units. Z= 102-5 in. 
Mean value of slope TjO from graph 

= 220 lb. in./18° = 220 lb. in./0-3l42 radian 
= 700-1 lb. in. 


B.B.C.S. 


I 
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But Ceil = T/J, or G—TljJQ 

= 700*1 x 102*5 lb. in. 2 /(0*005994 in. 4 ) 
= 11,980,000 lb. per sq. in. 

Example 5. Determine the number of bolts necessary in the flanged 
coupling for the solid shaft shown in Fig. 153. In this example take the 
permissible shear stress in the shaft and bolts 
to be f lb. per sq. in. and fj2 lb. per sq. in. 
respectively. 

The desirable number of bolts will be 
such that the combined resisting moment of 
the bolts at the bolt circle will equal the 
moment of resistance of the shaft itself. 

Let r?=no. of bolts required, and d the 
diameter of the bolts. 

Moment of resistance of bolts = n ~ x ^ — nnd 2 Df/16. 



Moment of resistance of shaft = torque on shaft = T 

= JflR from (3) (p. 247) 

-t rIFf/2. 

Thus, t md 2 Df/ 16 - tt7? 3 //2 

and n = 8R 3 /d 2 D. 

Example 6. Compare the weights of hollow and solid shafts of the same 
material and length to transmit the same horse-power at the same speed 
and at the same maximum stress. The internal diameter of the hollow 
shaft is one half of the external diameter. 

What is the horse-power transmitted by a hollow shaft , 12 in. external 
diameter and 8 in. internal diameter , at a speed of 2 10 r.p.m. with a 
maximum stress of 4 tons per sq. in.? (U.E.I.) 

Since the shafts are to transmit the same horse-power at the same 
speed, each shaft must receive the same torque. 

Let r and R be the outside radii of the solid and hollow shaft respec¬ 
tively. 


Solid shaft 
J = nr*l2. 

T J rrT 3 
~rr~ 2 * 


Hollow shaft 

- n (R* - i? 4 /l G)/2 - 15nR 4 /32. 
T 'J lbnR 3 

7 ' 


R 32 

Since the torque and maximum stress are the same for both shafts, 
then Tjf is the same for each, hence 

ttt 3 15t tR* r 3 15 r 

2 ~ 32 ° r R 3 ~16 ° r R 


= 0*9788. 
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Ratio of weights will bo as r 2 : fi2 a =1*277 : 1. 

T = 7rf( 12 4 - 8 4 )/16 x 2 x 6 tons in. 

= 10407r/3 tons in. 

Horse-power = 27rNT/(33,000 x 12) 

2tt 2 x 210 x 1040 x 2240 
3 x 33,000 x 12 

Close-coiled helical springs (cylindrical spiral springs). A spring 
in the form of a closely-coiled helix under axial load can be regarded 
as being subjected to torsion only ; because the shear stress due to 
the axial load is generally very small compared with the shear stress 
due to the torsion of the wire forming the helical spring. 

A closely-coiled spring is shown diagram- 
matically in Fig. 154a, in which d is the diameter 
of the wire, It the mean radius of the coils 
and W the axial load producing a deflection A. 

If n is the number of coils and l the length of 
wire, then 

l — 27rRn very nearly. 

The expression for deflection can best be 
obtained by considering any half coil of the 
spring, which will be practically horizontal in 
a close-coiled spring. Imagine arms fixed to 
the ends of the half coil as EF and GH (Fig. 

154 6), with equal and opposite vertical forces 
W acting at F and G. The half coil will be 
subjected to a torque WR, and if the angle 
of twist is <f> radians the distance between 
F and G, or the deflection, will be R</>. As 
the number of coils is increased, the total 
deflection will be due to the cumulative effect 
of each half coil. Thus for n coils the total deflection will be 
2Rri(f) or A . 

The whole wire has to withstand a torque T of WR lb. in., and 
this torque will produce a total angle of twist at the free end of the 
wire equal to 2n<!> or 6 radians, where 

CQjl^TjJ ; or Q = TljCJ. 
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Thus, 

but 


A=Rd = RTl/CJ ; 

T = WR, J = 7rd*IZ2, 1 = 2 ttRu. 


A = 


fS&nWR? 
Cd 4 


( 5 ) 


Example. Find the deflection of a closely-coiled helical spring made of 
l in. diameter steel wire if there are 20 coils of mean diameter 3 in. and the 
axial load is 25 lb. Take C —modulus of rigidity— 12,000,000 lb. per 
sq. in. Also find the stress in the material due to this axial load. 

A — G4:WR*nlCd* = 64 x 25 x (1J) 3 x 20/(|) 4 . 12. 10 G 
= 2-3 in. 

fl\d — TjJ or f=Td/2J=WRdl2J 
= ]6WR/7rd s 
— 16 x 25 x HMi) 3 
= 12,220 lb./in. 2 


EXERCISES ON CHAPTER X 

1. Derive an expression connecting the torquo applied to a round 

shaft and the maximum shear stress induced. A shaft 8 in. in diameter 
transmits 1400 horse-power at a speed of 160 r.p.m. Determine the 
maximum stress inducod in the shaft. (U.E.l.) 

2. A shaft 8 in. in diameter revolves at 160 r.p.m. Find the horse¬ 

power transmitted by the shaft when it has an angle of twist of 1 degree 
for each length of 20 diameters. The modulus of rigidity of the material 
is 12 million lb. per sq. in. (U.E.l.) 

3. A shaft 5 in. in diameter and 50 ft. long transmits 120 H.P. at 
150 r.p.m. Find the total angle of twist on this length and the maximum 
shear stress in the shaft. 

4. If the shear stress in a 2 in. diameter shaft is 3000 lb. per sq. in., 
find the horse-power transmitted at 60 r.p.m. 

5. In a shaft running at 90 r.p.m. the maximum twisting moment 
exceeds the mean by 50 per cent. If the shaft is 4 in. in diameter and 
is transmitting 70 H.P., find the maximum intensity of torsional shear 
stress. What is the greatest twist in degrees per foot of length if the 
modulus of rigidity of the shaft is 12,500,000 lb. per sq. in.? 

6. Obtain the expression for the polar moment of inertia of a cir¬ 
cular section. 

A solid steel shaft is required to transmit 250 H.P. at 250 r.p.m. 
The maximum twisting moment in each revolution is 25 per cent 
greater than the mean. If the maximum intensity of shearing stress is 
not to exceed 10,000 lb. per sq. in., find the diameter of the shaft. 
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7. A shaft 2 in. in diameter can safely transmit a torque of 1600 
lb. ft. What diameter of shaft made of the same material would be 
required to transmit 60 H.P. at 240 r.p.m. 

8. What diameter of shaft is necessary to transmit 4000 H.P. at 
220 r.p.m. if the angle of twist is not to exceed 1 degree on a length 
of 20 diameters? C= 12,000,000 lb. per sq. in. 

9. A shaft 2 in. in diameter is rotating at 150 r.p.m. The shaft is 
found to twist through an angle of 4| degrees on a length of 45 ft. 
Calculate : 

(а) the torque which the shaft is transmitting in lb. ft. ; 

(б) the horse-power which the shaft is transmitting. 

C — modulus of transverse elasticity = 12,000,000 lb. per sq. in. 

10. A solid circular-section propeller shaft for a ship is 10 in. in diame¬ 
ter and makes 35 r.p.m. The angle of twist over a length of 24 in. is 
measured by a torsion meter and found to be 0-2 degree. If the modulus 
of rigidity is 5500 tons per sq. in., find : 

(a) the maximum shear stress on the shaft; 

( b) the moment of turning or torque on the shaft ; 

(c) the horse-power being transmitted by the shaft. 

11. In a hollow shaft the outside diameter is 1J times the inside 
diameter. Obtain these diameters when the shaft transmits 9000 H.P. 
at 240 r.p.m. if the shear stress is not to exceed 10,000 lb. per sq. in. 

12. Determine the shaft speed in r.p.m. to transmit 200 H.P. if the 
shaft diameter is 3^ in. and the shear stress is not to exceed 10,000 lb. 
per sq. in. 

13. Calculate the maximum torque and the mean horse-power being 
transmitted in the case of a hollow shaft of which the outer diameter 
is 8 in. and the inner 5 in., if the shear stress is not to exceed 8000 lb. 
per sq. in. and the shaft speed is 300 r.p.m. Assume the maximum 
torque to be 25 per cent more than the mean. 

14. Determine the diameter of a solid shaft which transmits 10,000 
kW. at 3000 r.p.m. if the twist is not to exceed 1 degree in 20 diameters 
and the shear stress is not to exceed 7500 lb. per sq. in. Also find the 
mean torque on the shaft. (7 - 12,000,000 lb. per sq. in. 


15. During a torsion test on a steel specimen of diameter 0-22 in. and 
length 30 in. the following observations were made : 


Torque, lb. in. 

0 

0-6 

1-2 

1-8 

2-4 

3 3-0 4-2 4-S 1 ,'.-4 

Anglo of twist 

0 

0-37 

0-75 

M2 

1 

1-5 

1-95 2-3 1 2-7 , 3-Ofl 3-5 

1 1 1 1 


Find the mean ratio of torque to angle of twist in radians and the 
value of the modulus of rigidity for the material. 
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16. In a torsion test on a steel rod 0-219 in. in diameter, the following 
results were obtained. The angle of twist was measured on a length 
of 30 in. 


Angle of twist in 








1 




degrees - 

0 

0-8 

1-6 

2-4 

3-2 

4-0 

4-75 

5-6 

6-4 

7-2 

8-05 

Torque applied 












in lb. in. 

0 

1-2 

2-4 

3-6 

4-8 

6-0 

7-2 

8-4 

9-6 

10-8 

12 


Plot a graph of torque v. angle of twist and determine the modulus 
of rigidity of the material. 


17. The following observations were made during a torsion test on a 
rod of silver steel : 

Diameter of specimen — 0-218 in. 

Distance between gauge points of strain indicator = 30-3 in. 


Torque in lb. 












in. 

0 

T2 

2 4 

3-6 

4-8 

60 

7-2 

8-4 

9-6 

10-8 

12 

Angle of twist 










i 


in degrees - 

0 

0 75 

1-5 

2-25 

31 

3-9 

4-65 

5-4 

6-1 

7 

7-7 


Plot a graph, determine the slope, and find the value of the modulus 
of rigidity, C , of the material. 


18. In an experiment to determine the modulus of rigidity of mild 
steel, a bar 102-5 in. long and 0-497 in. in diameter gave the following 
corresponding values of torque and angle of twist. 


Angle in degrees - 

0 

3 

7 

10 

14 

17-5 

21 

Torque, in lb. in. - 

0 

42-875 

85 f 

128jj 

168J 

214 ! 

257} 


Plot a graph of torque against angle of twist and use it to determine 
the modulus of rigidity of mild steel. 


19. (a) Describe an experiment which shows the relation between the 
deflection of a closely-coiled helical spring, the mean radius of its coils 
and the angle of twist in the material. 

( b ) If a closely-coiled helical spring is made of J in. round steel and 
lias 20 coils of mean radius 3 in., calculate the deflection of the spring 
under a 00 lb. load. 

Modulus of rigidity of steel — 12 million lb. per sq. in. 

20. Wire one quarter of an inch in diameter is used to make a closely- 
coiled helical spring. If the mean diameter is (5 in., what axial pull 
can this spring withstand if the shear stress is not to exceed 12,000 lb. 
per sq. in.? C - 12 million lb./in. 2 
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21. A spiral spring is made from round steel closely coiled in 10 turns 

the outside diameter of which is 5 times that of the rod. If the spring 
is to stretch 0-5 in. under an axial load of 300 lb., find the diameter of 
the rod. The case may be taken as one of pure torsion. (7- 12,000,000 
lb. per sq. in. (U.E.I.) 

22. A shaft and coupling are required to transmit 30 H.P. at 120 

r.p.m. There are four bolts in the coupling and the bolt circle is 8 in. 
diameter. Estimate the working diameters of the shaft and the bolts 
if the working stress in the former is 8000 lb. per sq. in. and in the 
latter 3500 lb. per sq. in. The shaft may be assumed to be subjected 
to pure torsion, and the maximum twisting moment is T4 times the 
mean twisting moment. (U.E.I.) 

23. A closely-coiled helical spring has 10 coils. The spring requires 

a load of 320 lb. to compress it one inch. If the mean coil diameter is 
eight times the diameter of the steel from which the spring is made, 
what is the diameter of the steel? What is the maximum stress in the 
spring when it compresses 2 in.? Modulus of rigidity = 12*5 x 10 6 lb. 
per sq. in. (U.E.I.) 



CHAPTER XI 


CENTRIPETAL ACCELERATION. CONICAL PENDULUM. CEN¬ 
TRIFUGAL GOVERNOR. SIMPLE BALANCING IN ONE 
PLANE. SIMPLE HARMONIC MOTION. RECIPROCAL 
MOTION 

Centripetal force. Imagine a body (Fig. 155) with velocity v to 
be moving in a circular path of radius r. Consider two successive 
positions A and B close together, so that the angle ACB is 80, and also 
suppose that the change of the direction of the velocity has occurred 




in a time 8 1. Then (Fig. 1558) shows the velocity diagram for the 
change, ab being the change in time 8/. 

As A and B (Fig. 155a) are taken close together, the sector ABC 
and the velocity triangle abc tend to become similar figures, and in 
the limit when 80 becomes d0, 

Sv arc AB v 8 1 Sv v 2 

- = —-- or • 

v r r ot r 


But 


Sv 
8 1 


velocity change , 

-7. -A-= acceleration, 

time change 
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Hence the acceleration in the direction ab along a radius is given by 
v 2 /r , and is called the centripetal acceleration. 

If the angular velocity of the body about C is to, then the centri¬ 
petal acceleration may be written co 2 r because v = cor. 

Remembering that force = mass x acceleration, then 

W v 2 W 

centripetal force =-= — to 2 r .(1) 

g r g 

This force acts inwards towards the centre of the circle and is 
necessary for circular motion. Centrifugal force may be regarded as 
the reaction of the centripetal force and acts in the opposite direc¬ 
tion, that is, outwards from the centre. These forces act at the 
centre of gravity of the body. 


Example 1. A train weighing 600 tons is rounding a horizontal curve of 
500 ft. radius at a speed of 30 m.p.h. Calculate the inward or centripetal 
force which must be supplied by the rails to maintain the motion. 
Centrifugal force = Wv 2 /gr. 30 m.p.h. = 44 f./s. 


. 44 ft. 44 ft. /32-2 ft. 

= 600 tons x-- x- /-— x 500 ft. 

sec. sec. / sec. 2 


= 7215 tons. 

In this case the rails are subjected to the reaction or outward pull of 
the tyres of the train wheels or the centrifugal force. 


Example 2. A boy whirls a stone weighing 1 lb. round in a vertical circle 
at the end of a cord 2 ft. 6 in. long at a speed which reaches 60 r.p.m. when 
the stone is in its lowest position. What is the tension in the cord in this 
position? 

Centripetal force necessary = Wwrrjg and to = 2^' 'sec. 

— lx (27t) 2 x 21/32-2 or 3-07 lb. 

Since the tension in the cord must supply the centripetal force plus 
the force of gravity, then 

Tension in cord = 1 lb. )- 3 07 lb. or 4 07 lb. 


Example 3. Jf in Example 2 the velocity of the stone were to be the 
minimum possible for motion in a complete circle , find the velocity of the 
stone and the tension in the string at the highest and lowest points and also 
midway between. 

If the velocity is to be the least possible, then the cord will be just 
slack in the highest position and the weight just supplies the centri¬ 
petal force. Tension in highest position = zero. 




258 


ENGINEERING SCIENCE 


if vr is the velocity in the highest position, 

Wvji 2 lgr=W or v H 2 = gr , 
or vh = 'J32 2 x 2-5 or 8*97 f./s. 

Since no work is done or lost, if friction is neglected, then from the 
Principle of Conservation of Energy the total energy remains the same 
for all positions of the stone. 

Hence the kinetic energy in the lowest position must equal the kinetic 
energy plus the potential energy in the highest position, or if v L is the 
velocity at the lowest point, 

Wv h 2 !2g=: (Wv n 2 /2g) + 5TP, 
or v L 2 = vji :i + lOg or v L = 20 06 f./s. 

Tension in cord in lowest position = TP-} Wvj 2 jgr 

S= 1 + 402-5/2 \g or 6 lb. (or 6IP). 

For the mid-position and using the same energy principle, 

(Wv M 2 /2g) + 2lW=~Wv L 2 j2g=(Wv H 2 /2g) + 5 TP, 
or i'm 2 = vjj* + 5g or v^ — ^llg or 15-54 f./s. 

Tension in cord in mid-position = Wv^/gr 

= 7\g/gr-3lb. (or 3TP). 

Since a centripetal force is necessary when a vehicle is rounding 
a curve, and since this force acts through the centre of gravity, 
which is almost ahvays above the ground-level, the vehicle will 
tend to overturn because this necessary force can usually only 
be applied at ground level. If, however, the track is banked, 
the horizontal component of the reaction of the track supplies 
some, or all, of the inward force required. For example, if a car is 
rounding a curve of radius r and the track is banked to an angle 6 
to the horizontal, then the reaction JR of the track must be normal 
and supply a horizontal component equal to Wv 2 /gr in order that 
the car may be free from any force tending to cause a skid sideways 
at a speed v and mass of car W/g. If the track is insufficiently 
banked for the given speed, then the friction between the tyres and 
the road may prevent side-slip ; but this frictional force cannot 
prevent overturning, as the centripetal force required acts through 
the centre of gravity. 

Determination of correct banking angle. Let Fig. 156 represent a 
vehicle of weight IP symmetrical about a central plane through GC 
perpendicular to the plane of the paper and moving in a circle of 
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Ww 2 r 

g 


w 


Fig. 156. 

radius r, the centre of the circle being to the left of the vehicle. The 
latter moves in a curved track banked at an angle 6 to the hori¬ 
zontal. In the plane of the diagram, through the centre of gravity 
G, the forces acting on the vehicle are gravity, W, and the resultant 
reaction of the track, R. The resultant of W and R must be Woj 2 r/g y 
which is the inward centripetal force necessary for curvilinear 
motion at radius r and angular velocity co radians per second. 

For ideal conditions and the speed for which the banking is 
designed, that is, with no tendency for lateral or side-slip, or side- 
rail pressure in the case of a tracked vehicle, the reaction R should 
act along the line CG normal to AE, and the triangle of forces wall 
then be as in Fig. 1506. This gives the angle between R and W as 
6 , and the correct banking for radius r and speed oj is given by 

tan 0 = Woj 2 rlgW = <x) 2 r/g — v 2 /rg .(2) 

In the general case, R will not act normal to AE, and as it can 
only act through the agency of the reactions of the wheels at A and 
E, it is necessary to study the problem rather more fully. 

Let the normal component reactions at A and E be R A and R E , 
and the tangential components be F A and F E . Then the resultant 
of R a , R e , F a and F E will be equal to R. 

Taking components of the reactions normal to the track and 


along the banking parallel to AE : 

(Wo> 2 r sin 6/g) + W cos 6 =R E + R A , .(3) 

(Woj 2 r cos 6/g) - W sin 8 = F E +F A .(4) 
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Also, since there is no rotation about G, the moments of the 
components about this point must be zero, or if AE = d , 


\{R B -R A )d-(F E +F A )h .(5) 

Eliminating (F E +F A ) from (4) and (5), 

R e -R a =2Wh{(co*r cos 6/g) - si nd}/d .(6) 


Adding (3) and (6) and dividing by 2 will give the value of R E ; 
and subtracting (6) from (3) and dividing by 2 will give R A : 

n Wco 2 r (h cos 6 sin d) f cos 0 h sin 0) /r _. 

{ T-nJ^h-vl. 171 

Ea . {™". +w +*'•;“’}.( 8 ) 

The speed at whicli the vehicle will overturn outwards occurs 
when the wheel A leaves the ground, that is, when R A =0. 
Equating R A in (8) to zero, gives the speed for overturning : 



2 f d cos 6 -f 2h sin 6 ^ 

^ [r (2h cos 0 - d sin 6) j * 

.(9) 

or 

2 ( (d 4- 2 h tan 6) 'l 

^ [r(2h -d tan 6)f 3 

. (10) 


which reduces to w 2 = gd/2rh if there is no banking and 6 is zero. 

Since R is the resultant force acting on the wheels, then GCD is 
the vector triangle, because GD represents R, CG represents (R E + R A ) 
and DC represents (F E +F A ). 

(DC lh) = (F E + F A )!(R E + R A ) .(11) 

If the wheel has no flanged tyres and is not running on rails, there 
will be no lateral or side-slip so long as (F E + F A ) is within the 
limiting value of fi(R E +R A ), where fi is the coefficient of limiting 
friction between tyres and road. 

(Jkeu 2 r cos 6[g) - W sin 6 = (IT cos 6 + W orr sin 6 ! g), 
or to 2 =g(/x + tan 6)/r(l -/x tan 6) .(12) 

This gives the speed when the vehicle is on the point of side-slip. 
By equating the expressions (10) and (12), the condition when the 
vehicle is both about to slip sideways and overturn is obtained. 
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The banking adopted for main roads must be such as to suit both 
the slow-moving, horse-driven, top-heavy hay cart and the high¬ 
speed car. What is safe for the latter may be extremely dangerous 
for the former and vice versa, and a compromise has to be effected. 
One formula commonly used to calculate the value of the super¬ 
elevation or cant at road bends is 

h v 2 
l = 15r' 

where h is the super-elevation, l the horizontal width, v the speed in 
miles per hour and r the radius of the bend in feet. This formula 
attempts to give a balance between centrifugal and gravity accelera¬ 
tions and gives 1T2 in. per foot for a speed of 45 m.p.h. on a bend of 
radius 1200 ft. (see example 1 below). 

In the case of railways it is common practice to give only three- 
quarters or seven-eighths of the super-elevation as calculated theory 
etically, and to make the maximum six inches. In fact, railway 
engineers frequently allow a deficiency of from 2 to 3 in. below the 
permissible elevation without a reduction in maximum speed. They 
find that this can be done without excessive rail wear or discomfort 
or danger to passengers. It is, however, very important that the 
maximum value of the super-elevation should be attained gradually 
and that a transition curve be used between the straight line and the 
bend proper. 

Example 1. It is required to find the elevation of the outer rail above the 
inner if a safe speed of 45 m.p.h. is required and if the radius of the curve 
is 1200 ft. and the rail gauge is 4 ft. 81 in. 

From (2), p. 259, tan 9 — v 2 lrg. y r— 1200 ft., v = 66 f./s. or 45 m.p.h. 
= 66 x 66/1200 x 32-2 
= 01127. 

elevation = 0-1127 x rail gauge approx. = 6-37 in. or, 1-35 in. per foot. 

Example 2. A motor-car of weight 2 tons is approaching a curve of 
radius 100 ft. The distance between the two back wheels is 4\ ft. and the 
height of the centre of gravity 4 ft. from the ground ; the coefficient of 
friction between the wheels and road is 0-3. Find (a) the greatest speed at 
which the corner can be taken without skidding ; (b) neglecting skidding „ 
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the speed at which the road would exert no reaction on the inner wheels . 
The road is horizontal everywhere . (U.E.I.) 

(a) As the road is horizontal, 0 = 0 in Fig. 156. 

Expression (3) becomes R E + R A = W f 

and (4) becomes F E + F A = Wa) 2 r/g. 

Also F E + F A = fi ( R e + R A ) — y W. 

(Wa> 2 r/g) or co 2 —pgjr 

— 0 3 x 32 2/100. 

Thus, oj —0 3109, and v — oir—Zl 09 ft./sec or 21 2 m.p.h. 

(b) When the inner wheel lifts, R A = 0 and 0 = 0 as before. 

^ W Wu>*rh 

Expression (8) becomes R A = -- -^— = 0, 

2 _ qd _ 32 2 x 4 5 
0r w — 2th _ 2x 100 x 4' 

Thus to = 0-4256 and = 42 56 ft /sec. or 29 02 m.p.h. 

Example 3. Obtain a solution to the prei ions example if the road is 
banked to an angle of 10° instead of being horizontal. 

{a) From (3) and (4), 

__ F e + F A _ (TTa> 2 r cos 6/q) - W sin 0 
** R e + R a ~ (Woj-i sin d[g)+ W cos 0 
_ a) 2 r - q tan 0 
(o 2 r tan 0 + g 

2 _pg + gt&nd_ 32 2(0 3 + 0 1763) 

" " “jT+TtanTl? - 100(1-0 3x0 1703)’ 

Thus at = 0 4024 and v- cor — 40 24 ft./sec. or 27 43 m.p.h. 

(5) From (10), a> 2 = 32 2{(4^ 8 tan 10°)/(8 - 4J tan 10°) 100}, 

co = 0 514 and v= cor = 51 4 ft./sec. or 35 04 m.p.h. 

The conical pendulum. A small but heavy ball or piece of 
material A (Fig. 157) revolving in a circle of radius r with angular 
velocity co about C and suspended by a flexible thread OA of negligible 
mass from a fixed position O constitutes what is known as a conical 
pendulum. If small frictional resistances are ignored, the two forces 
keeping the ball moving in a circular path are the tension in the 
thread, T , and the gravitational force, W, respectively. The 
resultant of T and W must act horizontally and radially inwards 
and its magnitude is W(u 2 rlg. 



CONICAL PENDULUM 


263 



From the similarity of the vector triangle abc and the space 
triangle ACO, 


aft T ? 
be W V 
These equations give 


.(13), and 


W 


be h 


.(14) 


W(x) 2 rjg ae r 

h = gl<o\ .(15) 


which gives h as independent of l for a given speed a>, and h as in¬ 
versely proportional to the square of a>. 

Thus, the height h is inversely proportional to the square of the 
angular velocity, and is independent of the length of the pendulum 
at any particular speed. 


Example. Find the angular velocity of a conical pendulum when the 
value of h is (a) 1 in., (b) 2 in. 

(a) co 2 = glh — 32-2 x 12 or 19-66 rad./sec. or 119-6 r.p.m. 

(b) at 2 = gjh = 32-2 x 6 or a>= 13-9 rad. /sec. or 84-5 r.p.m. 

Governors (centrifugal type). The simplest type of centrifugal 
governor is constituted when a conical pendulum operates a sleeve 
at C (Fig. 158) through a link AC. As the sleeve moves to and fro, it 
operates a valve of an engine by means of a series of links. Such a 
governor controls engine speed and power over a much longer 
interval of time than that operated by a flywheel. 
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Fig. 158 shows in outline one half of such a simple governor. If 
the weights of arms and sleeve can be neglected and the ball con¬ 
sidered as a heavy particle rotating at angular velocity <o at radius 
r and height h, then taking moments of the forces acting on the 
arm OA about O and noticing that the reaction of R at O will have 
no moment, the moments of W, T and R about O will equal that of 
their resultant, 

W xOD +T xOB = (Woj 2 rlg) xh .(16) 

When to and r are known, T can be calculated, and then by 
drawing a vector diagram the vector sum of R , W and T must 
equal Waj 2 r/g. Thus, R can be found. 

Example. The spindle of a centrifugal governor as shown in Fig. 158 
runs at 83-9 r.p.m. and each of the two balls weighs 10 lb. If the speed 
increases btj 12] per cent without h and r changing in value , find the value 
of T and the total vertical upward pull on the sleeve at C. Neglect friction 
and assume OA = AC — 4] in., EC = 2 in., r — 4 in., h — 5 in. Neglect the 
mass of the arms and sleeve. 
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Now T = 0 for the values of h and r at speed or 83*9 r.p.m., and 
the value of T is required when h and r remain constant and a) 1 increases 
by 12 J per cent to a> 2 . 

Using expression (16), when T — 0, W(r - 1) = Wajfrhjg, 
or oj^^Sg/20 and ai,*/«!*=( 112J/100)*. 

.*. w 2 2 = 810^/64 = 243^/1280. 

Also, as the arms are equal, tan $= (r - 1 )//*, —0-6, and 
OC = 2 . OA . cos 0 and OB = OC sin 9 = 3-97. 

Using expression (16) when a> 1 becomes <o 2 , h and r being constant, 
W(r — 1) + Tx 3*97 = Wa) 2 2 rh/g, 

30 + 3-97T = 200 x 243/1280, 

T = 2 lb. 

Total upward pull on the sleeve at C = 2 T cos 6 = 4 x 5/^34 

3-43 lb. 

The loaded governor. Since the height of the conical pendulum 
is given by /?=gr/o» 2 , the height becomes too small to be of 
practical use for working of a centri¬ 
fugal governor at comparatively low 
speeds. Referring to the example on 
p. 263, the height is one inch for a speed 
of 119-6 r.p.m. In order to increase h 
and make the governor of practical use 
and available for higher speeds and 
power, the sleeve is loaded with a dead 
weight or a spring. 

In Fig. 159 a vertical downward 
load W 1 is applied at the sleeve. This 
load is equivalent to a vertical com¬ 
ponent WJ2 and a horizontal component 
(W x tan 6)12 at the centre of each ball. 

Consider the forces acting on the link 
OA and take moments about O, 

(WJ2 + W)r + (W 1 h tan 9)/2 = WaArhfg .(17) 

This type of governor is called the Porter governor. 

Example. For the governor of Fig. 159 the dead load W x is 60 lb. and 
weight of each ball is 10 lb., h — 6 in., r — 4 in. and the arms are all equal 
in length. Find the speed of the governor if friction is neglected. 
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Using the expression (17) on p. 265 and noticing that tan 0 — 2/3, 
(60/2 + 10) i + 60 . \ . f 12 = 10 . <o 2 . * . \/g, 
co = 21-23 radians/sec. or 202 75 r.p.m. 

N.B. The speed for an unloaded governor for the given configura¬ 
tion would have been 76-7 r.p.m. 


\*— r —H 


Spring-loaded governors. Various types of spring-loaded governors 
are in common use, and the general principle is shown in the 
Hartnell type (Fig. 160). Two balls of equal weight are held by bell- 
crank levers pivoted at O and P, and the roller ends of these levers 

exert an upward pressure on the sleeve 
with increase of speed against a spring - 
loading on the sleeve. The spring thus 
replaces the central deadweight load in 
the Porter governor, and this spring is 
given an initial compression sufficient to 
maintain the balls at a radius r when 
the engine is running at normal speed. 

The usual problem in this type of 
governor is to find the necessary spring 
stiffness for a given speed fluctuation 
and sleeve movement; or alternatively, 
the speed fluctuation for a given spring 
stiffness and sleeve movement. 



Fig. 160. 


Let W lb. be the weight of each ball, and o> 2 and <o 2 be the engine 
speeds when the radii of the balls are r l and r 2 respectively. If F 1 is 
the force on the sleeve for oq and r v and F 2 is the force on the 
2 , then by taking moments about O, 


sleeve for o> 2 and r 


F 1 Way 1 2 r 1 


and 


2 

F, 


xy 


xx or F x 


2Ww^ 2 r l x 

9 1 ' gy ’ 

Ww 2 r 2 _ 2Ww 2 2 r 2 x 

1 x y = x x or F 9 = ■ ^ 


.(16a) 


9 


gy 


.(166) 


If the movement of the sleeve is h , then 
h = (r 2 -ri)ylx. 

If s is the stiffness of the spring or the force required to compress 
the spring one inch, then 

additional force necessary to displace sleeve by h = hs =F 2 -F 1 
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F 2 -F 1 (Fo-FJx 
° r S ~~h~- (r.-rjy 1 

or, substituting from (16a) and (16fc), 

^_ 2Wx i (u 2 i r a -w 1 li r 1 ) 

f jy l ( r 2~ r i) 


(16c) 

(16 d) 


Example. A governor of the Hartnell type has equal halls of weight 6 lb, 
each y set initially at a radius of 8 in. The arms of the bell-crank lever are 
41 in. vertically and 6 in, horizontally. Find (a) the initial compressive 
force on the spring if the speed for an initial ball radius of 8 in. is 240 
r.p.m. ; (b) the stiffness of the spring required to permit a sleeve movement 
of 015 in, on a fluctuation of 7J per cent in the engine speed . 

(a) oj x — 87 r rad./sec. 

2Ww 1 *r l x 2 x 6 x (8ti-) 2 x 8 x 4| ,„, ll 

Fl = —^T~ = ~ 32-2x6x12- = 117 ' 7 lb ’ 

(b) oj 2 — 1 075co 1 ~ 8-677 rad./sec. h = 015 

h-=(r 2 - r x )ylx— (r 2 - 8 ) 6/4.J, 
or 7*2 = 8 * 113 m. 


2 Wx 2 . 

2.0.41 /(8-6w) 2 .8113-(8t7) 2 .8\ 

_ 32-2.8.015 l 12 J 

= 134-9 lb. per inch. 


Frictional effect in governors. The frictional resistances of the 
various joints of the governor and the gear the governor has to 
operate can be conveniently reduced to a single force F acting at 
the sleeve in a direction opposite to that in which motion is about 
to take place. When the sleeve is rising, F will act downwards ; 
when the sleeve is falling, it will act upwards. If the speed of the 
governor is increasing and h decreasing, the effect will be to alter 
the central load W 1 to W 1 +F ; also, when the sleeve is descending, 
the central load will change to W x - F. 

Sensitiveness of governors. The sensitiveness of a governor is 
measured by the change in the value of li due to a change of speed 
of 1 per cent. 

Effort of a governor. The effort of a governor is the force it is 
capable of exerting at the sleeve for a given percentage change of 
speed. 
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Balancing. When a mass A of weight W (Fig. 161) is attached to 
a straight arm revolving with angular velocity to at radius r about a 
centre O, the arm must exert an inward pull on the mass equal to 
Wco 2 rlg. The reaction will constitute a pull on the axis of rotation 



Fig. 161, 


at O equal and opposite to the pull on the mass, and the direction of 
the pull on the axis will vary continuously as the mass rotates. 
This force on the axis can only be balanced by another mass in the 
same plane of mass \\\ placed diametrically opposite to W and 
revolving at radius r l with the same angular velocity to. 

Thus, W^r^jg must equal Wrco 2 /g, or TF 1 r 1 = Wr. 

This is the condition that there shall be no unbalanced force act¬ 
ing at the axis O. 

A large number of masses A, B, C, etc. (Fig. 162), of weights 
TTj, IT 2 , \V v etc., respectively at distances r v r 2 , r 3> etc., respectively 
from an axis O and r< volvmg in one plane about that axis with 
angular velocity to, can be balanced so that there is no force on the 
axis. 



(a) 


Fig. 162. 
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Suppose W is the weight of the mass at Q, at radius r which will 
balance the masses A, B, C, etc. Since oj 2 jg is common to all the 
forces acting on the axis, these forces due to A, B, C, etc., and Q, 
will be proportional to W x r v W 2 r 2 , W 3 r 3 , etc., and to Wr respec¬ 
tively. All the forces act in the same plane and at the same point 
O, and the problem reduces to finding the relative position, magni¬ 
tude and direction of a force Wr which will constitute the equi- 
librant of forces W x r v W 2 r 2 , W 3 r 3) etc. To find Wr completely, draw 
the polygon of forces as shown in Fig. 162, and the closing line gives 
the equilibrant Wr. If the radius r is chosen, W can be calculated, 
since the product Wr is now known. 

Balancing any number of revolving masses in different planes. 
As in the case of one plane, one condition for the perfect balance of 
revolving masses is 

(1) the algebraic vector sum of the forces represented by W x r v 

W 2 r 2) etc., must be zero. This may be expressed briefly as 
£(Wr)=0. 

When the masses arc not all in the same plane, a further condition 
must be satisfied, namely, 

(2) the resultant of all the couples acting must be zero. 

Expressed otherwise : 

Z{Wrl) =0. 

One rotating mass W x cannot be balanced by another mass W 2 
revolving in another parallel plane distant l from the first, even 
though these masses are diametrically opposite and W 1 r 1 — W 2 r 2 . 
The forces are in equilibrium, but there is an unbalanced couple of 
magnitude Wpj, or W 2 r 2 l. This couple has variable direction as 
the masses rotate, but is constant in magnitude. The couple acts 
in the plane containing the two masses and their axis. 

An unbalanced couple will cause vibratory effects, and is as 
undesirable as an unbalanced force. The magnitude of a couple 
can be represented by the products such as Wrl ; and since couples 
are vector quantities, they can be represented by straight lines, and 
the direction should be along the axis of the couple. It should also 
be noted that because the moment of a couple is the same about 
any point in its plane, the couple can be transferred to any other 
new position in its plane without affecting the result. 
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Example. Four masses A, B, C and D weighing 100, 120, 160 and W lb. 
respectively are rigidly connected to a shaft at radius 18, 15, 24 and 10 in. 
respectively from the axis. The shaft revolves about its axis and the planes 
of revolution are spaced at equal intervals. Find the magnitude of W and 
the relative angular positions of B, C and D to A so that the masses may 
completely balance one another. 

Since the unknown mass is in the plane of D, let this plane be chosen 
as a plane of reference. 



(a) 

Fig. 163. 


Forces Distance 

Loads (lb.) Radii (in.) Products from D(/) Couples 
A 100 18 1800 31 5400 1 

B 120 15 1800 2 1 3200/ 

C 160 24 3840 l 3840/ 

D W 10 10 IF 0 0 

The couples must form a closed triangle or polygon as the case may 
be. Therefore draw a triangle with sides to represent the couples 
5400/, 3200/ and 3840/ as in Fig. 164,«. Here ab represents 5400/ and 
ares are drawn with centres a and b in turn and radii 3200/ and 3840/ 
respectively to determine c. In this way the angles between the masses 
are found. 



Fig. 164. 
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In Fig. 164, (a), ab, ac , be represent to scale the couples due to the 
masses in the planes A, B and C respectively, and these masses are 
shown in the correct relative angular positions in Fig. 163, 6. 

The force diagram can now be drawn, Fig. 164, 6, in which de~ 1800, 
e/= 1800, fg — 3840, representing the masses in A, B and C respectively ; 
de, ef, fg must be drawn respectively parallel to 6a, ac and cb ; gd repre¬ 
sents the necessary balancing force in magnitude and direction. By 
measuring gd to scale and dividing by the radius 10, IT can be calcu¬ 
lated. W — 285 lb., and A, B, C, D must be arranged in their respective 
planes as shown in Fig. 163, 6. 

Simple harmonic motion (S.H.M.). When a particle moves in a 
straight line and its acceleration is always directed towards, and 
varies as the distance from, a fixed point in that line, the particle 
is said to move with simple harmonic motion. This type of motion 
should be thoroughly understood ; it is of fundamental importance, 
because it is the basis of all periodic and vibratory motions. 

Simple harmonic motion may be regarded geometrically as the 
projection of uniform circular 
motion on the diameter of the 
eircle of motion. If the ball 
of a conical pendulum moving 
in a circle be viewed from a 
distance in the plane of the 
ball, the latter appears to 
have an oscillatory motion 
which to the viewer is really 
simple harmonic motion. 

Suppose the pin P to move 
with uniform acceleration oj 2 r 
in a circle of radius OP, Fig. 

165, and the diameter upon 
which the motion is projected as AB. Let Q, be the projected position 
of P at any given instant. Then the acceleration of Q will be the 
component acceleration a> 2 r cos 6 ; that is, the acceleration varies 
directly as the distance r cos 6 from O. Therefore the projected 
point Q has simple harmonic motion along AB. Also th» slotted bar 
PS will move with simple harmonic motion. 
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The distance the particle moves, each side of the mean position O, 
is called the amplitude of the motion and is equal to r. The time 
taken for one complete oscillation from A to B and back to A is called 
the period t of the oscillation, and is equivalent to one complete 
revolution of P, or t ^Stt/co. The time taken for Q, to travel from B 
to Q, that is, 9 x f/27r, is called the phase. 

Very often, when rapid vibrations are concerned in engineering 
work, the frequency coI'Itt is specified instead of the period of oscilla¬ 
tion. 

At any instant the linear velocity of P is tor, and hence the velocity 
of Q is the component velocity of P in the direction QO and is equal 
to cor sin 9. Therefore the velocity of Q, is proportional to the 
distance PQ, so that at A and B the velocities of Q are zero and at O 
the velocity is a maximum and equal to cor. 

Analytical interpretation of S.H.M. The condition for simple har¬ 
monic motion expressed analytically is 



( {-£ = - co 2 x = acceleration. 

dtS 

.(IB) 

Integrating, 

dx 

= - cor sin (cot 4- b) = velocity. 

.(19) 

Integrating, 

x — r cos (cot + b) = displacement. 

.(20) 


In the above expressions r, co and b are constants. 

The amplitude is given when a; is a maximum, that is, when 
cos (cot + b) is a maximum or unity. Therefore, the amplitude of 
the motion is r. 

The periodic time of the oscillation is given when (cot 2 + b) and 
(coti+b) differ by 2-7T. Hence, the periodic time, t 2 -t l , can be 
obtained from 

(cot 2 + b) - (<ot 1 + 6) =277, or t 2 — t 1 = 2 ttI<o .(21) 

It should be noticed that the periodic time is independent of the 
amplitude r. The epoch is denoted by the angle b , because the epoch 
is defined as the initial angle from which the motion of the particle 
is measured. In their simplest forms, the expressions for displace¬ 
ment, velocity and acceleration occur when 6=0, that is, 

dx d 2 x 

— = - c or sin cot and 7 „- = - orr cos cot. 
at dt u 


x = r cos cot , 
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From (18), 


1 displacement 
at 2 acceleration 


Therefore from (21) the period of oscillation 

_ 2tt _ ^ / displacement 

to sj acceleration * 


Example. The maximum velocity of a simple linear harmonic motion 
is 10 ft. I sec. and the velocity at a point 2 ft. from the mid-position is 
6 ft. I sec. Find the amplitude of the motion , the period of oscillation and 
the frequency. 


Maximum velocity = cor = 10 f./s. 

Velocity 2 ft. from mid-position = mr sin 0= 10 sin 0=6. 

0 = sin” 1 0-6 = 36 ; 52'. 


Displacement from mid-position = r cos 0 

= 2 ft. 

Amplitude — r 

= 2/cos 0 or 2-5 ft. 

© 

li 

3 

= 4 rad./sec. 

Period of oscillation = 2 tt/cu 


= 2tt/4 

= 1-57 sec. 

Frequency = oj!2tt 

= 0-687. 


Variable forces producing S.H.M. If W is the weight of the body 
moving with then, since at any given displacement x the 

acceleration is given by - oFx , the force acting at that displacement 
will be given by 

p = Waig = - Wto 2 x/g. 

This expression can be written -ex, if e represents the force 
acting per unit displacement, namely, Wa> 2 /g. 

Springs. Since the straining force acting on a spring is propor¬ 
tional to the extension produced, a load W hanging on the end of a 
spring and vibrating vertically will move with S.H.M., because the 
restoring force or accelerating force causing the load W to return to 
its mean or mid-position is proportional to the extension or dis¬ 
placement and to the acceleration produced. 

Let e be the force acting per unit displacement in this case ; then 
for a displacement x the force acting is ex. The acceleration of W 
if the mass of the spring is neglected is therefore given by ex = Wajg 
or x\a = W/eg. 
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Hence, period of vibration, t , 

_ ^ / displacement 

\/ ai 


■n/ 


acceleration 

~W 

eg . 


.(22) 


Example 1. A helical spring is loaded with a 10 lb. weight and it is 
noticed when the weight is set to vibrate vertically that it makes 50 complete 
oscillations in 20 sec. Calculate the force required to stretch the spring 
1 inch. Ignore the weight of the spring. 

From t — 2W \V/eg, e = Wjgt 2 

= 4vr 2 . 10/g(0-4) 2 “ 70-6 lb. 

= force to extend spring 1 ft. 
required result = 6-38 lb. per inch. 

Example 2. When a load of 1000 lb. is placed at the centre of a light 
beam which is supported at its ends in a horizontal position , the central 
deflection is found to be 1-6 inch. Calculate the period of vibration if the 
load is set vibrating vertically. 

For small deflections, the dofloction is proportional to the load pro¬ 
ducing it ; so the beam can be treated as a spring. 

e— 1000 x 12/1-6 lb. = 7500 lb. per ft. 
t = 2ir^Wjeg = 2ttV 1000/7500(7 = 0 404 sec. 

Reciprocating motion of the slider-crank mechanism. If the ratio 
of the length of the connecting rod l to that of the crank r is large, 
the motion of the piston of a reciprocating engine is approximately 
ft.H.M. 

Consider the mechanism shown in Fig. 166, in which OP is the 
crank of length r, PF the connecting rod of length Z, F the crosshead. 



Fig. 166. 
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As the crank rotates about the crankshaft at O, the crosshead will 
move from D to C, where DC =2r, and back again. When the crank 
has turned through an angle 0 from the position OB, the crosshead 
will have moved to a position distant x from the mean position El. 
If the arc PS be drawn with F as centre, then OS will also equal x. 


x=ED -FD =ED -(OD -OQ-QF) 

= r - (r + 1 -r cos 6 -1 cos (j>) 
— r cos 6-1(1 - cos </>). 


Since PQ, = r sin 6 = l sin <f>, then sin <f> = 


r sin 9 

~TT 


and 


cos 



r 2 sin 2 9 

~J 2 


Expanding the latter expression by means of the Binomial 
Theorem and ignoring all terms after the second, 

. r 2 sin 2 9 
cos <f> = 1-— nearly. 

t 2 sin 2 9 

Thus, x = r cos 9 -—...(23) 

Differentiating, 

dx dx d9 . n d9 r 2 . d9 /CkA 

'"•**-»-** .<“» 

dx / - n r - 

~r t = -a>r[ sin 0 + rtl sin 20 , ii a> = --. 
dt \ 2 1 / at 

Differentiating again, 

/ T COS 99\ 

Acceleration, d 2 x/dt 2 = - a> 2 r (cos 9 +- J~~) . 


It should be noticed that if the piston and crosshead have simple 
harmonic motion, then the acceleration at a distance x from the 
mean position is -1 o 2 r cos 0 ; so that the effect of the obliquity of 
the connecting rod is confined to, and mainly allowed for, in the 
second term of (25). If l is increased to a very large size, then 
obviously the second term ceases to be of any consequence. 

From the expressions (23), (24) and (25) the velocity and accelera¬ 
tion of the piston of a reciprocating engine can be calculated fairly 
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accurately for various points distant x from the mean piston position. 
Using these calculated values, diagrams of displacement, velocity 
and acceleration can be drawn on a time or crank-angle base for 
all positions of the crank. Such diagrams are very useful to the 
engine designer. 

These analytical methods should be contrasted with the graphical 
methods of p. 226. 


Example. The stroke of an engine is 18 in. and its crank shaft is revolv¬ 
ing at 125 r.p.m. Calculate the acceleration of the piston when it has 
moved 4 in. from the end of its stroke if the piston is moving, (a) with 
(b) with reciprocating motion with the connecting rod four times 
as long as the crank. 

w — 2507r/60, or 4-167-rr radians per sec. 

(a) For S.H.M., acceleration— - c o z r cos 9 and cos 9 — (9 - 4)/9 

= -(4167TT) 2 . | . i 
— - 71-4 ft. per sec. per sec. 

(b) Reciprocating motion ; where l — 4r. 

The value of 0 can be found by drawing a scale diagram for the 
position when x - 9-4 - 5 m. Tt can also be found approximately by 
substituting for x , l and r in (23). Employing the latter method, 

. r l sin 2 0 
x — r cos 9 — 9 -— , 


81 sin 2 0 
5 — 9 cos 0-- -— . 

/ z 


Solving this trigonometrical equation, 0=50° 55'. 

( t* cos 2 Q'\ 
cos 0 I -^- J 

- (4 1(>7tt) 2 . 2(cos 50° 55' + } cos 101° 50') 
= - (4-167 t7) 2 . 2(0-6305 -0-2051/4) 

= - 74-42 ft. per sec. per sec. 


Simple angular harmonic oscillations. When the angular dis¬ 
placement of a body is proportional to the torque acting and tending 
to restore the body to its mid-position of oscillation, the motion is 
said to be Simple Angular Harmonic Motion. Suppose a is the angular 
acceleration of a body displaced through an angle </> radians from its 
vertical position of equilibrium, then if I is the moment of inertia 
of the body about its axis of suspension, the necessary torque 
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T — Iajg, where T is the torque necessary for a displacement of 
1 radian. 

#*=/ IgT. 


Period of vibration 


— t = 27r /— 
V ai 


angular displacement = <fr 


angular acceleration = a 

= 2-nJTffT = 2-rrJWWTgT. .(26) 

Here k is the radius of gyration of the body about the axis of 


oscillation. 

Simple pendulum. Consider a concentrated mass of 
weight W suspended from a fixed point O (Pig. 167) by 
a thread of negligible weight and length Z, and slightly 
displaced from its mid-position in the vertical line OA. If 
the angular displacement of the thread is a small angle <£, 
the restoring torque is T = Wl sin <f>, and the angular 
acceleration a is given by 

T = Wk 2 *lg. 

Thus, Wl sin cf> = Wk 2 oc/g. 

Put k = Z, very nearly, and sin $ = cf> nearly if <f> is very 
small. 

Hence, <^/ a = Z/g. 

Therefore, period of vibration, 


KJ 

r 





angular displacement 


angular acceleration 
= 2irs/l/g . 


...(27) 

Compound pendulum. In the case of the simple 
pendulum, the mass is assumed to be very dense 
and concentrated in a small space and the weight 
of the cord is neglected. Many cases occur in 
practical work where neither condition holds and 
the oscillating body is called a compound pendulum. 

Suppose an irregular mass of weight W , Fig. 168, 
oscillates in a vertical plane about an axis at O. 
Let k g and k 0 be the radii of gyration of the mass 


about the centre of gravity 
oscillation respectively. 


and the axis of 
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Then, k 2 = h 2 + k 2 . 

the period of complete oscillation, from (26), 

= 2 'mJWkfjjjT 

= 2nJW{h* + k*)lgT. 

But, T<j> = JFA sin <f>, or T = 1FA if </> is small. 

t = 2nJW(h* + k*)lgWh 
= 2W (/t 2 + fc g 2 ) jgh .(28) 

Comparing the result with the period 1=2-nJljg for a simple 
pendulum, the length l of a simple pendulum to give the same 
period as the compound pendulum is given by 

l = k 0 2 /h or (h 2 + k g 2 )/h .(29) 

In Fig. 168, l =OC —k 0 2 /h, in which OC is on the line OG and C is 
called the centre of oscillation ; and a small particle placed at C with 
arm of negligible weight and length l will have the same period of 
oscillation as the compound pendulum. 
N.B.—GC=k g 2 /l. 

Example 1. A cardboard rectangle oscillates with 
small amplitude about a point O, Fig. 169, in a 
vertical plane. Calculate the period of oscillation and 
check the result by experiment. 

Assuming the cardboard is uniform in mass and 
thickness and therefore the weight proportional to 
the area, the centre of gravity G will lie at the 
geometrical centre of the cardboard. Treating the 
cardboard as an area and ignoring the thickness, 
the polar moment of inertia, 

Iq^Ix + Iy— (4 y 6 3 /12) + (6 x 4 3 /12) — 104 in. 4 units (p. 212). 
Io — I(i -|- Area x (OG) 2 = 104 + (24 x 2 2 ) = 200 in. 4 units (p. 211). 
k 0 2 = 200/Area =200/24 = 8J in. 2 units. 

t = 2n ■'Jicjjgh = 2W8J/32-2 x 12 x 2 

= 0-65 sec. 

N.B. g = 32 2 x 12 in. per sec. per sec. 

When checked by experiment, the time for 15 complete oscillations 
was found to be 9-8 sec. Therefore, the period by experiment - 9-8/15 
= 0-65 sec. 
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Example 2. A uniform circular hoop weighing 1-8 lb. rests with a point 
on its inner circumference on a knife edge. The hoop is allowed to oscillate 
in a vertical plane about its point of support and the period of oscillation 
is 1-38 sec. Find the polar moment of inertia of the hoop about its centre 
of gravity, h — 10 in. = 0-83 ft. 

t — 277 V k^Jgh, or k 0 2 ^ght 2 I^T 2 = 32*2 x 0-83 x 1-38 2 /4tt 2 = 1-295. 

k ff * = ko*-h*=l -295 -0-688 = 0-61 ft. 2 

I G ~ Wk 2 lg- 1*8 x 0 61/32-2 or 0*0339 in engineer’s units. 

Torsional oscillations. Suppose a cylin¬ 
der (Fig. 170) or other solid be firmly 
attached to the free end of a wire fastened 
at O, and the cylinder makes oscillations 
of small amplitude in a horizontal plane 
with the wire twisting and untwisting 
alternately, then the oscillations are called 
torsional because the controlling force is 
the resistance the wire sets up to torsion. 

For an angular displacement <f> of the 
solid about the axisOA, the angle of twist in 
the wire will be , and referring to p. 247, 

(f> = Tl/CI, 

where T r = torque in the wire of 
length Z, 

J — polar moment of inertia of the wire section, 

C — modulus of rigidity of the material of the wire. 

This same torque T will create an angular acceleration a in the 
movement of the cylinder such that 0 L=gT/I, where I is the moment 
of inertia of the cylinder about the axis OA. 

displacement <f> Til II 
acceleration ~ a ~ gTCJ ~ CJg ’ 

period of oscillation = t = 2W. Ilf CJg .(30) 

It is just as important to know the natural period of oscillation 
for shafts as it is for springs and beams. If a revolving propellor 
shaft is subjected to the action of periodic impulsive twisting 
moments coinciding with the natural period for the shaft, then the 
amplitude of any oscillations set up will tend to increase and 
produce undue strain and fracture. 



Fig. 170. 
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Example. In an experiment, a loaded steel wire 24-8 in. long and 0*022 
in. in diameter is loaded with a solid weighing 3*3 lb., the latter having a 
radius of gyration of 1*878 in. about the axis of the wire, and the period of 
torsional oscillation about the axis of the wire is 10*4 sec. Find the modulus 
of rigidity C of the wire. 

t = 2Wll/CJfj or C = infillJ t 2 g. 

ALso / = Wk* = 3-3 x (T878) 2 , J = T T d i l 32 = tt x (0-022) 4 /32. 

Z = 24*8, £=10*4, g~ 32*2 x 12 in./sec. 2 

This gives 0 = 12,000,000 lb./in. 2 

EXERCISES ON CHAPTER XI 

1. Show that the acceleration of a point moving with uniform speed 
in a circle of radius r is ?; 2 /r. 

At what speed can a train run round a curve of 2000 ft. radius without 
having any thrust on the wheel flanges, when the outer rail is laid 
1 \ in. above the inner one, and the gauge is 4 ft. 8J in.? 

2. A motor-ear is rounding a curve on a level uncambered road. 

Show clearly, in a diagram, the forces acting on the car. Denote care¬ 
fully the direction of the forces and describe the forces, for example, 
the weight, etc. You may ignore the propelling and resisting forces in 
the direction of the car’s forward motion. (U.E.l.) 

3. The centre of gravity of the shaft of a rotor of a turbine is found 
to be 0 025 in. eccentric to the longitudinal axis of the shaft. If the 
rotor and shaft weigh 2576 lb. and the rotor is symmetrically placed 
between two bearings, find, for a speed of 3000 r.p.m., the magnitude 
of the maximum vertical force tending to lift the bearing caps. 

Also estimate the bending moment at the central, cross-section of 
each cap due to these vertical forces, if the holding-down bolts for the 
caps are at 4\ in. centres. 

4. A vehicle describes a horizontal circle of 600 ft. radius with a 
velocity of 40 m.p.h. ; find the inward or centripetal acceleration neces¬ 
sary to maintain the motion. Also, if the vehicle runs on rails of gauge 
1 metre, how much higher ought the outer rail to be above the inner 
one? 

5. If the radius of a level railway line is 1000 ft., find the speed 
which causes a locomotive to exert a side thrust on the outer rail equal 
to 1/100 of its own weight. For a speed of 30 m.p.h., and with rails 
which will withsfand the same side thrust, what is the least radius which 
can be safely employed? 

6. Find the necessary elevation for the outer rail if the resultant 
thrust of a train when rounding a curve of 900 ft. radius at 45 m.p.h. 
should be normal to the track. Gauge 4 ft. in. 
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7. In exercise 6 find the height of the centre of gravity if the 
locomotive of the train is not to overturn : 

(a) with the elevation as in this question ; 

(b) if there is no elevation of the outer rail. 

8. Taking /z as 0-3 and the radius of the track as .200 ft., find the 
greatest speed a car can round the curve without sideslip if 

(a) the track is level ; 

( b) if the track is banked at an angle of tan -1 0-2 ; 

(c) if the condition of overturning is reached and the track is banked 

at an angle of tan -1 0-2. Take h = 3 ft., d = 4 ft. 6 in. 

9. A lorry with its load, both symmetrical about a longitudinal 
central plane, weighs altogether 20 tons and is travelling round a curved 
track of 500 ft. radius at 30 m.p.h. Given that the centre of gravity of 
the combined lorry and load is 4 ft. 6 in. above the track and the 
wheels of the lorry on the same axle are 4 ft. apart, find : 

(a) the pressure on each wheel normal to the track when the lorry 

is on the level, and also when the track is banked at an 

angle of 10° if the speed is 30 m.p.h. ; 

(b) the angle of banking to equalise the pressure on the wheels 

normal to the track at the same speed ; 

(c) the speed at which the lorry will overturn at the angle of 

banking calculated in (5). 

10. Find the greatest speed at which a car can turn a corner of 60 ft. 
radius when the coefficient of friction between the tyres and the road is 
0 35 if there is to be no skidding : 

(a) on the level road ; 

(b) if the angle of banking is tan' 1 0-25. 

11. Obtain the formula giving the height of a conical pendulum. If 
the revolving pendulum weighs 10 lb. and the height is 8 in., what is 
its speed in radians per second and r.p.m? If the ball is acted on by a 
vertical downward force of 10 lb. weight, what is its angular velocity 
for the same height? 

12. What is the height of a simple governor, if friction is neglected, 
when the speed is 60 r.p.m. ? 

13. If in question 12 the weight of the balls is 2 lb. each and the 
sleeve carries a load of 12 lb., find the speed of running for the same 
height. 

14. The balls and central load of a loaded governor are respectively 
5 lb. each and 30 lb. At the maximum speed the radius of the ball 
path is 8 in., and at the minimum speed 6 in. Neglecting friction, find 
the extreme speeds when the arms and links are each 10 in. long. 

15. Find the out-of-balance force in tons if a mass of 5152 lb. rotates 
at 3000 r.p.m. at a radius of 0-2 in. 
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16. A railway carriage wheel is found to be out of centre to the 
extent of 3 lb. at 18 in. radius. What will be the amount of hammer 
blow on the rails when running at 60 m.p.h.? Diameter of wheels = 

3 ft. 6 in. 

17. Explain the meaning of centripetal acceleration. 

A disc makes 120 r.p.m. A pin weighing 5 lb. is connected to the 
disc at a radius of 16 in., and a second pin weighing 71 lb. at a radius 
of 20 in. ; the weights are on radii at right angles to each other. Deter¬ 
mine the magnitude of the imbalanced force and also the single mass 
at a radius of 10 in. which will balance the disc. 

18. A flywheel of mass 3600 lb. is found to have its centre of gravity 
0 06 in. out of centre. Determine the dynamic force on the shaft at 
180 r.p.m. and the required balance weight at a radius of 28 in. 

19. Revolving masses of W, 100, 120 and 116 lb. are rigidly connected 
to a shaft at radii 15, 12, 14 and 12 in. respectively. The planes of 
revolution of the masses are at equal intervals apart. Determine W 
and the angular positions of the other masses with respect to W in order 
that the masses may completely balance one another. 

20. Three masses of 10, 15 and 20 lb. are attached to a balanced disc 

at angular distances, measured from the 10 lb. mass, of 0 J , 90 u and 
150° and at radii of 3, 2 and 2\ ft. respectively. Find the resultant 
force on the axis of the disc when it is rotating at 120 r.p.m. Determine 
also tho angular position and magnitude of an additional mass placed 
at a radius of 1 1 ft. which will give running balance. (U.E.I.; 

21. Balanced masses of 20, 15, W and 20 lb. at radii of 9, 12, 16 and 
18 in. respectively revolve in one plane. The angles between the 20 and 
15 and the 15 and W are 90°; find W and the angular positions. 

22. In question 21, if the four masses were in four different planes 
A, B, C and D respectively, find IV and tho angular position relative 
to the first mass for complete balance when B, C and D are respectively 
16, 20 and 28 in. from A. 

23. Obtain the magnitude and position of the balance weights in the 
driving wheels of a locomotive to balance the rotating parts from the 
following data. The latter may be considered as 480 lb. at the centre 
of each crank pin and the crank radius as 10.1 in. The cylinders are 
2 ft. apart and symmetrically placed and the c.g. of the balance weights 

4 ft. 10.1 in. apart, and the balance weights are to bo placed at a radius 
of 2 ft. 9 in. N.B. The angle between the cranks is 90°. 

24. Find the equivalent simple pendulum for a uniform rod 6 ft. long 
oscillating about an axis through one end. 

25. If a platform has a vertical S.H.M. and a travel of 6 in., find its 
shortest period if a weight resting on it has to remain in contact through¬ 
out the travel. 
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26. Find the period of oscillation of a single pendulum 1 metre in 
length. 

27. Explain clearly the meaning of Simple Harmonic Motion, and 
give a few instances where we get this motion approximately. 

A motor-car weighing 2 tons compresses its springs by 2 in. Find 
its period for one complete vertical oscillation, and the number of 
vertical oscillations it would make per second. 

28. A body weighing 100 lb. is oscillating in a horizontal straight 
line with simple harmonic motion. The amplitude of the oscillation is 
4 ft., and the periodic time of a complete oscillation is 10 sec. Neglect¬ 
ing friction, find : 

(a) the maximum force acting on the body ; 

(b) the velocity of the body when it is 1 ft. from the centre of 

oscillation ; 

(c) the time taken to travel 2 ft. from an extreme point of the 

oscillation. (U.E.I.) 

29. Explain briefly what you understand by Simple Harmonic 
Motion. 

A body weighing 20 lb. reciprocates through a distance of 2 ft. with 
a simple harmonic motion, the number of double strokes per minute 
being 120. Draw a diagram of the accelerating forces acting on the 
body for a complete stroke, and mark on the diagram the magnitudes 
and directions of the forces acting at the ends of the strokes. 

30. A wagon compresses its springs by 2 in. Give a formula which 
enables you to determine the period of vibration of the loaded springs, 
and find that period. Describe the experiment and give other examples 
of Simple Harmonic Motion. 

31. A tool head of a slotting machine, assumed to be moving with 
simple harmonic motion, weighs 80 lb. and has a stroke of 0 in. When 
the tool head is 1J in. from its end position, the force driving it is 800 
lb. If there are 60 cutting strokes per minute, find how much of the 
applied force is spent : 

(a) in producing the acceleration of the tool head in this position ; 

(b) in cutting the material and overcoming frictional resistance. 

(U.E.I.) 

32. If an engine makes 180 double strokes per minute and the length 
of the stroke is 16 in., find the acceleration of the piston when it is 
moving towards its mid-position and is 3 in. from that position. 

33. A point moves with S.H.M. with an amplitude of 1 ft. and a period 
of 2 sec. Find the greatest and least values of the velocity and accelera¬ 
tion, and the velocity and acceleration 0-5 sec. after it has left one end 
of its path. 

34. A closely-coiled helical spring is found to be deflected 1 in. for 
each 20 lb. of load. Calculate (a) the number of complete vertical 
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oscillations a load of 40 lb. would make if attached to the end of this 
spring ; ( b) the greatest acceleration to which the load would be sub¬ 
jected for an amplitude of 2 in. 

35. A load weighing 10 lb. is moving with S.H.M. with an amplitude 
of 2 ft. and a period of 3 sec. Draw diagrams to scale to show the dis¬ 
placement, the velocity, the acceleration, the accelerating force and the 
kinetic energy of the load on a time-base. 

36. Use the first diagram of question 35 to plot diagrams of velocity, 
acceleration, accelerating force and kinetic energy of the load on a dis¬ 
placement-base, that is, for all points on its path. 

37. A circular disc 10 in. in diameter oscillates with small amplitude 
in its own plane about an axis perpendicular to its 
plane and 3 in. from its centre. Calculate the period 
of oscillation. 

38. A connecting rod (Fig. 171) with longitudinal 
axis OCP is moved to OP through 10° from its position 
of equilibrium OY. The connecting rod weighs 4 lb. 
and its centre of gravity C is 7 in. from O. If it is set 
free to oscillate in the plane OPY, calculate : 

(a) the torque tending to restore the rod to its 

position of equilibrium ; 

(b) the kinetic energy of rotation of the rod in 

the position OY ; 

(c) the period of oscillation of the rod if the 

radius of gyration about the axis of oscil¬ 
lation through O is 8-5 in. 

39. A uniform bar 1 ft. long weighing 12 lb. is 

suspended in a horizontal position by a vertical wire 
30 in. long fixed at its upper end to a support and at 
its lower end at the c.g. of the bar. The wire is 
0-1 in. in diameter. Find the modulus of rigidity of 
the wire, given that the square of the radius of Fig. 171. 

gyration of a uniform bar about an axis normal to its 

length through its c.g. is Z 2 /12, where l is the length of the rod, if the 
period of torsional vibration about the axis of the wire is 1-94 sec. 

40. Calculate the displacement, velocity and acceleration of the 
piston of a reciprocating engine of 20 in. stroke if the engine speed is 
240 r.p.m. when the piston has moved for 0-02 sec. from its inner dead 
centre. The connecting rod is 40 in. long. What is the acceleration at 
J-stroke from the inner dead centre? 
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HYDRAULICS 

The history of this subject covers a development over several 
thousands of years and there is evidence of irrigation schemes and 
water storage in the early life of Mesopotamia, Egypt and China. 
Lake Moesis, constructed more than 4000 years ago, is larger than 
any modern reservoir and was designed to conserve the flood waters 
of the Nile. The Greeks and Romans certainly knew something of 
aqueducts and the conveyance of water, but this knowledge appears 
to be based more upon experience than upon any scientific research. 

Up to the fifteenth century, no record exists of any further 
advance in the knowledge of Hydraulics, but during this century 
Leonardo da Vinci, an Italian, contributed a remarkable book 
dealing with the motion of water and the measurement of its flow 
through orifices and over weirs. In the seventeenth century, 
Galileo developed the fundamental law for falling bodies , that is, 
he established that the velocity of a body falling under gravity was 

V = j2gh, and he and his pupil Torricelli applied this law to the flow 
of water through an orifice. 

Storage and conveyance of water: pipes, channels, orifices and 
weirs. It is an established fact in the distribution of population 
that large communities gather near great industrial centres where 
the existent water supply is inadequate, and water has to be con¬ 
veyed from areas where the supply is in excess of the demand to 
these regions of dense population. For this purpose water is 
collected in large catchment areas, often far removed from the 
locality where it is required, stored in reservoirs, and conveyed by 
pipe lines, or open channels, to the district where it is to be used. 
Similarly, hydraulic plant is served by pipe lines which convey water 
from a storage reservoir to the place of operation of this plant. 

285 
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For these reasons it is necessary for the hydraulic engineer to 
study the flow of water in pipes and channels, through orifices, and 
over weirs, a study which is linked with the energy possessed by the 
fluid under varying conditions. 

Energy content of a fluid. Water, or any other fluid, may possess 
energy, either due to its position, or to the velocity of its flow ; that 
is, potential energy due to its position, or kinetic energy due to its 
velocity of flow. A fluid may lose one form of energy when this 
energy is changed to the other form, or it may dissipate energy in 
overcoming resistance or in doing work. Such resistance may be 
found in the friction between pipe surfaces and the water flowing in 
the pipe, in bends, channels and in the surfaces over which the 
water has to pass. Similarly, the fluid may have to supply energy in 
order to raise its level against gravity, or to force its way through 
constrictions or other obstacles. 


Pressure head, or equivalent potential energy of water. When a 
quantity of water is situated at a height above 
— a certain level, it is said to possess pressure head 
and is capable of doing work in falling from the 
1-1 higher level to the lower, or reference level, which 

is known as the datum level, Fig. 172. 

> Suppose a quantity of water weighing 100 lb. 

1- * is stored in a tank situated 40 ft. above the 

-1 ground, or datum level. This water would 

possess a potential energy due to its weight and 

Oaum Leuei\_\ _ I height of 100 x 40, or 4000 ft. lb., and would be 

Fig 172 capable of doing this 4000 ft. lb. of work in 

falling from the tank to datum level. 

For convenience, the pressure head of every pound of this water 
is expressed by the height at which it is situated, that is, 40 ft., and 
every pound is capable of performing 40 x 1 ft. lb. of work in falling 
to datum level. In other words, its potential energy is 40 ft. lb. per 
pound of water. 

Velocity head. If water situated at a height is allowed to fall, it 
will give up its potential energy and acquire a certain quantity of 
kinetic energy due to its velocity of fall. Suppose in Fig. 173 a 
quantity of water weighing one pound falls from a height of h feet, 


Fig. 172 
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Fig. 173. 


its potential energy will be converted to kinetic energy and it will 
acquire a velocity of J2gh ft. per sec. at the end of the fall. It 
follows that a kinetic energy due to velocity may be expressed as a 
corresponding pressure head which would produce this velocity. 
Since V =j2gh, the pressure head which would produce this velocity, 

V 2 

V may be expressed as h = and is called the velocity head. 

Example 1. Calculate the velocity head corresponding to a velocity of 
40 ft. per see. 

V = 40 ft. per sec. 

... 

2 g 64-4 

Example 2. Find the velocity of a stream of water which falls from a 
height of 120 ft. What is the velocity head of this water? 

V ~^2gh — V64'4 x 120 = 87*91 ft. per sec. 

The velocity head is the head which produces this velocity, that is, 

120 ft. 

Atmospheric head. Suppose two chambers A and B are connected 
by a pipe (Fig. 174) and that A con- v 
tains water open to the atmosphere. 0pen M|Mnn* ere 
Then if B is exhausted of air, water 

vacuum 

will flow from A into B under the rif Aj-:^ B 

atmospheric pressure in A, if the slight l -~- 

difference in levels in A, and B be 


JjUUlUJ 



Vacuum 

j 

U— B 

1 "J 


Fig. 174. 
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ignored. This atmospheric pressure may be expressed as a pressure 
head obtained as follows : 

^ atmospheric pressure in lb. per sq. ft. _p a 
a weight of 1 cubic ft. of water w ’ 
and the resulting head h a is called the atmospheric head. 


Example. Calculate the atmospheric head due to an atmospheric pressure 
of 15 lb. per sq. in. 

Atmospheric pressure in lb. per sq. ft. = 15 x 144 lb. 

15 x 144 

Atmospheric head =— —r—=34-67 ft., 

O^'u 

where 1 cu. ft. of water weighs 62-3 lb. 


Principle of conservation of energy. It has been shown that 
energy cannot be destroyed, or created, but one form of energy may 
be converted to another form, or energy may be utilised in the per¬ 
formance of work. About the end of the eighteenth century a 
theorem was established by Bernoulli which gave expression to the 
principle of conservation of energy in its application to hydraulics. 

Bernoulli’s theorem. In a steady stream of fluid in which there is 
no loss by friction or other causes , the sum of the atmospheric , pressure 
and velocity heads is constant for all sections of the stream. 

atmospheric head 4 - pressure head + velocity head = constant. 

Thus in Fig. 175, if water is flowing along the pipe from A towards 
B, the sum of the heads at any one section C, D or E is always the 
same. 


A 



Datum Leu el 

Total Head at each point is constant 
Fig. 175. 


Example 1. A pipe line connects two points A and B at levels differing 
by 20 ft. If the water at A is flowing at 1 ft. per sec., calculate the velocity 
of flow at the lower level B, assuming no frictional or other losses. 
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At A : Total head = atmospheric + pressure + velocity heads 

= E <* + 20+^- 2 

w 2g 

= - +20 + fiT2’ 
w 64-4 

p a = atmospheric pressure in lb. per sq. ft. 
w — weight of 1 cu. ft. of water in lb. 


where 


At B : 


Total head =— + 0 + L— , 
w 2g 

— +20 +°+iri • 

w 64-4 w 64*4 

V 2 2 - 1 =20 x 64*4, 

V 2 —35-9 ft. per sec. 


tv 


then 


Example 2. The suction pipe of a pump has its open end in a sump 
situated 10 ft. below pump level. If the pressure in the pump cylinder 
during pumping is 2 lb. per sq. in., calculate the velocity at which the water 
enters the pump , assuming no friction or other losses. Atmospheric 
pressure —14*7 lb. per sq. in. 

Let V be the velocity of entry in ft. per sec., and taking the pump 
level as datum, 


the total head at pump level = 


2 x 144 
62-3 



ft., 


, , 14-7x144 lA _ 

,, „ „ sump level =—-10ft. 

It follows from Bernoulli’s theorem that 


2 x 144 V 2 
62-3 + 2 g 

Y1 

2<7 


14*7 x 144 
62-3 


- 10 , 


12-7 x 144 
62^3 


10 = 19-36, 


V = Vl9 36 x 64-4 —35-31 ft. per sec. 


Example 3. A boiler having an internal gauge pressure of 120 lb. per 
sq. in. is to be supplied with feed water at an injection velocity of 4 ft. per 
sec. by a feed pump situated 3 ft. below the in jection pipe level and having 
an overall efficiency of 72%. Calculate the pressure which will be required 
in the pump cylinder in order to serve this boiler. 


Pressure head = 


120 x144 


ft. 


62-3 
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V 2 16 

Velocity head =— — —— ft. 

J 2 g 64-4 

Head due to difference in level = 3 ft. 
Let h be the pressure head in the pump, 
rr, , 120 x 144 16 _ 

Th6n h = 62-3 *" 64-4 + 3 

= 277-4 + 0-248 + 3 
= 280-65 ft. 

_ • , . 280-65 x62-3 

Pressure equivalent =--- 

144 

= 121-4 lb. per sq. in. 
Allowing for 72% overall efficiency, 


required pressure =- 


x 121-4 


= 168-6 lb. per sq. in. 

Flow of water through nozzles. When a pipe is running full and 

the stream of water is forced through 
a nozzle into the atmosphere (Fig. 
176), the same quantity of water 
must be discharged as is passing 
through the unrestricted pipe. 

Pig 176 In order that this may occur, 

the velocity of discharge must be 
greater than that in the pipe, and since the quantities at inlet and 
outlet are equal, the velocity of discharge will bear a relationship to 
the velocity of flow in the pipe inversely proportional to the ratio 
of the areas. 



Let D ft. be the diameter of the pipe and V ft. per sec. the velocity 
in the pipe. 

ttD 2 

Then quantity Q = ^ x V cu. ft. per sec., a quantity which must 
pass the nozzle. 

If d ft. is the diameter of the nozzle and v ft. per sec. the velocity 



v D 2 . . 

- = - 0 = inverse ratio of areas. 
V 


that is 
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Example. The supply pipe to a nozzle is 4 in. in diameter and water 
flows through it at 5 ft. per sec. Calculate the velocity of discharge if the 
diameter of the nozzle is 2 in. 

Inlet velocity to nozzle —5 ft. per sec. = V. 

area of pipe _ n x 2 2 


Ratio of areas = - 


■ =4. 


area of nozzle 7 t x l 2 
Outlet velocity from nozzle = 4F = 20 ft. per sec. 


Effect of pressure and velocity heads in nozzle discharge. When 

the supply pipe to a nozzle is sloping, or there is pressure and 
velocity head at inlet to the nozzle, the problem becomes an appli¬ 
cation of Bernoulli’s theorem. 


Example 1. A pipe 300 ft. in length and 4 in. in diameter is connected 
at its lower end B to a nozzle 1J in. in diameter which discharges into the 
atmosphere. If the top end of the pipe A is supplied from an open reservoir 
35//. above B, find the velocity of discharge from the nozzle and the quantity 
of water discharged in gallons per minute. What is the pressure head at 
discharge ? 

Total head at A + 35 ; 

w 


v V 2 
„ a tB = -+0+-^; 

where F is the velocity at entry to the nozzle. 
Then applying Bernoulli’s theorem, 

Pa + 35 = P « +0 + V * 


w 


2g’ 


V — n/ 35 x 2g =47-47 ft. per sec. 
The quantity of discharge = F x area 


77 X (2) 2 

= 47-47 x — — cu. ft. per sec. 


Velocity of discharge = F x 


144 

47-47 x 7 r x 4 x 60 x 6-23 

Quantity = 1549 gallons per minute. 

area of pipe 


gallons per min. 


area of nozzle 


(4) 2 64 

= 47 - 47 x (l4 = 47 ' 47x 9- 

Velocity = 337-56 ft. per sec. 
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Since the nozzle discharges into the atmosphere, the pressure 
head at discharge is atmospheric head only. 


Example 2. The pressure gauge immediately before a nozzle registers 
80 lb. j>er sq. in. gauge. The nozzle effects a reduction in pipe diameter 
from 3 inches to If inches and discharges into a condenser having an 
internal pressure of 3 lb. per sq. in. absolute . Calculate the velocity of 
the jet. 

80 x 144 

Pressure head at entrance to nozzle — ———— ft., 


then 


p a 80 x 144 3 x144 F 2 

w + 62-3 ~ “62-F + 2 g ; 


where V would be the velocity of discharge if there were no reduction 
of area. 



11-7 x 144 
62-3 


+ 


80x 1441 
62-3 /’ 


V =V 2 ff { 91 62^ U4 } = 116-9 ft - P er sec - 


Next consider the effect of reduction of area. 

Velocity of discharge - x 

=673 ft. per sec. 


Loss of head due to friction in pipes. The knowledge which at 
present exists on frictional losses in pipes is based upon a long 
period of experimental work, the results of which give certain 
empirical formulae and constants which vary with the condition 
and nature of the pipe concerned. 

The general principles which these experiments have evolved can 
be stated as follows : 

The loss of head due to friction in a pipe is directly proportional to 

(a) wetted surface of the pipe, ( b ) square of the velocity of flow ; 
and inversely proportional to 

(c) area of the cross-section of the pipe at normal speeds of flow. 

It is also found that the loss of head, or energy, depends upon an 
empirical constant, the coefficient of friction, or resistance, associated 
with the particular material and condition of the pipe. 
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The first formula, which is in general use, is 
_ 4flv 2 
2^d ’ 

where h = loss of head due to friction, 

f = coefficient of friction, 
l = length of pipe in ft., 
v —velocity of flow in ft. per sec., 
d = diameter of pipe in ft. 

This formula is consistent with the experimental results obtained 
by investigators. 

The second formula was obtained very early in the researches on 
pipe flow and is known as the “ Chezy ” formula. It is 
v = C>/mi, 

where C = a constant for the pipe, 

v = the velocity of flow in ft. per sec., 
m = the hydraulic mean depth, 
i=the virtual slope. 

The hydraulic mean depth is the name given to the ratio 
cross-sectional area of fluid 
wetted perimeter of the pipe ’ 
and the virtual slope or hydraulic gradient is the ratio 
loss of head due to friction 
length of pipe 

An examination of the second formula in its relation to the first 
^ ves v = C*]mi or v 2 = Chni. 


It will be seen that 
Therefore 

which when related to 


i = j and m = for a full pipe. 

and h.%, 

4 l du i 

, 4 flv 2 . 1 / 

h --M C‘-2g : 
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Summarising the formulae for loss of head due to friction: 

/ \ v, 

<*> W 


and (b) v=C\/mi 

in which, for the purposes of substitution, 



f = 


2g 

C 2 ’ 


The values of / and C depend upon pipe material and conditions, 
and certain representative values are tabulated as follows : 


Particulars of pipe 

Diametor 

Velocity 

1 

C 

/ 

Old cast iron 

12 in. 

6 ft./sec. 

85 

0-0089 

New cast iron - 

99 

99 

112 

0-0051 

Steel (riveted) - 

99 

99 

104 1 

0-0059 

Smooth concrete 

99 


112 

0-0051 


Example dr. Calculate the hydraulic mean depth of (a) a pipe 4 ft. hi 
diameter running full , (b) a rectangular channel 8 Jt. wide, 4 ft. deep , 
running full. 

, x area of fluid cross-section n x 2 2 „ „ 

(a) m =-- - 7—r - = —7 = 1 ft. 

wetted })erimeter n x 4 


(6) m = 


_8_x4_ 

2~4+8 


32 

16 


— 2 ft. 


Example 2. Calculate the hydraulic mean depth of a trapezoidal channel 
4 ft. in depth , &crsc 6 /<£. in width , top 9 /<£. m width , running full. 

Area of fluid section —4 x 1(9 + 6} 

— 30 sq. ft. 

Wetted perimeter — 6 + 2 Vl-5 2 + 4 2 


= 6 + 2n/ 18-25 = 14-54 ft. 


m — 


30 

Ti~54 


— 2*06 ft. 


Example 3. Find the quantity of water discharged from a pipe 5000 ft. 
in length and 16 inches diameter when the difference in level between the 
ends of the pipe is 100 ft. and C in the Chezy formula is 106. 
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m = 


77 x 64 
77 X 16 


= 4 in. or £ ft. 


100 

5000 


0 - 02 . 


v=Cs/mi = 106v^ x0-02 =8-656 ft. per sec. 

Q = 8-656 x - =--3 021 cu. ft. per sec. 

4 


Virtual slope, or hydraulic gradient. When water flows from a 
tank down a uniform pipe (Fig. 177), the velocity of flow will 
be V ft. per sec., a quantity dependent upon the difference in 
level at A andB. If, on the other hand, the velocity of flow is 
controlled so that the full value of V — J2gh is not obtained, there 
will be a pressure head in addition to a velocity head at every point 
in the pipe. 

Suppose the pipe is fitted with piezometer tubes at C, D, E and F 
(Fig. 177), then these tubes will show a water level which is the 
effective pressure head at each point. If the velocity of flow is 
V ft. per sec., there should be a hill in level below free surface level 
of V 2 /2g, the velocity head due to the velocity V. Actually, it is 
found that the levels of water at C, D, E and F do not follow the line 
S, T determined by the velocity head, but there is a fall of pressure 
head due to frictional losses, and the water levels give a line SR, 
known as the virtual slope or hydraulic gradient. 

The head actually available as pressure head at C, D, E and F is 
shown by the shaded height, while the head lost due to friction is 
shown in black. 



Fig. 177. 












296 


ENGINEERING SCIENCE 


Example 1. A pipe 4 ft. in diameter discharges 12,000 gallons per minute. 
If the pipe is 2000 ft. in length and the coefficient of resistance / = 0 0075, 
find the head lost in friction. 

Q — 12,000 gallons per min. = ^^ cu. ft. per sec. 


200 


A 6-23 x V x 2 2 


6*23 

= 2*555 ft. per sec. 


t r v j 4 flv 2 
Loss of head = 

2gd 


4 x 0*0075 x 2000 x (2*555) 2 


64*4 x 4 


= 1*521 ft. 


Example 2. The loss of head resulting from the flow of 10,400,000 gallons 
of water per day of 24 hours through a pipe 1 mile in length and 2 ft. in 
diameter is 12 ft. Calculate the coefficient of resistance. 




10,400,000 
24 x 60 x 60 x 6*23 


cu. ft. per sec. 


Q 10,400,000 

^4 — 24 x 3600 x 6*23 x 7 r x l 2 



or 


»_2 gdh 


= 6-15 ft. per sec. 


' = 4 


64*4x2x12 
x 5280 x (6*15) a 


= 000193. 


Example 3. Find the velocity of flow and the maximum quantity of dis¬ 
charge in gallons per hour from a sewer 15 in. in diameter having a fall of 
one in 1200 , C = 102. 

^ /L25 T~ 

v =CVmt = 102V~r x 1200 


= 1*646 ft. per sec. 

Q = 1-646 x x . ^; 2 . 5) . ? | x 60 x 60 x 6-23 
= 45,300 gallons per hour. 


Example 4. The pressure at the pump end of an accumulator service is 
500 lb. per sq. in. gauge. Calculate the pressure of delivery to the accumu¬ 
lator if the service pipe is 4 in. in dia. and 1000 ft. in length. / = 0*01, 
velocity of flow 3 ft. per sec. 
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500 x144 

At the pump, pressure head =—— =1155 ft. 


t r t- j 4/Zv 2 4 x 0*01 x 1000 x 9 x 12 

Loss of head =~—r=-——;— - 

2gd 64-4x4 

= 16-77 ft. 

Effective head = 1155 - 16-77 = 1138-2 ft. 

_ 1138-2 x62-3 

Pressure =-—-- 

144 

= 492-3 lb. per sq. in. 


Pressure = 


Example 5. During an experiment 70 gallons of water flowed through a 
horizontal pipe } in. dia. in 12-45 minutes , and the measured difference of 
pressure head in a length of 10-4 ft. was 1-95 ft. Determine the coefficient 
of resistance to the flow. (U.L.C.I.) 

_ Q _ 70 x 144 

V ~At~ 6-23 xtt x(0-375) 2 x 747 
= 4-905 ft./sec. 

*=¥£ = 195 . 

2gd 

4/ x iO-4 x (4-905) 2 x 12 
* 9 “ 64-4x0-75 

f = 0-007843. 


Expt. 1. Head lost by friction. 

Objects. To determine the values of f in the friction formula for 
various pipes. 

Apparatus. The apparatus is fastened to a wall and consists of 
three main pipes about 1 in. to 1| in. dia., one of rough cast or 
wrought iron, another of bright solid drawn steel and the third of 
copper (Fig. 178). 

The three pipes are each fitted with piezometer tubes at equal 
lengths approaching 10 feet and independent stop valves. The 
pipes are manifolded at the valve end to a single supply pipe, and 
outlet is through bends at the end of each pipe. 


Method of procedure. The three stop valves are regulated to 
give equal readings at each of the inlet piezometer tubes, that is, 
equal values of h v Then the readings of h 2 for each pipe are taken at 
the outlet piezometer tubes. The loss of head h x -h 2 is calculated 
for each pipe and represents the head lost in friction during the 


passage between the piezometer tubes. 
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formula for loss of head due to friction and the diameter ( d ), length ( l) 
and velocity (v) are constant, then the loss of head (h) is propor¬ 
tional to /, the friction constant for the pipe. 

The absolute value of/may be calculated if the flow over a given 

40 

period is measured, when the velocity of flow will be —, where Q 

is the quantity in cubic feet per sec. and d is the diameter of the 
pipe. Using the value of v so obtained and the measured loss of 


head h x - h 2 in h = 


4 flv 2 


f = 


2gd (/q - h 2 


If the value of / is 


2 gd ’ J 4:lv 2 

obtained for one pipe, that for the others may be calculated directly 
from the loss of head, to which / is proportional. 

Observations and derived results. 


I = length between piezometer tubes = ft. 

d = diameter of pipe in ft. = ft. 

a = area of pipe cross-section in sq. ft. = sq. ft. 


Pipe 

K 

/&2 

h — 

Quan. 

in 

t soc. 

t 

(sec.) 

Q 

(cu. ft. 
per sec.) 

v = 
Q/a 

II 

Cast iron 
Steel 
Copper - 
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Flow through open channels. The treatment of the flow of water 
in channels is similar to that for pipes. The Chezy formula is 
applicable with appropriate constants, and the quantity of flow may 
be deduced from the product of the velocity obtained from this 
formula and the cross-sectional area of the fluid stream. 

Example. Calculate the velocity and quantity of flow for an open channel , 
trapezoidal in shape , 8 ft. wide at the bottom with sides inclined at 45°, if 
the water flows 6 ft. in depth and the slope of the channel is 1 in 300. Take 
C as 75. 

_ area _ 28 x 3 ^ 84 

m wetted perimeter 8+(6 x2) x 1-414 24-97 

= 3-364 ft. 

v—C^mi =75^3-364 x 3 -^ 

= 7-94 ft. per sec. 

Q = 7-94 x 84 x 6-23 x 3600 x 24 
= 359,100,000 gallons per day. 

Effect of sudden enlargement or reduction in pipe diameter. When 
pipe lines are installed, it is customary to avoid, so far as is possible, 
any sudden alteration in diameter of pipe or any rapid change of 
direction of flow. The main reason for this precaution is that any 
such alteration produces a change of velocity with a consequent 
loss of energy. 

Suppose water flows as in 
Fig. 179 from a small to a larger 
section of pipe, and consider 
the sections AA and BB. Let 
the velocity at AA be V ft. per 
sec. and that at BB be v ft. per 
sec. ; then if the change of 

velocity is instantaneous, the loss of head per lb. will be 
(change of velocity) 2 

or h Jlzll 

2g 
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j I 






'8 


Suppose warcer flows as in Fig. 180 
from a large to a smaller section of 
pipe. There will be a change of velo¬ 
city and an enforced constriction due 
to reduction of area, which will be fol¬ 
lowed by a loss of head when the stream 
Fig. ISO. recovers full bore in the smaller pipe. 

Let V be the velocity through the constriction AA, and v be the 
velocity at full bore BB. j Then the loss of head 

2g 

The actual change of velocity can only be determined by experiment, 
and it is general to take the loss of head to be 

0-5v 2 

w 

where v is the velocity at full bore. 

Example 1. Calculate the loss of head due to the sudden enlargement of 
a pipe passing 7000 gallons per hour from 4 inches diameter to 8 inches 


h = - 


diameter. 


V = 


7000 x144 


v = T 


Loss of head = 


6*23 x 3600 xtt x2 2 
4 2 3-577x16 

8 2 ~ 64 

(3-577 - 0-894) 2 _ (2*683) a 


= 3*577 ft. per sec. 
= 0-894 ft. per sec. 


2 g 

0-112 ft. or 1-34 in. 


2 9 


Example 2. A pipe of 14 inches diameter is suddenly reduced to 4 inches 

0 - 5^2 

diameter. Calculate the loss of head , assuming h =——, if the pipe 


discharges 2 cu. ft. per sec . 


2*7 


v = 

Loss of head = 


2 x 144 ^ 

-— =22*92 ft. per sec. 

7T X 2“ 

0-5 x (22-921 2 , 

-k-=4-08 ft. 

2 g 


Measurement of flow of water. The great majority of the re¬ 
searches into the flow of water have taken place during the last 
hundred or so years. During the nineteenth century, the French 
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engineers De Prony, Poncelet and Lesbros, with the German 
Eytelwein, established results which were used for half a century ; 
they were followed by those of Bazin, Francis, Rankin, Thomson, 
Osborne Reynolds and Venturi, upon whose results modem 
practice is based. The orifice (see Fig. 184) was the oldest method 
for measuring water, and the sharp-edged weir was used for the 
flow in open channels. The Vee notch (see Figs. 181 and 186) was 
suggested by Thomson in 1861, and since 1905 has been stan¬ 
dardised for commercial measurement. 

Methods of measurement of fluid flow. Where moderately small 
quantities are involved, it is general to employ notches of either 
triangular or rectangular shape. These notches are set with the 
Vee or rectangular edges at right angles to the line of flow of 
the water, and the quantity passing through the notch can 
be determined. Where large quantities have to be measured, such 
as the flow of streams or rivers, the flow is determined by passing 
the water over a calibrated weir. The incidence of a notch in the 
line of flow introduces a resistance and a coefficient of discharge, 
which is the ratio between the actual flow through the notch and 
the normal flow of the stream to be determined. In the case of a 
triangular notch of 90° angle this coefficient is constant ; whereas 
for a rectangular notch the coefficient has to be determined experi¬ 
mentally for the particular notch. 

Rate of flow through a triangular notch. Consider an elementary 
strip of depth hy situated in the stream at a depth of y ft. (Fig. 181). 

Velocity of flow, v = J2gy . 

Area of strip = 8y x x —A . 
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Since the notch is triangular, 

x h-y 
W~ 


and 




h 9 

(h-y) W 


where h is the full head. 

Quantity passing the elementary strip is Q v 

Then Q x = vA = J2gy x x x By cu. ft. per sec. 

Wj2q r 

Extracting constants, Q 1 = —— {h-Jy - y 3 ' 2 } By. 

n 

Total quantity, Q = f {hJy - ?/ 3 2 } By 

Jo A 

_ JV2g r2/) ?/ 3 ^_ 2 _ 2 ? / 5 '' 2 -| * 
r[ 3 5 Jo 

TFV2? f2A 5 / 2 2A 5 / 2 1 Wj2g f4A 5 ' 2 ) 

A 13 5 J A (. 15 j 


- 1 4 5 Wv'2g . h 3 ' 2 . 


Special case : angle of notch is 90°. 

If the angle is 90°, IF = 2 h, 

and Q -Av'2g . h r>/2 0 r 4-281h 5 / 2 . 

N.B.—This is a theoretical discharge, and in actual practice 
quantity less than this would flow through the notch. 

The coefficient of discharge, K, is defined as the ratio 

actual discharge 
theoretical discharge 

and is a quantity which must be determined by experiment. 
Thus Q -K T - 5 -\/2g . h 5 / 2 for a right angular Vee notch; 

or Q =Ki 4 5 W\/2g . h 3 '' 2 for an ordinary Vee or triangular 

notch. 



FLOW OVER A WEIR 


303 


Example 1. A right-angled V notch is used to measure the flow of water 
into a cooling tank. If the head is maintained at 17 inches and K ~ 0*7, 
calculate the quantity of cooling water in gallons per hour . 

Q=K x^n/2^ . h 6 / 2 cu. ft. per see. 

= 0-7 x j%V2gr. (yl) 5 / 2 = 7-155 cu. ft. per sec. 
or 7-155 x 6-23 x 3600 gallons per hour. 

= 160,400 gallons per hour. 

Example 2. Calculate the head required on a right-angled V notch to pass 
200 gallons of water per minute if K =0 7. 

200 gallons per min. cu. ft. per sec. 

bU x b 16 

= 0-5351. 


Q =0-5351 =0-7 x^n/ 2/7 . /i 5 / 2 , 

7 f 0-5351 x 15 1 2 / 5 „ J 

h = { - = f =0-502 1 

* 0-7 x 8 x n/2{7 ' 


0-502 ft. or 6-02 in. 


Flow of water over a rectangular notch or weir. The quantity of 
water flowing over a rectangular notch is determined by a partially 
empirical formula known as the Francis formula. The application 
of this formula is affected by the number of end contractions deter¬ 
mined by the number of times the stream is contracted by the 
walls of the notch, Fig. 182. 

If water flows along a channel and enters the notch without 
contraction at the ends of the stream, the full width of the notch is 
discharged under a head h (Fig. 183). When the stream is con¬ 
tracted by the sides of the notch as is shown in Fig. 182, the effective 
width to discharge is reduced by the end contractions. Then if N 



J\Jo end contractions One end contraction Two end contractions 

N=0 U-2 


Fig. 182. 
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is the number of end contractions and K is an 
experimentally determined coefficient of dis¬ 
charge, the Francis formula for the quantity of 
flow becomes 

Q=K.hf/2jw-^h}. 

The generally accepted value of K is 3*33, 
and the formula with this value of K is 

Q=3-33h 3 / 2 jw-^hj, 

where Q is the quantity of flow in cu. ft. 'per sec. ; 

h is the head over the sill , or bottom , of the notch in feet ; 

W is the width of the notch in feet ; 

N is the number of end contractions. 

This formula can be applied to a weir, which is the name given 
to a dam placed across a stream of water, over the sill of which the 
water is free to flow with, or without, end contraction of the stream. 
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Fig. 183. 


Example 1. Calculate the flow of water in gallons per hour over a rect¬ 
angular notch having two end contractions and a width of 30 inches. The 
mean head is 7 inches. 


Q 


3-33 h*t 


3-33 


{"'-tW 

an* 


2-5- 


2x7 
10 x 12 


} 


= 3-33 x 0-5833 3 / 2 {2-5 - 0-1167} 

-3-535 cu. ft. per sec. 

= 3-535 x 3600 x 6-23 = 79,300 gallons per hour. 


Example 2. A weir under a head of 2 ft. discharges with two end con¬ 
tractions at a rate of 100,000,000 gallons per day. Find the length of the weir. 
100,000,000 


Q = 


24 x 3600 x 6-23 
185-8=3-33 x2 3 / 2 

185-8 


= 185-8 cu. ft. per sec. 

2x2) 

10 






'saws' 1973 ' 

W — 19-73+0-4 =2013 ft. 
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Example 3. Calculate the head over a rectangular notch sill in order that 
the notch may discharge 100,000 gallons of water per hour . The width of 
the notch is 33 inches and there are no end contractions . 

„ 100,000 , 

Q = 3600T6T3 = 4 ' 469 ° U - ft ‘ Per S6 °- 
Since N = 0, the formula is Q =3-33 Wh 3 / 2 . 

Hence 4-459 = 3-33 x ff/* 3 / 2 . 

( 4-450 \ 2 / 3 

--- ;> ■■■- - ■ ) =0-62 ft. or 7-44 in. 

3-33 x 2-75/ 

Flow through orifices. A full treatment of the flow of water 
through orifices is given in Volume I of Engineering Science , pages 
323-328, and this may be summarised as follows : 

(1) Theoretical velocity of flow through an orifice under a head 
of h ft. =\/2gh ft. per sec. 

(2) Theoretical quantity is A x v^2gh cu. ft. per sec., where A is the 
area of the orifice. 

(3) Actual velocity of flow is \/2gh xC^ ft. per sec., where (\ is the 
coefficient of velocity. 

(4) Actual quantity is A x J2gh x C cu. ft. per sec., where C is the 
coefficient of discharge. 

(5) The stream suffers a contraction of area at the orifice and 

,. ,. area at vena contracta _ . , , . _ 

the ratio -^-= coefficient of contraction, CL. 

area of orifice 

(6) Coefficient of discharge C = coefficient of contraction x coefficient of 
velocity ; that is, 

C=C c xC„. 

Revision examples. 

Example 1. Calculate the discharge from a circular orifice 14 in. in 
diameter under a head of 12 ft. if the coefficient of discharge C =0-62. 

Q =0-62 xAxV cu. ft. per sec. 

= 0-62 x 7T x (A) 2 x sl2g x 12 

— 0-2115 cu. ft. per sec. 
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Example 2. Calculate the head required to produce a flow of 770,000 
gallons per hour through an orifice 2 in. in diameter if C =0-62. 

^ 770,000 

Q — - --- ■■■• cu. ft. per sec. 

v 6-23 x 3600 F 

770,000 


h = {- 
\ 6 - 


6-23 x 3600 

770,000 


0-62\ / 2 gh. 




123 x 3600 x 0-62 x^2g ] 

=47-6 ft. 

Example 3. An orifice 2 in. in diameter discharges 78-4 gallons of water 
per minute under a head of ift. Calculate the coefficient of discharge. 


Area of orifice = sq. ft. =A. 

144 

V~^/2gh= 8-025 x 2 = 16 05 ft. per sec. 
78-4=6-23 x60 xV xAxC 

= 373-8 x 16-05 x^-xC. 

144 

C =0-598. 


Expt. 2. Flow through orifices. 

Objects, (a) To determine the flow of water in cubic feet per 
second through various sharp-edged orifices under constant head. 

(b) To determine the coefficients of discharge , contraction and 
velocity for each of these orifices where practicable. 

Apparatus. A convenient apparatus for this type of experiment 
is shown in Fig. 184. It consists of a deep galvanised tank fitted 
with a supply service to the mains and a ball cock control to main¬ 
tain a constant head. A series of vertical perforated baffle plates 
are fitted to the inside of the tank and these serve to steady the 
water flow to the orifice. Near the base of the tank is a fixture into 
which interchangeable plates can be slid, each of which presents a 
different shape of sharp-edged orifice. The discharge water is 
collected in a suitable tank calibrated in cubic feet or in gallons. 
A plain plate is also provided to close the orifice when required. 

Method of procedure. For each orifice the method of pro¬ 
cedure is somewhat similar, except that it is only practicable to 
obtain the coefficient of contraction for the circular orifice. An 
orifice plate is fitted and water allowed to flow for a certain time, 
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t sec. This water is collected in the measuring tank during discharge 
from the orifice and the quantity discharged measured. The quantity 
Q is then determined from 

n _ total quantity in cu. ft. 
time in sec. 

and is in cubic ft. per second. 


Ball Value 




Diameter at Vena Contracta 


Rectangular Circular Triangular 



Sharp edged Orifices 


Fig. 184. 
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The coefficient of discharge is the ratio between the actual and 
theoretical discharge and this is given by 

^ actual discharge 
area of orifice x J 2gh ’ 

since the theoretical discharge is the theoretical velocity J2gh x area 
of the orifice. 

The coefficient of contraction for the circular orifice can be found 
by carefully callipering the jet at the vena contracta and calculating 
the area of the jet at this point. 

mi _ area at vena contracta 

Then C c =--—--. 

area of orifice 

Since the actual discharge depends upon the actual velocity 
and the area at the vena contracta, C = C c x C v , where C v is the 
coefficient of velocity ; hence 


Observations and derived results. 


Shape of sharp- 
edged orifice 

Head 

/iff. 

Area 

A 

sq. ft. 

Thcor. 

vel. 

V~V2gh 
ft. per sec. 

Time 
t see. 

Act’l 

(plan. 

Qi 

OU. ft. 

Discharge 

cu. ft. /sec. 

Area at 
venaoon- 
traeta 

Cooff. 
of dis¬ 
charge 

C- Q ' 
A V 

CoefT. 
of con¬ 
traction 

/* -O f 

( c-~j 

Cneff. 

of 

vel. 

a 

S C 

Rectangular 
■Circular 
Triangular - 












The values obtained for the coefficients are likely to vary with 
the shape and dimensions of the orifice, and each value obtained is 
relative to the particular conditions under which the discharge 
takes place. 

Expt. 3. Flow through nozzles. 

Objects. To determine the coefficient of discharge through various 
types of nozzles under constant head. 


Method of procedure. The tank shown in Fig. 184 is fitted with 
a nozzfe adapter; and various shapes of nozzles (Fig. 185) can be 
fitted to the tank. The flow is measured into a calibrated tank for 
a certain period and the quantity of discharge for each nozzle de¬ 
termined in cubic ft. per sec. This is compared with the theoretical 
discharge, which is minimum area of nozzle cross-section x J 2gh. 




FLOW THROUGH NOZZLES 


309 



Plain Nozzle, 


Bor da 
Mouthpiece 



Stream-lined 

Mouthpiece 



Extended Taper Nozzle of Fire Engine Type 





r 


Fig. 185. 


The coefficient of discharge is given by 
nozzle. 


actual discharge 
area x v/2gh 


for each 


Observations and derived results. 


Type of nozzle or 
mouthpiece 

Head 

hit. 

Diam. of 
nozzle 

Area of 
nozzle 

Quantity 
cu. ft./sec. 

K 

Actual dis. 

Theor. dis. 

Plain nozzle 

Borda mouthpiece 
Stream-lined 

Fire engine 







Expt. 4. Flow over rectangular and Vee notches. 

Object. To determine the constants in the formulae for the flow of 
water over a rectangular notch and a right-angled Vee notch. 

Apparatus. The apparatus consists of a rectangular trough 
fitted, at its end, with interchangeable notches, rectangular and 
right-angled Vee in shape. These notches are attached to the 
trough by countersunk screws, and if desired the rectangular notch 
can be made to give one or two end contractions. The trough is 
fitted with several perforated baffle plates to maintain a steady head 
and is supplied from a supply tank at such a rate that the water 
receives no appreciable velocity of approach. The discharge nappe 
is led into a calibrated tank and thus the flow in a given period of 
time is measured. 




310 


ENGINEERING SCIENCE 



Method of procedure. Adjust the supply so that water is 
flowing over the sill of the rectangular notch without loss of head, 
and note the head over the sill in inches. Measure the discharge 
into the calibrated tank over a given period and from this deduce 
the quantity Q in cu. ft. per sec. The formula for the flow over such 
a notch without end contractions is Q = Kh? 12 x W, where W is the 
width of the notch in ft. and h is the head in ft. Equate the observed 
value of Q to KK^ 2 x }V, and thence determine the value of K. 
Repeat for other values of head. The head is usually measured by 
means of a hook gauge. 

Replace the rectangular notch by the right-angled Y^ee notch and 
repeat the experiment. Determine the value of K in the formula 
Q = K~x§sJ2gh bl2 for this notch. 

Observations and derived results. 

Rectangular notch : Q^Kh 3 ^ 2 xW cu. ft. per sec. 


Expt. 

Head 

(in.) 

Head 

(ft.) 

w 

(ft.) 

Time 

(sec.) 

Quantity 
(cu. ft.) 

Q 

(cu. ft. 
per sec.) 

K 

1 

2-5 

0-209 






2 

5-0 

0-417 






3 

7-5 

0-626 
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Right-angled Vee notch : Q = 2gh b l 2 cu. ft. per sec. 


Expt. 

Head 

(in.) 

Head 

(ft.) 

Time 

(sec.) 

Quantity 
(cu. ft.) 

Q 

(cu. ft. 
per sec.) 

K 

1 

2-5 

0-209 





2 

50 

0-417 





3 

7-5 

0-626 






Later researches upon measurement of flow. The flow in an 
open channel when measured by a weir, notch, or orifice involves 
the piling up of the stream behind the measuring device, with a 
consequent loss of head. This loss cannot be avoided, as the prin¬ 
ciple involved is one in which the water is assumed to fall fr eely 
under the action of a given head. The fundamental laws, V = J2gh, 
and the Bernoulli theorem, have since been used in two methods 
of measurement known as the Standing Wave and Venturi Flume 
method respectively. These give very little loss of head at the 
device, and the piling up is negligible. In irrigation and sewage 
work the available head is usually small, and the development of 
the flume is the natural result of the difficulties experienced in the 
measurement of flow in these circumstances. 

In essentials the standing wave and Venturi flume is little more 
than a stream-lined constriction in the channel so arranged that 
the water is gently in contact during the passage. Small con¬ 
strictions are used to cause an increase of velocity in the Venturi 
flume, whereas larger constrictions are employed for the same purpose 
in the standing wave flume. In each case the constriction causes 
the lowering of the water surface to be followed by a gradual 
restoration downstream in the case of the Venturi flume, and a 
sudden restoration in the form of a standing wave in the case of 
the standing wave flume. The loss of head in the constriction is 
a measure of the flow of water. This flume offers no resistance to 
floating bodies and is thus particularly suitable for river and sewage 
measurement. The standing wave flume is more popular and only 
one depth need be measured, with one float mechanism for this 
purpose. The rate of flow is proportional to H 3/2 , where H is the 
loss of head. 
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Fig. 187. 


The Venturi meter. This piece of apparatus was invented by an 
Italian, Venturi, and is in very common use for the measurement 
of fluid flow. Its construction, and the principle of operation, is 
treated in Vol. I of Engineering Science , page 322, and may be 
revised as follows : 


Let Q be the discharge in cu. ft. per sec., 

the area of cross-section in sq. ft. at A, 

^3 j ? >» >> >> if ^ 


then 

velocity at A = — ft. per sec., 

a i 

and 

B 

>9 >> D — „ if 99 

a 3 

By Bernoulli’s theorem, since v=— , 

17 a 


Q 2 . , Q 2 , 1 

2grV ' V 2 ga* +h, » 

or 


where 

H —— /q h%. 

Therefore 

%/ 

V a 3 2 c^ 2 


For a particular meter a v a 3 and J 2 g may be regarded as constants, 
and the expression becomes 

Q = constant JK, 

where H is the difference in heads. 

Example 1. The supply main to a hydraulic plant is 16 inches in 
diameter and is fitted with a Venturi meter having a throat diameter of 
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5 inches. If the pressure head at the pipe end is 24 ft. and at the throat 
18 ft., calculate the quantity of flow in gallons per hour . 

a x =1*3956 sq.ft. 


_ _ttx5 2 

— 4 x 144 

Difference in heads =H = 6 ft. 


= 0*1363 


>> 


^ 1-3956 x 0*1363 _ 

" V(l-3956)*-(0-1363)* X 2? X6 

= ™ 3 x 8 025 X 2 4495 
= 2*694 cu. ft. per sec. 

= 2*694 x 3600 x 6*23 = 60,400 gallons per hour. 


Example 2. A Venturi meter has a pipe diameter of 5 ft. and a throat 
diameter of 1*5 ft. The discharge is 700,000 gallons per hour. Calculate 
the difference in heads between pipe line and throat. 

a x =--~ 2 “ - 19*63 sq. ft. 


a 3 = 

Q = 


77 x 2*25 

- 

700,000 


3600 x 6-23 


= 1*767 sq. ft. 

= 31-21 cu. ft. per sec. 


31*21 = 


x 8*025 sjH 


H 


-]===== ^H. 

\fa{* -a 3 2 

19*62 x 1*766 
V(19*62) 2 -(1-766) 2 

,|± 51 J<8 . 02W „. 


Expt. 5. The Venturi meter. 

Objects. To determine the flow of water through a Venturi meter 
and the meter constant. 

Apparatus. A Venturi meter, consisting of a constricted tube 
the major diameter of which is equal to that of the pipe line, is 
fitted into a supply pipe and water allowed to flow through the 

B.B.E.S. T« 
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constriction or throat into a calibrated tank. Piezometer tubes are 
inserted at the inlet and at the throat, and these serve to measure 
the pressure heads at these points. 


Method of procedure. Allow water to flow through the Ven¬ 
turi meter into the calibrated tank for a given period and calculate 
the quantity of flow Q in cubic feet per sec. Measure the piezo¬ 
meter heads at inlet and throat, h x and h 3 respectively, and find the 
loss of head, h x - h 3 , at the throat. Calculate the areas of cross- 


, , . 7tD j 2 - 7tD 2 2 

section a x and a 3 , that is, — — and —~ 


at these points. Apply 


these observations to the formula Q = -- - ? ia3 r >j2qH where H is 

sla^-a£ * ’ 

the loss of head h x -h 3 , and compare this value of Q with the 
observed value measured in the calibrated tank. 

The meter constant will be -^1 _ i J 2 g> an( ^ Q will 

this constant multiplied by JH . ^ a i ~ a z 2 

Observations and derived results. 


Diameter at inlet 

= D X ft. 


Area at inlet 

II 

^ jp 

to 

II 

CD 

II 

►P 

Diameter at throat 

=D 2 ft. 


Area at throat 

ttD* 

4 

sq. ft. =a 3< 
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Total quantity in t sec. = cu. ft. 


Quantity in 1 sec. 
Difference in heads 

Meter constant 

Q = constant x J) 


= Q = cu. ft. 

= h 3 -h 1 — ft. =H. 

= ITT 

= cu. ft. per sec. 


EXERCISES ON CHAPTER XII 

1. Explain the terms pressure head, atmospheric head and velocity 
head. A storage tank is situated 320 ft. above the lowest point of a 
town. State the pressure head possessed by the water in this tank and 
find the velocity of supply to the town if 60% of the theoretical velocity 
is lost in pipe lines and bends. 

2. Water is stored at a height at which the atmospheric pressure is 
13-8 lb. per sq. in.; calculate the atmospheric head. 

3. At what height must a storage tank be situated in order to supply 
water to a low level with a pipe velocity of 18 ft. per second, neglecting 
all losses due to friction and other causes. 

4. State Bernoulli’s theorem and give the units in which each of its 
terms must be expressed. A pipe line 500 ft. in length has an incline of 
1 ft. in every 20 feet of length. If water enters the top end of the pipe 
at 1 ft. per sec., calculate the theoretical velocity (a) at the bottom of 
the pipe, (6) at the mid-point. 

5. A pipe line 100 ft. in length with a slope of 1 ft. per 10 ft. of 
length discharges into a vessel at its lower end in which the pressure is 
maintained at 3 lb. per sq. in. If the supply to the pipe is a tank open 
to the atmosphere, calculate the theoretical velocity at which the water 
enters the low pressure vessel. Atmospheric pressure is 14-7 lb. per 
sq. in. 

6. A pump draws water from an open sump situated 15 ft. below 
pump level. In the process of pumping, the pressure in the pump 
cylinder falls to 1*5 lb. per sq. in.; calculate the theoretical velocity at 
which the water enters the pump. Atmospheric pressure — 14*7 lb. per 
sq. in.. If this pump has to deliver to a height of 120 ft. and its efficiency 
is 80%, calculate the pressure in lb. per sq. in. exerted by the pump 
plunger. 

7. A boiler feed pump has to inject water at a velocity of 5 ft. per 
sec. against a boiler pressure of 100 lb. per sq. in. Find the pressure 
required on the pump plunger if the pump is situated 2 ft. below the 
injection pipe to the boiler and if the pump efficiency is 80%. 
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8 . Water flows from a reservoir which is open to the air to a jet 

which is 15 ft. below the surface of the water in the reservoir. The jet 
issues into a condenser in which the pressure is 4 lb. per sq. in. absolute. 
Find the velocity of the water issuing from the jet. (U.E.I.) 

9. At a section A in a pipe running full of water the diameter of the 
pipe is 2 ft. and the velocity of water is 4 ft. per sec. At another section 
B, which is 30 ft. below the level of A, the diameter of the pipe is 1 ft. 6 in. 
Determine the difference of water pressures at A and B. (U.L.C.I.) 

10. A nozzle at the end of a 3-inch internal diameter water pipe has 

an internal diameter at its open end of 1| inches. When water flowed 
through the pipe a pressure gauge at the entrance to the nozzle regis¬ 
tered a pressure of 75 lb. per sq. in. gauge. Calculate the velocity of 
the water leaving the nozzle and the number of gallons of water issuing 
from the nozzle per minute. (U.L.C.I.) 

11. What do you understand by Bernoulli’s theorem? A pipe AB 

is 250 ft. long and has an inclination with the horizontal of sin -1 £. 
When the pipe is running full the pressure head is 35 ft. at the upper 
end A, where the pipe is 2 ft. in diameter, and the velocity of flow 3*5 ft. 
per sec. Determine the pressure head at the end B, where the pipe has 
been reduced to 1-5 ft. diameter. (U.L.C.I.) 

12. Calculate the discharge in gallons per day from a pipe 10,000 ft. 
in length, 4 ft. in diameter, running full on a slope of 1 in 1000. G = 100. 

13. Find the loss of head due to friction in a pipe 2000 ft. in length, 
1 ft. in diameter, if the velocity of flow is 4-4 ft. per sec. / = 0*0071. 

14. A pipe one mile long, 6 inches in diameter, conveys water flowing 

at 3 ft. per sec. to a reservoir. Assuming/= 0*01, find the frictional loss 
in head along the pipe. What H.P. is lost in forcing the water through 
the pipe. (U.E.I.) 

15. If the value of / in the formula for loss of head due to friction in 
pipes is 0*01, find the head required to deliver 1000 gallons of water per 
minute through a horizontal pipe 2 miles long and 1 ft. in diameter. 

(U.E.I.) 

16. State Bernoulli’s theorem, explaining each term. A pipe, 15 in. 

diameter, connects two reservoirs 3 miles apart. What is the velocity 
of delivery and the discharge in gallons per day when the difference in 
the levels in the reservoirs is 30 ft. ? Assume the coefficient of friction 
to be 0*0075. (U.E.I.) 

17. Find the H.P. required to pump 360 gallons of water per minute 

to a height of 300 ft. through a 6-inch diameter pipe one mile long. 
Coefficient of resistance,/ = 0*007. (U.E.I.) 

18. When a train scoops up water from a trough the water enters a 
pipe 4 in. dia. and is delivered at a point 8 ft. above the entrance. If 
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30% of the head due to the speed of the train is lost, what is the velocity 
of delivery when the train is running at 30 miles per hour? What 
volume of water is delivered if the trough is one mile long? (U.E.I.) 

19. Define the terms “ wetted perimeter ”, “ hydraulic mean depth ”, 
“ hydraulic gradient ” and “ virtual slope ” as applied to the flow of 
liquids through pipes and channels. Calculate the hydraulic mean 
depth and the virtual slope for a channel having a bottom width of 6 ft., 
side slopes of 45° and a length of 2*5 miles, with a difference of level 
between the ends of 88 ft. Depth of water in the channel, 5 ft. (U.E.I.) 

20. Calculate the discharge in gallons per day through a semi-circular 
channel 4 ft. in diameter, with a slope of 1 in 100, running full. Take 
a value C = 74. 

21. Calculate the quantity of water discharged in gallons per hour 
over a right angular V notch under a head of 10 inches. Take K as 0-7. 

22. Find the head required for a flow of 25,000 gallons per day over a 
right angle V notch if K is 0-7. 

23. A right angle V notch is used to measure the discharge of water 

from a machine. If the mean head of the water flowing over the notch 
during a period be 11-4 in. and the coefficient of discharge be 0-622, find 
the number of gallons of water flowing per hour. (U.L.C.I.) 

24. A right angle V notch discharges 1876 gallons per hour with a 
mean head of 3 inches. Calculate the coefficient of discharge. 

25. Find the quantity of water discharged through a rectangular 
notch 22 in. in width, with two end contractions, if the head is main¬ 
tained at 8 in. 

26. A small rectangular notch is to be installed to measure the cooling 
water to a condenser. If the flow is expected to be 20 gallons per 
minute and a head of 1J in. can be used, find the width of the notch, 
assuming no end contractions. 

27. A weir with two end contractions is to discharge 1,000,000 
gallons of water per day under a head of 6 in. Find the length of the 
weir. 

28. Calculate the discharge in gallons per hour from a sharp-edged 
circular orifice 1J in. in diameter under a head of 14 ft. C =0-62. 

29. Find the head required to produce a discharge of 12,000 gallons 
per hour through an orifice 1J in. diameter if C — 0-62. 

30. Find the coefficient of discharge for a sharp-edged circular orifice 
T 7 in. in diameter which discharges 6790 gallons per hour under a head 
of 15 ft. If the coefficient of contraction is 0-87, find the coefficient of 
velocity. 
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31. Calculate the discharge through a Venturi meter if the pipe 
diameter is 12 ft., throat diameter 2 ft., and difference in pressure heads 
at pipe and throat is 7 ft. 

32. A Venturi meter having a throat diameter of 2J in. is fitted to a 

horizontal water main of 6 in. diameter. Find the flow of water through 
the main in gallons per hour when the difference between the pressure 
of the water entering the meter and that at the throat is equivalent to 
a head of 12J ft. (U.L.C.I.) 

33. A pipe is to pass 100,000 gallons of water per hour at a velocity 
of 2 ft. per sec. Calculate the diameter of the pipe. If this pipe is to 
be fitted with a Venturi meter in which the throat diameter is J of the 
diameter of the main, calculate the difference in heads between main 
and throat, and the pressure gauge equivalent to this head in lb. per 
sq. in. 



CHAPTER XIII 


PRESSURE AT A DEPTH, CENTRE OF PRESSURE, DAMS 
AND RETAINING WALLS FOR WATER 

The pressure of water upon an immersed surface depends upon the 
depth of immersion and always acts normal to the surface. Con¬ 
sider the solid shown in Fig. 189 ; the pressure at the points A, B, C, 



Fig. 189. 

D and E depend upon the depths h a , h b , h c , h d and h e respectively, 
and in each case acts at right angles to the surface at the point 
considered. 

The pressure upon a surface is expressed as pounds per sq. ft. on 
the surface, and the resultant pressure upon a given area is known 
as the whole pressure. 

The total force, or whole pressure, upon a horizontal surface 
immersed to a depth of h ft. is equal bo the weight of the super¬ 
imposed fluid (Vol. I, Engineering Science , p. 318) that is 
whole pressure =area x h x w lb., 
where w is the density of the fluid. 

Inclined surfaces. The pressure upon an inclined surface is the 
same as that fbr a horizontal surface of the same area immersed to 
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the depth of the centre of area of the inclined surface, and acts 
normal to the inclined surface. 


Example. Calculate the pressure upon a rectangular surface 4 ft. x 2 ft. 
inclined at 45° to the horizontal and immersed with its top 4 ft. edge parallel 
to the free surface and 20 ft. below it. w — 64 lb. per cu. ft. 

Let y (Fig. 190) be depth of centre of area. 
y =20 + 1 sin 45° 

— 20 +0-7071 =20-7071 ft. 
Pressure = area xy xw 

= 2 x4 x 20*7071 x 64 
= 10,600 lb. 

Centre of pressure. The point in a surface at 
which the resultant fluid pressure acts is known 
as the Centre of Pressure. 

If an immersed surface be regarded as a sur¬ 
face subjected to a series or system of parallel 
forces, then the resultant of these forces acts at a certain point 
which corresponds to the centre of pressure. 

Consider the bar AB shown in Fig. 191, acted upon by the forces 
shown, and pivoted in the free surface at A. 


Free Surface 


20 ft 




Then to find the resultant R and its position y , 

Fx# + Fx2a;-!-Fx3#+Fx4a;=Rxy; 
but, R =sum of the forces. 

sum of the moments of the forces 

• y — - 

sum of the forces 

and y is the equivalent position to that of the centre of pressure. 
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Centre of pressure of a rectangle immersed 
vertically with one edge in the free sur¬ 
face. 


Consider an elementary strip (Fig. 192). 
Area of strip = b x Sy. 

Pressure on strip = by hyw. 


Cd 

Total pressure on area = 1 by hyw 


Free Surface 



Moment of pressure on strip about free 
Total moment of pressure on area 


surface = by 2 Syw . 




bd 3 
3 


w. 


Depth of centre of pressure nioment 

total pressure 

_ bd 3 w 2 2 

3 X bcPw ^ 3 d * 


Free Surface 





t 

y 

h • 

=10ft. 


_ | 



L 

il 




1 

d=4ft. 

J 




<—b-2ft.-+ 



Fig. 193. 


Thus the centre of pressure of a rectangle 
immersed vertically with one edge in the free 
surface is situated at f of its depth. 

Example 1 . Find the position of the centre of 
pressure of a rectangle immersed vertically in a 
fluid so that its centre of area is 10 ft. below the 
free surface. Dimensions of rectangle , 6=2 ft., 
d =4 ft. (Fig. 193). 

Consider an elementary strip. 

Area of strip =2 8y. 

Pressure on strip =2 yhyw 


Total pressure on area = 


fl2 


2 yhyw 



= (144 - 64) w = 80w. 


Note. This is area x depth of centroid x w. 
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Moment of pressure on strip = 2 y hyw x y, 

fl2 

Total moment of pressure = J 2y 2 S yw 



= %w{172$ -512}=810|w. 


Depth of centre of pressure = 


total moment 
total pressure 


810fw 

SOw 


= 10134 ft. 


Example 2. Find the position of the centre of pressure of an equilateral 
triangle of side S immersed vertically in a fluid with its base in the free 
surface (Fig. 194). 

Consider the elementary strip (Fig. 194), 


Free Surface 



then. 


Ss/3 

2 2 y 

S Ss /_3 3’ 

2 


Area of strip 


x=S 


2 y 
V3 



Pressure on strip —w — ^j^jy Sy« 


(a / 2y 2 \ 

Total pressure on strip =w| 0 ySty 
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_S* x3 2x£ 3 x3V3 _S* 
8 " 8 x3V3 ~ 8 ’ 


Moment of pressure on strip =w (jS - 2 / 2 § 2 /. 

fa / 2?y 3 \ 

Total moment of pressure = ^J 0 y^V 2 ~ ^ 3 / ^ 2 /* 

R*/ 3 2i/ 4 l a _ . ^ 

= L~3 4^/3Jo and ’ smce a = ~ 


SsJ 3 
2 * 


$ 4 x 3s/3 2$ 4 x 9 &V3 


24 


Depth of centre of pressure = 


16x4^3 32 

moment of pressure _ M 
pressure P 


Sy3 8 Sy3 a 

Zi “32 _X ^~ 4 


These examples serve to illustrate the method of obtaining the 
centre of pressure of an immersed surface and may now be related 
to the moment of inertia of the area. 

Consider any area (Fig. 195) immersed in a Free Surface 
fluid of density w lb. per cu. ft. to a depth such 
that its centre of area is h ft. below the free 
surface. The pressure on the small shaded area 
is equal to areaxyxw lb., and the moment 
of this pressure is area xy 2 xw about the free 
surface, a quantity which can be identified with 
the moment of inertia or second moment of the p IG 195 . 
area. 

Consequently, Total pressure = sum of pressures on each small 

area, 

and the Total moment = sum of moments of pressures on 

each small area. 


h y 



Depth of centre of pressure = 


Total moment 
Total pressure 


Eay 2 w 

Eayw 


moment of inertia about free surface 


area x depth of centre of area 
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Determination of moment of inertia about a parallel axis. For 

the purposes of the study of hydraulics, it is necessary for the 
student to memorise the value of the moment of inertia of certain 
well-known figures taken about an axis through the centre of area. 
These figures and the value of the moment of inertia I are shown 
on pages 211, 212. 

When one of these areas is immersed below 
the free surface, the moment of inertia has to be 
taken about the free surface, which is generally 
an axis parallel to AA, through the centre of 
area of the figure (Fig. 196). The moment of 
inertia of an area immersed with its centre of 
area y below the free surface is given by the 
following expression (refer to p. 212): 

Ifree surface = laxis through centre of area + Area X y 2 . 


free Surface 



Fig. 196. 


Example 1. Find the moment of inertia of a circular sluice gate 4 ft. in 
diameter immersed vertically with its horizontal diameter 10 ft. below the 
free surface. 


Trd^ 

Moment of inertia =— - + area x 10 2 
54 

TT X 256 7T x 4- 2 


64 


+ —— x100=404tt 

= 1268-56 ft. 4 units. 


Example 2. Find the depth of the centre of pressure of the sluice gate in 
Example 1. 

„ , o moment of inertia 

Depth of centre of pressure =- 


404tt 

it x 2 2 x 10 


area x depth of centre of area 
= 10 1 ft. 


Example 3. A rectangular gate 10 ft. in depth and 4 ft. in width covers 
a vertical sluice situated with its centre of area 22 ft. below the free surface 
of sea water. Find the position of the centre of pressure and the whole, or 
resultant pressure on the gate. 


Depth of centre of pressure = 
bd* 


moment of inertia 
area x depth of centre of area 


l=-j~ +bd x 22 2 = 333*33 4-19360 = 19693*3 ft . 4 units. 
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Area x depth of centre of area =40 x 22 = 880 ft.* units. 

_ 19693-3 

*• ^=^ 80 -= 2238ft - 
Pressure = 10 x 4 x 22 x 64 lb. 

= 56,320 lb. 

Example 4. A gate 4 ft, in diameter is hinged at A and closes the outlet 
of an experimental sea-water tank (Fig. 197). The gate is raised and lowered 
by a chain attached to the eye bolt B ; calculate the force required to raise 
the gate. 



Fig. 197. 


Total load on gate acting at the centre of pressure = W . 

W ~tt x 2 2 x 20 x 64 lb. 

= 16,085 lb. 

To find the position of centre of pressure, consider the plane con¬ 
taining the gate, that is, the plane OAB. 

Then from O the position of the centre of pressure is 
moment of inertia 
area x depth of centre of area * 


that is, 


7T X 256 7T x 16 
64 + T~" X 


f 20 V 
Vein 45°/ 


4tT +47T 


■_x 16 20 

4 X sin 45° 

/ 20 y 

X Vsin 45°/ 


sin 45° 


20 


47T X 


20 


20 sin 45° 


sin 45° 


= 28-31 ft. from O, 
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20 

which is 28-31 -■ . ~~ Q below C on OB =0-035 ft. 
sm 45 

Moments about A, 16085 x 2-035 =P xAF , 
and since AF = 4 sin 75° = 3-8636, 

16085 x 2-035 
3-8636 
= 8468 lb. 

Example 5. A pair of lock gates , each 30 ft. in length , are used to close the 
basin of a dock. Find the total pressure on each gate when the water on 
the flood side is 30 ft. in depth and on the slack side 10 ft. in depth 
(Fig. 198). If each of these gates can be opened by rotating about a pivot 
post at the basin wall , find the turning moment necessary to open each gate 
against the flood water side . 



Pressure on flood side =30 x 30 x 1 5w. 

„ „ slack „ = 10 x 30 x 5w. 

The pressure on the slack side is in opposition to that on the flood 
side. 

Net pressure = pressure on flood side - pressure on slack side 
= w{13,500 - 1,500} = 12,000w 
= 12,000 x 62-3 =747,600 lb. 

This pressure acts on the centre of length of the gate ; therefore the 
turning moment to open the gate 

=net pressure x \ length of gate 

= 747,600 x 15 =11,214,000 lb. ft. =5006-2 tons ft. 

Masonry dams, sea walls and retaining walls for water. The 

storage of water in reservoirs, the restriction of its flow in rivers and 
the prevention of sea encroachment require the installation of 






MASONRY DAMS 


327 


retaining walls, dams or sea walls. These walls are scientifically 
designed to resist the water pressure to which they may be subjected 
and to offer stability to resist the overturning moment due to this 
water pressure. 

The trapezoidal retaining wall. The commonest section which is 
employed for any form of retaining wall, or dam, is a trapezoid, 
a section which supplies an increase of dimensions at the base to 
meet the bending moment due to the water pressure against the 
face. 

Consider a trapezoidal masonry dam as shown in Fig. 199, which 
has a depth of masonry d, maximum and minimum widths w and b 
respectively, and supports water to a depth h on its vertical face. 
The centroid of the section of the dam is at G (see construction, 
Vol. I, Engineering Science , page 190, Fig. 233). 



Fig. 19a 
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Then, for a 1 ft. length of the wall, the force due to the weight 
of masonry is equal to 

F=d{b + w}£xSlb. 

where 8 is the density of the masonry in lb. per cu. ft. 

The pressure due to the water acts at the centre of pressure, that 
is, at a depth %h (p. 321), and is equal to 

P=hxl x|x62-31b. 

At the point x, the intersection of the lines of action of P and F , 
the forces due to the weight of the masonry and the water pressure, 
act. Draw the parallelogram of forces for P and F ; that is, let 
xy represent P and xz represent F, then the diagonal R represents 
the resultant of P and F , the forces acting upon the wall. 

Stability of the wall. The forces acting upon the wall may be 
considered as 

(а) the pressure due to the fluid which is tending to overturn the 
dam, that is, an overturning moment ; 

(б) the weight of the dam, which exerts a righting moment. 

If the line of action of the resultant falls outside the middle third of 
the width of the base , the overturning moment may be in excess of the 
righting moment and the dam will tend to overturn. 

The middle third is the name given to that portion of the base 
between points situated at J and § of its width measured from one 

Example 1. Find the resultant thrust on the 
base of the masonry dam shown in Fig. 200. 
Is the dam stable? Density of material composing 
the dam = 155 lb. per cu. ft. 

Consider 1 ft. length of the dam. 

Weight per ft. length 

= |(5+3) x 15 x 155 = 9300 lb. 

Water pressure per ft. length 

= 12 x 1 x6 x62-3= 4485-6 lb. 

Draw to scale the cross-section of the dam 
and determine the position of the centroid G 
and the centre of pressure of the fluid pressure 
(Fig. 201). 


edge (see Fig. 199). 



Ur 5 ft +1 


Fig. 200. 
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Represent P and F to scale and draw the parallelogram of forces to 
determine the resultant R. Then R is the resultant thrust on the base 
of the dam. To determine the stability, measure the distance of the 
point where the resultant R cuts the base from the edge of the base, and 
if R falls in the middle third, the dam is stable ; if it is outside the 
middle third, it is unstable for the given conditions. 

Answer. Resultant = 10,330 lb. 

Unstable. 

Example 2. Find the resultant load on the foundation of the masonry dam 
shown in Fig. 202, if the masonry weighs 170 lb. per cu. ft. Is the dam 
stable? 

Area of base =6-9 x 3 = 20-7, area of middle =4-8 x 6 =28*8, 

area of top =3 x 3 = 9 sq. ft. Total area = 58-5 sq. ft. 

Weight per ft. of dam = {6-9 x3+4*8x6+3x 3}170 
= 9945 lb. 

Water pressure per ft. = 10*8 x 1 x 5-4 x 62-3 
= 3634 lb. 

For position of centroid (a) take moments about base : 

20-7 x 1-5+28-8 x6 + 9 x 10-5=58-5y. 
y = 5-1 ft. 
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(6) take moments about water face: 

20-7 x 3-45+28-8 x 2-4+9 x 1-5 =58*6 x. 
71-42 4*69*12 + 13-5 = 58-5#. 
i = 2-632 ft. 

Answer. Resultant = 10,590 lb. 

Stable. 



Example 3. Find the value, of the resultant thrust on the base of a reservoir 
wall (Fig. 203), supporting 27 ft. of water. Determine whether this wall is 
stable and the position where the line of action of the resultant thrust cuts 
the base . Density of masonry , 170 lb. per cu. ft. 

In this example the wall presents two sloping batters and the water 
surface receives a total pressure of P passing through its centre of 
pressure, which is at § of its slanting immersed depth measured from the 
free surface. The water pressure is normal to the surface of the wall. 
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Consider a 1 ft. length of the wall. 

cb 

Pressure due to water =P=cb x 1 x — x 62*3. 

2 

cb =tWlO l! + 30 s =0-9 x n/1000 = 28-45 ft. 
P =2.845 x 13-5 x 62-3 =3,928 lb. 

Weight of wall per foot =F = %(24 + 10) x 30 x 170. 

F =86,700 lb. 



Continue the line of action of P to meet that of F and construct the 
parallelogram of forces for P and F . 

Answer : R =97,700 lb. and cuts the base at 9-5 ft. from a ; 
the dam is therefore stable. 

Example 4. Calculate the overturning and righting moment for each of 
the masonry dams in Examples 1, 2, and 3. 


27ft. 
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No. 1. Righting moment is the moment of the weight of the masonry 
taken about the extreme edge of the base = 9300 x 2*958. 

Righting moment = 27,512 lb. ft. 

Overturning moment is the moment of the water pressure taken about 
the extreme edge of the base =4485*6 x 4. 

Overturning moment =17,942 lb. ft. 

No. 2. Righting moment =9945 x 4*268 

= 42,445 lb. ft. 

Overturning moment =3634 x 3*6 
= 13,082 lb. ft. 

No. 3. Righting moment =86,700 x 11 

= 953,700 lb. ft. 

Overturning moment =P x ax 

= 3,928 x 1*7 
= 40,678 lb. ft. 

It may be noted that in cases 2 and 3 the overturning moment 
is considerably less than the righting moment, whereas in case 1 
the overturning moment is much nearer to the righting moment. 
The wall in case 1 is regarded as unstable because the resultant 
thrust falls outside the empirical middle third rule : actually, the 
dam would not overturn because the overturning moment is less 
than the righting moment. The student is advised to test for 
stability on the middle third rule, and thus ensure a margin of 
safety in design. 


EXERCISES ON CHAPTER XIII 

1 . Calculate the total pressure on a steel inspection plate 1 ft. 9 in. 
in width and 10 in. in depth fitted to the vertical side of a storage tank 
so that its top edge is 20 ft. below the level of the water in the tank. 

2. A circular sluice gate is 2 ft. 4 in. in diameter and is situated in 
a sea wall with its centre 14 ft. below sea-level. Calculate the whole 
pressure on the gate. 

3. Find the total pressure on a triangular plate, equilateral in shape, 
of 2 ft. side immersed with its centre of area 20 ft. below the free surface 
of sea water. 
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4. Calculate the total pressure on the base of an oil tank 5 ft. in 
diameter if the oil is 18 ft. in depth and its specific gravity is 0-74. 

5. Find the moment of inertia of a circle 10 in. diam. about an axis 
parallel to its diameter and 30 inches from it. 

6. Calculate the moment of inertia of a triangle 6 in. base, altitude 
8 in., about an axis parallel to the base and 20 in. from it on the opposite 
side to the apex. 

7. Find the position of the centre of pressure of a vertical retaining 
wall 8 ft. in length and supporting water to a depth of 20 ft. 

8 . A circular sluice gate is 4 ft. in diameter and closes a sluice in a 
vertical wall the centre of which is 10 ft. below the free surface. Find 
the position of the centre of pressure. 

9. Find the total load upon, and the position of the centre of pressure 
of, a rectangular slab of concrete forming the side of a pier, if the slab 
is 4 ft. in width and 8 ft. in depth, set with its top edge 25 ft. below 
the free surface of a river. 

10. A vertical rectangular sluice gate is 4 ft. by 2 ft. and is submerged 
with the longer sides horizontal ; the top side being 4 ft. below the 
surface of the water. Find the position of the centre of pressure. 

(U.E.I.) 

11. A lock gate is 20 ft. in length and supports water to a depth of 
10 ft. on the flood side and 5 ft. on the slack side. Find the total load 
on the gate and the position of the point of application of this load. 

12. A pipe 4 ft. diameter is inclined at 45° to the horizontal and its 
highest point is in the free surface of a reservoir. If the pipe is closed 
by a gate hinged at the highest point and blanking the pipe at right 
angles to its axis, calculate the force required to open the gate by means 
of a wire rope attached to the lowest point of the gate and pulling at 
right angles to it. 

13. A circular hatch in the vertical wall of a reservoir is 3 ft. 6 in. 
diameter and its centre is 7 ft. below free surface. This gate is hinged 
at its highest point and can be opened by a chain attached to the lowest 
point to pull at 60° to the vertical. Calculate the pull in the chain in 
order to open the gate. 

14. An oil bath is 8 ft. in length, 4 ft. in width and 6 ft. in depth. It 
is emptied by means of opening a sluice drain in the base which is 
closed by a gate 1 ft. 6 in. in length and 1 ft. in width. If this gate is 
hinged on one of its shorter dimensions and raised by a chain attached 
to the other short edge, calculate the force necessary to raise the gate 
when the chain is vertical if the specific gravity of the oil is 0*78. 
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15. Find the resultant pressure on the base of each of the masonry 
dams shown in Fig. 204. Calculate, in each case, the righting and over¬ 
turning moments and determine the stability on the middle third rule. 
Density of masonry = 170 lb. per cu. ft. 


75ft. 





CHAPTER XIV 


IMPACT OF WATER ON PLATES AND VANES, ROTATING 
MACHINES, WATER WHEELS AND WATER TURBINES 


When water is delivered from a nozzle in the form of a jet, or in a 
directed stream, the water possesses kinetic energy, which may be 
utilised in the performance of work. This is effected in hydraulic 
prime movers, such as water wheels or turbines, by allowing the jet 
to strike a series of vanes and give up some of its kinetic energy to 
perform work on the rotating vanes. In some examples of water 
wheels the rotating force is supplied by the weight of falling water, 
and the student will be able to distinguish in the later descriptions 
of such machines between those operated by the gravitational effect 
of falling water and those worked by the partial destruction of the 
momentum of a jet or stream. 

Impact of water on a stationary flat 
plate. Consider a jet of water deliver¬ 
ing W lb. of water per sec. at a velocity 
of V ft. per sec. (Fig. 205). If this jet 
impinges on a stationary flat plate of 
area a sq. ft., no movement of the plate 
will result and there will be no work 
done, but the jet will lose its momen- Fig. 205. 

turn and exert a force on the plate. 

Loss of momentum = impulsive force ft. lb. sec. units, and 

9 

the force P exerted upon the plate in pounds is 



P = 


S f 


where w is the weight of 1 cu. ft. of water. 
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Reaction 



Fig. 206. 


Action 

WV* 

9 


Reaction of a jet. In order that a jet of water of W lb. per sec. 
may be projected with a velocity F ft. per second, a force of WV/g lb. 
must be applied to the water. It follows, according to the third 
law of motion, that a reaction to this jet must be experienced equal 
to this force and in the opposite direction. 

This reaction is well illustrated by the movement of a gun 
backwards when the projectile is fired, or the 4 4 kick ” of a rifle 
against the shoulder of a rifleman when the rifle is fired. If a nozzle 
(Fig. 206) be securely attached to a carriage, free to move, and a jet 
of water is ejected from the nozzle, the carriage moves backwards 
under a force equal to the projecting force on the jet, and the 
momentum of the carriage and that of the water are equal. A 
simple example is the rotating spraying device used for watering 
lawns. The jet propulsion unit of an aeroplane is another example, 
but with hot gases as the working fluid. 

Effect of allowing the plate to move in the direction of the velocity 
of the jet. Suppose the plate (Fig. 205) has a velocity of F x ft. per 
sec. in the direction of the velocity of the jet, then the whole of the 
momentum of the jet is not destroyed but there is a residual 
momentum of WVJg in the direction of motion. 

Thus force P = loss of momentum per second 

g 


If a is the area of cross-section of jet in sq. ft. and w is the density 
of water in lb. per cu. ft., the weight of water delivered per sec. 

= TFlb. =aw(V - Fi), 
t> aw(V -V,) 2 


and 


g 


lb. 


Now since the plate is moving at F x ft. per sec., the work done 
per second 





EFFICIENCY OF A JET 


337 


and the 


PV X awOT-V^Vj 


Efficiency for the impact of a jet on a moving vane. The efficiency 
computed for any performance is the ratio of 


work output 
work input 


useful energy 
available energy' 


In this case, the available energy is the kinetic energy of the supply 
jet WV 2 /2g ; and since W =awV , 

aw F 2 

available energy = - - ft. lb. 

The work output or useful energy is the work done by the jet 

or aw(V-V^V K 

1 g 

. useful energy PV t x2g 

Efficiency =-rr-ri-=- T ^ - 

available energy awv 6 

2gaw (V - 2 (V - 

g x aw F 3 V 3 

Relationship between velocities of jet and vane for maximum 
efficiency. 


efficiency •= 


2(V-V 1 ) 2 V 1 


the efficiency is a maximum when F X (F - \\) 2 is a maximum. 

Let y = V x (F - Vf) 2 = F X F 2 -2FF x 2 + V x *, 

^ = , 317 2 

dV 1 Vl ’ 

which is equal to zero for a maximum value of y ; thus 
F 2 -4FF 1 + 3F 1 2 =0, 
or (F -3F 1 )(F- Fj) = 0, 

and therefore V =3V 1 or F x . 

Thus the maximum efficiency is obtainable when the velocity 
of the jet is three times that of the plate or vane. 
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Maximum efficiency when V = 3 V x is 

2(F - F 1 ) 2 F 1 2x4Fj 3 8 
F 3 ” 27 F x 3 “27* 


Example 1. A jet of 12 sg. in. in cross-section delivers 4 cu.ft. of water 
'per sec. and impinges on a fiat plate moving in the direction of the jet at 
15 ft. per sec. Calculate (a) the force exerted on the plate , (h) the maximum 
H.P. available, (c) the efficiency. 

4x144 

Velocity of jet — — -— =48 ft. per sec. 

1 u 


(a) Force 


aw(V - FO 2 12 x 62-3(48 - 15) 2 
g ~ 144 g 

= 175-6 lb. 


(b) H.P. 

(c) Efficiency = 


P\\ 175-6x15 

550 550 

2( F - F 1 ) 2 F 1 2 x 33 2 x 15 

V 3 ~ 48 s 


=29-54%. 


Example 2. Calculate the quantity of water to be delivered per sec. by a 
jet which impinges with a velocity of 60 ft. per sec. on a moving flat plate 
in order that a H.P. of 7-5 may be developed with maximum efficiency. 


Velocity of jet, V = 60 ft. per sec. 

For maximum efficiency, V = 3F ly F x = 20 ft. per sec. 

aw(V-y 1 yv l 


H.P. = - 


7-6 — 


550 g 

a x 62*3 (60 - 20) 2 x 20 a x 62-3 x 1600 x 20 


550g 
7-5 x 550 x g 
62-3 x 1600 x 20 


550g 

= 0-06665 sq. ft. 


W = awV =0-06665 x 62-3 x 60 


= 249-2 lb. per sec. 


Effect of using a succession of vanes. If, instead of using a single 
flat plate moving in the direction of the jet, a series of vanes is 
employed, moving in succession, the whole of the water supplied by 
the jet will be thrown upon the vanes, and IF, the quantity delivered 
usefully, will be awV instead of aw{ V - Vf), as is the case for a single 
vane. 
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Thus the work done per sec. will be Pv x ft. lb. ; but P will be 


awV(V - Fj) 


lb. 


. awV(V-V 1 )V 1 awW^V-V,) 

550 g 550g 

- aw V s V 2 

Maximum efficiency is obtained when V 1 (V — l’j) is a maximum. 
••• if V = Vi(V- F x ) = FjF-Fj 2 , 

dt/ 

= V - 2 V ± = 0 for a maximum ; 

i.e. V= 2V X , or, the velocity of the jet is double that oi the vane. 

2V (V - V ) 2V 2 

Value of maximum efficiency = — “ = JjT 2 = 50 %. 


SUMMARY OF RESULTS. 


Arrangement 
of impact 

Force P 
on vane (lb.) 

H.P. 

Efficiency 

Maximum 

efficiency 

Ratio 

f/f, 

Stationary 
flat plate 

waV 2 

9 

— 

— 

— 

— 

Moving 

wa{V - Fi) 2 

wa(V - V X ) Z V X 

2(V-V,)*V 1 

8 

Q 

flat plate 

9 

550 g 

F 3 

27 

u 

Succession of 

waV(V - F t ) 

waVV^V - Fj) 

2F 1 (F-F 1 ) 

1 

2 

flat plates 

9 

550 g 

F 2 

2 



Example. A jet of water 2 inches in diameter delivers at a velocity 
of 30 ft. per sec. on to a succession of flat vanes moving in the direction 
of the jet at 14 ft. per sec . Calculate (a) the total pressure on the vanes> 
(b) the H.P ., (c) the efficiency. 

awV(V - Fj) ttxPx 62*3 x 30(30 - 14) 

144(7 


(«) Pressure 


9 


= 20*3 lb. 
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(b) H.P. 

(c) Efficiency = 


awVV x (V - V x ) 7r x l 2 x62-3 x 30 x 14 x 16 


550 g 

2Vi lV-Vi) 

V* 


144 x 550 g 
= 0*52 H.P. 

2 x 14 x 16 


30 2 

— 49-8%. 

Impact of a jet upon an inclined plate. Suppose a jet of water 
moving with a velocity of V ft. per sec. 
impinges upon a flat plate inclined at 6° 
to the direction of the jet (Fig. 207). 

The momentum of the jet in the 


direction of its motion is 
units. 


WV 

9 


ft. lb. 


Loss of momentum in the direction 
of the jet 

WV waV 2 
9 


rr r m/m/ r _ . 

= — =-= force in lb. 



9 

The effective thrust on the plate is P, a force which acts normal 
to the plate and 

p WV . . waV 2 . 

P — - sm0= — sm 8. 

9 g 


Example 1. Find the force exerted by a jet moving at 60 ft. per sec. and 
discharging 7 cu. ft. per sec. on to a stationary flat plate inclined at 60° to 
the jet. 

W = 7x62-3=436-1 lb. per sec. 


WV 

P=~ sin 6 - 
9 


436-1 x 60 
32-2 


X 0-866 


= 703-7 lb. 


Example 2. A plate valve retained by a spring exerting a force of 120 lb. 
at right angles to the plate is to be opened by a jet of water moving at 30 jt. 
per sec. and impinging at an angle of 45° to the plate. Calculate the 
minimum diameter of the jet. 

Let d ft. be diameter of jet. 

ird 2 

Then weight of water per sec. = w x - x V = W 
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WV . . 62-3 xird 2 x 30 x 30 . 

Force =-sin 8 = --—- lb. 

g 4 x 32-2 


P = 120 lb. = 1368d*. 

= 0-2963 ft. =3-56 in. 




120 

1368 


Impact of water upon shaped vanes. It can be seen from the 
preceding work on the impact of water upon flat plates that there 
is a sudden deviation of the stream at impact, and the effort is 
applied, not as a steady force, but as an impulse or shock. Such a 
shock produces uneven turning moment on the rotor to which the 
vane is attached, and also wastes energy in the agitation of the 
water. It is possible to obtain the full force of the impact and the 
elimination of this shock by so designing the vane that the jet of 
water suffers a gradual deviation during its impact. 

Design of vane to eliminate shock. Consider a stationary vane 
AB into which a jet of water is admitted tangentially at A (Fig. 208), 
and leaves the vane tangentially at B after being gradually deviated 
to avoid so far as possible shock and loss of energy. The force 
exerted by the water depends upon the change of momentum 
between A and B, and this can be determined by obtaining the 
change of velocity between these two points. To obtain this change 
of velocity, draw op to represent in magnitude and direction the 
velocity of entry V. Next draw oq to represent completely the 
velocity of exit V. Join pq. Then pq will represent the change of 



Fig. 208. 
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velocity R> since og, the new velocity, is the vector sum of op and pq. 
pq is the change of velocity due to the effect of the vane on the 
jet. qp or pq reversed gives the direction of the resultant force 
of the water on the vane. 

Alternatively, if the parallelogram of velocities be constructed 
to obtain the resultant and final velocity oq, it is necessary to 
combine R with, or to form the diagonal oq which represents, the 
final velocity. Hence R represents the change of velocity in magni¬ 
tude and direction during the progress of the jet over the vane. 

If the angle between the tangents at A and B be 0, then the angle 
opq will be £0. Also opq is an isosceles triangle and hence 

R=2V cos \d. 

2 WV 

The change of momentum is-cos|0, where W is the weight 

of water supplied per second. ^ 

Thus the force on the vane will be P=? a — — cos-f. 

9 2 


Example. Calculate the force exerted upon a stationary vane which 
receives and discharges a jet of 4 cu. ft. per sec. with a velocity of .30 ft. per 
sec. if the angle between the tangents to the vane at inlet and outlet is 72°. 


P — -cos 


e 

2 


2x4 x 62-3 x 30 
= 32*2 


cos 36° 


= 375*6 lb 


Moving shaped vane. The general application of impact of water 
on shaped vanes is found when the vane is part of a rotating portion 
of a machine and has a velocity of movement independent of the jet. 

Consider a vane (Fig. 209) which has a velocity of V x and is re¬ 
ceiving water at a velocity V. In order that there may be no shock 
at entry, the vane must be so designed that the tangent at A shall be 
in the same direction as the relative velocity of the water and the 
vane. 

Inlet. Draw ab to represent the velocity of entry F, and ac the 
velocity of the vane V 1 ; then draw bd parallel to ca to represent 
V r of the vane reversed. Join ad. Then ad will be the relative 



MOVING SHAPED VANE 


343 



velocity R of the water to the vane, since ad is the vector sum of 
V and V x reversed, and shows the direction in which the entrant 
portion of the vane at A should be made. 

Neglecting friction, this relative velocity is the velocity of the 
water at outlet when considered relative to the vane. 

Outlet. Draw ef to represent the velocity of the vane V x and eh 
to represent the relative velocity R ; that is, eh equal to ad and ef 
equal to ac. Then, on the completion of the parallelogram, the dia¬ 
gonal eg will represent V 2 , the absolute velocity of the water at discharge , 
or by the vector diagram efg, ef +fg — eg, or V x + R = V 2 . 

N.B.— V 2 should be at right angles to F, in order that there shall be 
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no component in the direction of V v If there is a component in the 
direction of V v this velocity is known as the velocity of whirl ; for 
maximum efficiency on a rotating machine the velocity of whirl must be 
zero. 

From a draw ak equal and parallel to eg, then bk —because it must 
be added vectorially to ab to equal ak —is the velocity change 
brought about by the passage of the water through the vane, and is 
the change of velocity produced by the loss of momentum of the jet. 

W 

Force on the vane ==P =— x bk, 

g 

where W is the weight of water delivered per second. 

Example. A vane is to be designed to give no shock at entry and exit to 
a jet moving at 40 ft. per sec. and delivering 8 cu. ft. of water per sec. If 
the vane has a velocity of 20 ft. per sec. at 45° to the jet, find (a) the direction 
of the vane at inlet, (b) the direction of the vane at exit, to give no velocity 
of whirl, (c) the force exerted on the vane in pounds and the direction of 
this force. 



Fig. 210 
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(а) Draw ab Fig. 210 to represent the velocity of inlet, 40 ft. per sec., 
and ac to represent the velocity of the vane, 20 ft. per sec.; complete 
the parallelogram, when R will give the direction of the vane at inlet. 

(б) Since there is no velocity of whirl, set out the direction of V 2 at 
right angles to cd, which represents the velocity of the vane, 20 ft. per 
sec. Complete the parallelogram by making e/equal to R in section (a). 
Then dg represents the direction of the vane at exit. 

(c) Set out ak parallel to df and equal to V 2 ; join bk, which will 
represent in magnitude and direction the change of velocity within the 
vane. Then w 

Force P - — ( bk ), 

and since W = 8 x 62-3 =498-4 lb. per sec., 

P= 498-4 (bk) lb. 

= 498-4 x 29-4 =14,650 lb. 

Hydraulic prime movers. The hydraulic prime movers may be 

divided into several classes. 

(1) Water wheels in which the whole motive power is supplied by 
the weight of water fed to buckets placed on the periphery of the 
wheel. 

(2) Waterwheels in which the motive power is partly supplied 
by the weight of water and partly by the impulse of a directed stream 
upon vanes. 

(3) Water wheels or turbines in which the motive power is wholly 
supplied by the impulse of a directed stream or jet upon a succession 
of vanes. 

(4) Reaction turbines in which the motive power is supplied by 
the reaction of the moving water on the wheel. 

The selection of suitable hydraulic prime movers for specific work 
is determined by the general site position at which the work has to 
be done, and whether or not natural resources are available to 
operate the machine. 

Water wheels of classes (1) and (2) can often be found as estab¬ 
lished prime movers, particularly in country districts, where they 
have given long and valuable service in driving mills and factory 
equipment. Where new installations have to be considered, it is 
usual to instal types (3) or (4) because types (1) and (2) are now 
out of date, and the modern tendency is to employ machines 

B.B.E.S. 


M 
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operating by impulse in preference to the cumbersome type of 
water wheel with gravity, or partial gravity, operation. These 
impulse wheels will work on almost any available head and give a 
high efficiency in operation. 

It often becomes necessary, in order to employ these more up-to- 
date types, to convert the pressure head of water available to a 
kinetic head, in the form of a jet or stream, which may be directed 
on to a succession of vanes, as in the impulse or reaction type of 
water wheel or turbine. 

Fig. 211 shows the most elementary type of reaction turbine, an 
adaptation of the' Scotch turbine, and now used for spraying lawns 
and greens. It consists of a central stand-pipe the top of which is 

fitted with two or more offset 
pipes bent in an anticlockwise 
direction at their ends. The top 
is free to rotate on the stand¬ 
pipe, and when water is issuing 
from the jets the reaction of the 
jets causes the to}) to rotate in 
a clockwise direction, that is, 
opposite to that of the motion 
of the jets themselves. 

The Overshot wheel. This 
type of water wheel (Fig. 212) 
belongs to the first group of 
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prime movers, in which practically the whole of the motive force is 
supplied by the weight of the falling water. 

The head-race, or supply water, is led through a sluice into a 
series of bucket vanes on the periphery of the water wheel, and the 
weight of the water retained in the buckets provides the turning 
moment on the wheel. The effective head on such a wheel is that 
represented by the difference in level of the head-race and the tail- 
race into which the buckets discharge. In order to give a reasonable 
efficiency, the wheel should be nearly equal in diameter to the 
available head. 

If W is the weight of water delivered per second, and h is the 

Wh 

available head in feet, the horse-power == • 

550 

It is usual to design this type of wheel for a head-race velocity 
of from 6 to 13 ft. per sec., and to arrange for a peripheral speed of the 
wheel of one half this velocity. In these circumstances the efficiency 
can be as high as 80%. 

This type is very seldom put in as a new installation, but may 
frequently be found in old mill streams. 

N.B.— In this type of wheel there is a very small impulse due to the 
velocity of approach of the stream. 

The Breast wheel. The breast wheel (Fig. 213) is a modification 
of the overshot wheel, in which a close-fitting breast is placed against 
the buckets to retain the water in these buckets for the greatest 
possible time before discharge into the tail-race. The water is 



Fig. 213. 
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brought to the vanes through a ported sluice, the ports of which are 
so designed that the water enters without shock. The efficiency 
seldom exceeds 80% and is highest in the larger diameter wheels. 

As in the overshot wheels, the available head is the difference 
between head- and tail-race levels, and the theoretical horse-power 
. Wh 
1S 550' 

The Undershot and Poncelet wheel. The undershot wheel (Fig. 214) 
works entirely by impulse provided by the stream of water passing 
through the guide sluice and striking the vanes. In the earlier types 
the vanes were radial, but in Poncelet’s variation the vanes are curved 
and designed to eliminate shock. The effective force exerted upon 
the vanes depends upon the velocity of approach of the undershot 
stream and the loss of momentum of this stream on impact. This 
velocity of approach is determined by the available head of water 
before the guide sluice. These wheels may be used for falls up to 
5 ft., and in the case of the Poncelet type to 7 ft. head. The efficiency 
seldom exceeds 00% and the wheel diameter should be between two 
and four times the available head. 

As is general in wheels with a succession of vanes, the peripheral 
speed of the vanes should be one half of the velocity of the stream. 

Force exerted on the vane of a Poncelet wheel. Consider a 
stream of water entering the vane of a Poncelet wheel as shown in 
Fig. 215. Draw ac to represent the velocity of the stream and ad the 
velocity of the tip of the vane in a direction parallel to the tangent 
to the wheel at this point. Complete the parallelogram, where ab or 



PONCELET WHEEL 


349 


dc , that is, R, will represent the relative velocity of water and vane 
on entry and will show the direction in which the tangent to the 
vane at entry must be made to avoid shock. The water now passes 
up the vane and is returned towards its tip with a theoretical relative 
velocity of R ft. per sec. (actually less owing to friction) to be dis¬ 
charged with an absolute velocity F 2 ft. per sec. To obtain ] T 2 , 



draw ef parallel to the tangent to the wheel at outlet and let it 
represent V v the velocity of the vane. Draw eh tangential to the 
vane at outlet and equal to R , that is, dc the relative velocity at 
inlet. Complete the parallelogram, when eg, that is, T 2 , will be the 
absolute velocity of discharge. 

The change of momentum between inlet and outlet will depend 
upon the change* of velocity between V at inlet and V 2 at discharge. 
Draw jk to represent the value of V 2 and parallel to it, that is to eg, 
and j! to represent V and parallel to it reversed, that is, ca . then 
kl will be the change of velocity required, that is, V 3 . 

w wv 

Force on the vane =— (change of velocity) =*——- , 

& & 

where W is the weight of water delivered per second in pounds. 

The Pelton wheel. The Pel ton wheel is one of the most common 
forms of hydraulic prime movers and is a development of a machine 
which was introduced into the mining districts of California about 
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1865 and known as the hurdy-gurdy. This machine was a vertical 
wheel with flat radial vanes which received the impulse of a high 
velocity jet. The modern form of Pelton wheel has cup-shaped 
vanes (Fig. 216), which are served by a high-velocity jet operated by 
a screw-down valve. The vanes, or buckets , are usually detachable, 
and the jet is deflected by the bucket through an angle which 
approaches 180°. It is impossible, in practice, to obtain a deviation 
of jet equal to 180°, because by so doing the deflected jet would 
interfere with the projected jet. 

Impact of water on a cup. If water impinges upon a fixed 
cup-shaped vane and is deviated through 180° (Fig. 217), its 



Fig. 217. 
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velocity is reversed and the projected stream will exert an impulse 
on the vane while the deviated stream exerts a force due to 
reaction on the same vane. These two forces will combine to 
provide the turning moment on the wheel to which the vane is 
attached. 

Suppose W lb. of water to strike a cup-shaped vane at V ft. per 
sec. (Fig. 217), and to be deviated so that it leaves the vane parallel 
to projection at - V ft. per sec. without loss due to shock. Then 
the velocity will be changed from V to - V ft. per sec., and the 
force exerted on the vane will be proportional to the change of 
W 

momentum, that is, — (V -F). 

^ W /tt . 2WV 

Force P =—(V +V) —-• 

g g 

When the velocity of the jet is not completely reversed, the active 
component of this velocity acts along the axis of the cup (Fig. 218) 



and is Y cos 6 on projection and - V cos 6 after deviation. 


Force P — 


2WV cos 0 


g 


Thus 


Application to the Pelton wheel. In the case of the Pelton wheel, 
the vane has a velocity of V 1 ft. per sec. in the direction of the jet 
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(Fig. 219). The relative velocity of impact is V - V x ft. per see., where 
V is the velocity of the jet, and, neglecting friction, this is also the 
relative velocity with which the jet travels around the cup before 
leaving it. If the deviation is 180°, and taking the direction of 
motion of the cup as positive, the absolute velocity at discharge is 
V x - { V - Fj} or 2 V 1 - V; because : 

Velocity of cup - relative velocity of water to cup 

— actual velocity of water. 

The total change of velocity per lb. of water entering and leaving 
the cup will be : Initial velocity of water minus final velocity of 
water, or V -[ \\ - { V - \\} |, that is, 2 V - 2 

If, as is usually the case, the velocity of the jet is twice that of the 
cup, i.e. V— 2 F l5 then the absolute velocity of discharge becomes 
Fi - {2\\ - }\} or zero. 

Thus, the hydraulic efficiency of such a Pelton wheel is 100%, and 
the actual efficiency is between 75 and 90%. 

The Pelton wheel can be used where jets of water at high velocities 
can be produced, and the wheel can be operated with comparatively 
small quantities of water. 

Hydraulic efficiency and horse-power of a Pelton wheel. The 

efficiency of a Pelton wheel can be taken from two aspects : 
(a) the hydraulic efficiency or hydraulic performance ; (b) the 

overall efficiency, which includes those losses outside the hydraulic 
losses. 
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The hydraulic efficiency is similar to that of any other machine, 

that is, it is the ratio — ° r y ° U —measured on its performance, 
work input 

This can be expressed in terms of the jet energy as 
initial K.E. - final K.E. # 
initial K.E. 5 

that is, if W lb. of water be supplied per second and V is the 
velocity of the jet and V 1 the velocity of the buckets in feet per 
second, j y y 2 \y (2 \\ _ E )2 

2 g 

WV 2 

2(7 

V2~y2+ 4VVi _ 4Vi 2 

V 2 

V 2 

For maximum efficiency, 4V, (V - F,) must be a maximum. 

Let 4FF 1 -4F 1 2 , 

which for a maximum is equal to zero ; 

that is, 4 V -8Fj =0, 
or E=2TV 

Thus , the maximum efficiency is obtained when the velocity of the 

jet is twice that of the vanes, and this efficiency is ^ ^ 

= 1 or 100%. 

Let W lb. of water strike the cups per second. 

TT change of K.E. per sec. 

1 hen Horse Lower =---——-— - 

550 

initial K.E. - final K.E. 

550 

WV 2 -W(V-2V 1 ) 2 

2 gx 550 

H.P. = ^WV^V-V,) = 2WV 1 (V-V 1 ) . 

2g x 550 550g 
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Example 1. Calculate the hydraulic efficiency of a Pelton wheel admitting 
water in a jet at 130 ft. per sec ., and in which the speed of the cups is 
50 ft. per sec. 

„_4F 1 (F-F 1 )_ 4 x 50(130 -50) 

6 ~ V 2 ” 130 2 


16,000 

16,900 


94-67%. 


Example 2. The speed of the buckets of a Pelton wheel is 100 ft. per sec . 
and the jet speed is 220 ft. per sec. Calculate the efficiency of the wheel and 
the H.P. if the jet is 2 inches diameter. 

Efficiency 

V — 220, \\ - 100 ft. per sec. 

4 x 100(220-100) 

e - 2 2o> 

400 x 12 0 480 

48,400 484 ,0 ' 

change of kinetic energy in ft. lb. per see. 
HP = -550- 

- Yl ) 

<j x 550 

In which W = —x 62-3 lb. per sec. 

144 


in which 


x 62-3 lb. per sec. 


= 298-9 lb. 


2 x 298-9 x 100(120) 

______ 


Example 3. A test of a 14 in. diameter Pelton wheel gave the following 
results : Weight of water passing through the nozzle per second , 7-94 lb.; 
iielocity of issuing water , 86 9 ft. per sec. ; revolutions of the wheel per 
minute , 620 ; brake horse jiower as measured on a rope brake , 0-97. 
Calculate (a) theoretical H.P. , (b) hydraulic efficiency , (c) overall efficiency. 
Velocity of jet, V =86-9 ft. per sec. 

Weight of water per sec., W = 7-94 lb. 

620 x 14 X77■ 

12x60 1 

= 37-9 ft. per sec. 


Velocity of cups 
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(a) Theoretical H.P. 


2WV 1 (V-V 1 ) 
g x 550 

2 x 7-94 x 37-9 x 49 
32-2 x550 


(6) Hydraulic efficiency = 


4TMF-V.) 

F 2 


(c) Overall efficiency 


4 x 37*9 x 49 
86-9“ 
B.H.P. 


= 98-3%. 


theoretical H.P. 


0-97 

1-66 


= 58-2%. 


Example 4. .4 Pelton wheel is to develop 450 H.P. The veloeity of the 

jet is 180 ft. per sec. and that of the buckets 90 ft. per sec. Calculate the 
number of jets each 2 in. in diameter if the mechanical efficiency is to be 

nno / 

/o 0 . 

Theoretical H.P. x 450 —600. 


600 — 


W = 

Sectional area of one jet = 


2 WV 1 (V-V 1 )_ 
g x 550 

600 x 32-2 x 550 


2 x 90 x 90 

x 1- 


144 


sq. ft. 


2W x 90 x 90 
32-2x550” 

= 656 lb. per sec. 


Weight of water per see. per jet 

=- 7T ~ X 1 ®° X 62-3 =244-6 lb. 
144 1 


No. of jets = 244 .g =2-68 ; 

hence, three jets will be required. 


Expt. 6. Efficiency of a Pelton wheel. 

Objects. To obtain : (a) the Brake Horse-Power of the wheel , 
(b) the Horse-Poiver given to the wheel by the water , (c) the hydraulic 
and overall efficiencies. 

Apparatus. A suitable size of Pelton wheel is fitted with a brake 
drum on the shaft extension. This drum is then rigged as an 
absorption dynamometer by means of a leather, or balata, band, a 
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dead weight and a spring balance as shown in Fig. 220. Arrange¬ 
ments are then made to measure the quantity of water passing 
through the wheel in a given time, either by direct collection into a 
calibrated tank or by fitting a Vee notch, previously calibrated, to 
a trough on the exit side of the machine. If the latter method is 
used and the water in the trough is baffled to a steady head h , Q 
can be calculated from the formula Q = K-f b J'2gh v * if the notch is 
right-angled and K is previously determined* 

Method of procedure. Certain measurements will have to be 
taken while the wheel is opened up, or alternatively taken from the 
specification. These are (a) the diameter of the nozzle and (b) the 
mean diameter of the wheel on the bucket periphery. Calculate the 
area of the nozzle cross-section, and run the machine until conditions 
are normal. Next load the brake until it takes up the power output 
and produces a steady speed on the wheel. Take the following 
observations : (1) diameter of brake drum to centre of band ; (2) 
dead load on brake ; (3) spring balance reading ; (4) speed of wheel 
in r.p.m. 

The Brake Horse-Power is then obtained from the expression 


B.H.P. 


(W-S)(ttD)N 

33,000 


where W and S are the dead load and spring balance readings, D is 
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the diameter of the brake drum measured to the belt centre and 
N the number of revolutions per minute. 

The Horse-Power given to the wheel by the water can be obtained 
by finding the weight of water delivered to the wheel per second, 
the velocity of the jet and the peripheral velocity of the wheel. 
From the Vee notch, or by direct measurement, the quantity of 
water Q can be obtained in cu. ft. per sec. and the velocity of the 
jet deduced by dividing this quantity by the area of cross-section 
of the jet in sq. ft. The peripheral velocity of the buckets is obtained 
by multiplying the circumference of the wheel by the speed in 
rev. per sec. 

If V is the velocity of the jet, V 1 the yelocity of the buckets and 
Q the quantity of water delivered per second, this H.P. is obtained 

- . 4x62-3QV 1 (V-V 1 ) 

from the expression--- =— -- . 

F 2g x550 

4V (V-V ) 

The hydraulic efficiency is given by the formula ——^—— • 

The overall efficiency is the ratio between the B.H.P. and the 
horse-power given by the water, that is, 


_B.H.P. _ 

Horse-power given by the water 

Observations. 

Diameter of wheel = 18 in. = 1-5 ft. 

„ ,, nozzle = | in. =0-0417 ft. 

,, ,, brake drum = 12 in. = 1 ft. 

N = speed of rotation =342 r.p.m. 

S = spring balance reading = 4-1 lb. 

W = dead weight = 20 lb. 

Quantity of water in one minute =5-9 cu. ft. 

Q = ,, ,, ,, „ second = ^ =0-098 cu. ft. 

60 

Derived results. 


a = area of nozzle 
V = Velocity of jet 


16 x 144 
Q 0-098 
a 


0-001363 


= 0-001363 sq. ft. 

= 71-9 ft. per sec. 


V x = ,, ,, buckets = - =26-86 ft. per sec. 

60 
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H.P. given by water 


Brake Horse-Power 


4x62-3 xQV^V-VJ 
2g x 550 

4 x 62-3 x 0-098 x 26-86(71-9 -26-86) 
2g x 550 

= 0-8341. 

ttxDx(W~S)xN 

33,000 

77 X 1 X (20-4-1) x 342 


33,000 


Hydraulic efficiency — 


0 5176. 
4IM F-F,) 
V 2 


4x26-86(71-9 -26-86) 


= 93-61%. 


Overall efficiency = 


71-9 2 
B.H.P. 


H.P. given by water 
0-5176 


-o*m- 62 - 04% 


Water turbines. The full treatment of water turbines is beyond 
the scope of this book, but a general idea of their operation and 
classification may prove of interest. 

A turbine consists of a rotor to which is attached a succession of 
shaped vanes, and which rotates about a central shaft bearing ; and 
a stator, which surrounds the rotor and contains a series of guide 
passages or stationary vanes to direct the jets of water on to the 
rotor vanes. In almost all turbines high-velocity jets of water are 
used, and this water is directed on to a series of vanes, carefully 
designed to eliminate shock. 

Broadly speaking, turbines may be classified into two types, 
impulse and reaction turbines. The impulse turbine is operated by 
the impulse due to jets of water striking the vanes and producing 
a turning moment on the rotor. There must be ample air space 
between the vanes to allow of directed movement of the jet, and 
the turbine must discharge into the atmosphere. 
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In the reaction turbine, the space between the vanes must be 
completely filled with water, in order that this waiter may exert a 
reaction on the turbine vanes and thus produce a turning moment 
on the rotor. Such a turbine need not discharge into atmosphere 
and may be immersed or drowned. 

There is a secondary classification of turbines according to the 
direction of flow of the water; for example, outward flow, in which the 
flow is radial and outwards, and inward flow, where the flow is 
radial and inwards. Other types are the axial flow, where the jets 
are directed parallel to the axis df the turbine, and the mixed flow, 
where the flow is partly axial and partly radial. 


EXERCISES ON CHAPTER XIV 

1. Explain the energy change in a hydraulic prime mover and 
indicate how a jet of water may be made to impinge on vanes and 
provide a turning moment on the rotor to which the vanes are attached. 

2. A jet of water 4 in. in diameter strikes a stationary flat plate with 
a velocity of 80 ft. per sec. Calculate the force exerted upon the plate. 

3. If the jet in Question 2 strikes a plate which has a velocity of 
20 ft. per sec. in the direction of the jet, calculate (a) the force exerted 
on the plate ; ( b ) the H.P. available ; (c) the efficiency. 

4. Show that the maximum efficiency is obtained when the speed 
of a jet striking a single flat plate is three times that of the plate. What 
is this efficiency? 

5. Calculate the quantity of water to be delivered per second by a 
jet which impinges with a velocity of 50 ft. per sec. on a moving flat 
plate in order that 10 H.P. may be developed at maximum efficiency. 

6. What is the effect upon the efficiency of using a succession of flat 
plates moving in the direction of a jet? Show that the best efficiency 
is obtained in this case when the speed of the jet is double that of the 
vanes. 

7. A jet of water 4 in. in diameter delivers on to a succession of flat 
vanes at 40 ft. per sec. The vanes have a velocity in the direction of 
the jet of 20 ft. per sec. Calculate (a) the pressure on the vanes ; 
( b) the H.P. available ; (c) the efficiency. 

8. Find the quantity of water to be delivered at 20 ft. per sec. in 
order that a machine consisting of a succession of flat vanes may 
develop 4 horse-power at maximum efficiency. What will be the peri¬ 
phery diameter of the rotor if the speed is 60 revs, per minute ? 
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9. A wheel fitted with a succession of flat plates rotates at 40 revs, 
per minute and has a periphery diameter of 4 ft. 6 in. Calculate the 
velocity of the jet for maximum efficiency and the horse-power of this 
machine if the supply of water is 1000 lb. per second. 

10. Find the force exerted by a jet 4 in. diameter moving at 100 ft. 
per sec. and striking a stationary flat plate inclined at 50° to the axis 
of the jet. 

11. Calculate the stiffness of the retaining spring for a plate valve 
which is to be opened 1 in. by a jet of water impinging upon it with a 
velocity of 80 ft. per sec. at 60° to the plate. Diameter of jet, 2 in. 

12. Show by a diagram how the tip of a vane should be designed in 
order that water may enter the vane without shock when the vane is 
moving in the direction of the jet. 

13. Determine the angle of the tip of a vane moving at 30 ft. per 
second in a direction inclined at 35° to the direction of a jet moving at 
60 ft. j^er second if there is to bo no shock at inlet. 

14. What is meant by the absolute velocity of discharge from a 
shaped vane? Water for ejection to the tail-race approaches the tip of 
the vane of a hydraulic machine at 26 ft. per sec. If the vane is itself 
moving with a tip velocity of 15 ft. per sec. at 120° to the water in the 
vane, calculate and determine the direction of tho absolute velocity of 
discharge. 

15. Calculate the force exerted upon a vane which receives and dis¬ 
charges water at 40 ft. per sec. when tho angle between the tangents at 
inlet and outlet is 244° measured clockwise. Diameter of jet is 5 in. 

16. A 3-in. water pipe has a right-angled bend. Determine the 
vector change of velocity and momentum per second at the bend when 
90 gallons of water flow through the pipe per minute. Of what value 
is the determination of this vector change of momentum in practice? 

(U.L.C.I.) 

17. What is meant by velocity of whirl? Why is it necessary for the 
absolute velocity of discharge from a moving vane to be at right angles 
to the tangent to the wheel at the point of the vane ? 

18. A vane is to be designed to give no shock at entry and exit to a 
jet moving at 50 ft. per sec. and delivering 10 cu. ft. of water*per sec. 
If the vane has a velocity of 25 ft. per sec. at 42° to the jet at inlet, 
find (a) the direction of the vane tip at inlet; ( b) the velocity of the 
stream relative to that of the vane at inlet; (c) the direction of the 
vane at exit in order to give no velocity of whirl; (d) the absolute 
velocity of discharge ; (e) the force exerted on the vane in lb. ; (/) the 
direction of this force. 
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19. Write an account of the principal types of water prime movers and 
distinguish clearly between those working by (a) gravity ; (b) impulse ; 
(c) reaction. 

20. Explain the term “ reaction of a jet ” and show how this reaction 
may be employed to exert a force upon a rotating vane. 

21. Describe with suitable sketches the overshot wheel. An overshot 
wheel is supplied with 40 cu. ft. of water per second under a head of 
14 ft. Calculate the theoretical horse-power of tho wheel. 

22. Explain the essential differences in operation between an overshot 
and breast wheel. What head will be required to produce a horse¬ 
power of 30 on a breast wheel to which is supplied 20 cu. ft. of water 
per second ? 

23. What is meant by an undershot wheel and in what essential 
respects does it differ from overshot and breast wheels? Name the 
variation made by Poncelet to this type of wheel, and explain the 
advantages which accrue from this variation. 

24. The following particulars apply to a Poncelet wheel : velocity 
of stream, 8 ft. per sec. ; velocity of vane tip at entrance, 4 ft. per sec. 
at 30° to the stream ; angle between vane tip tangent at outlet and the 
direction of the stream at inlet, 12°. Find (a) the direction of the vane 
tip at entrance ; (6) the relative velocity of the water to the vane tip at 
entrance ; (c) the absolute velocity of discharge. 

25. Describe briefly a Pelton wheel, and trace the path of the jet 
through the buckets to discharge. What velocity changes take place 
during the progress of the water through the buckets? 

26. The speed of the buckets of a Pelton wheel is 150 ft. per sec. and 
the jet speed is 320 ft. per sec. Calculate the efficiency of the wheel and 
the horse-power if the jet diameter is 1^ in. 

27. Four jets each 2 in. in diameter operate on the buckets of a 
Pelton wheel under a head of 420 ft. Calculate the horse-power and 
efficiency of the wheel if its diameter is 5 ft. 6 in. and it has a speed of 
300 r.p.m. 

28. A jet of water impinges upon a series of hemispherical cups 

moving in the same direction and is deflected through 180°. Obtain an 
expression for the pressure on the cups. If the velocity of the jet is 
100 ft. per sec., and that of the cups 40 ft. per sec., find the work done 
per lb. of water striking the cups. (U.E.L) 

29. A Pelton wheel receives 220 cu. ft. of water per minute under a 
head of 400 ft. and its diameter is 2 ft. 6 in. Determine its horse¬ 
power and efficiency at 520 r.p.m. 
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30. A test of a 12 in. Pel ton wheel gave the following results : weight 
of water passing through the nozzle per second, 6-15 lb. ; velocity of 
water issuing from the nozzle, 72-5 ft. per sec. ; revolutions of wheel 
per minute, 310 ; brake horse power 0-46. Find the horse-power given 
to the wheel by the water and the efficiency of the wheel. (U.L.C.I.) 

31. A Pelton wheel is to devolop a brake horse-power of 920. The 
velocity of each jet is 230 ft. per sec. and that of the buckets 110 ft. per 
sec. Calculate the number of jets each 1 1 in. diameter if the mechanical 
efficiency is to be 70%. 

32. A Pelton wheel of 3200 horse-power is driven by a jet of water 
5.V in. in diameter, which issues from a nozzle under an effective head 
of 850 ft. Determine the velocity of the jet, the weight of water issuing 
from the nozzle per minute, and the efficiency of the wheel. (U.L.C.I.) 

33. One hundred cubic foot of water per minute under a head of 
462 ft. are supplied to a Pelton wheel 2 ft. in diamoter. Determine the 
horse-power of the wheel and its otlieiency when running at 600 r.p.m. 

(U.L.C.I.) 

34. A Pelton water wheel is supplied with 350 lb. of water per minute. 

If the diameter of the nozzle is 04 inch, determine (<7) the velocity of 
the water issuing from the nozzle ; (6) the number of foot pounds of 
energy possessed by the water leaving the nozzle per minute. The horse¬ 
power developed is measured by a rope brake the effective diamoter of 
which is 12 inches, and the effective load on which is 05 lb. at 550 
r.p.m. Calculate the brake horse-power and the efficiency of the wheel 
under these conditions. (U.E.I.) 

35. Tn a test on a Pelton wheel fitted with a brake band, the nozzle 

area and the pressure head of water were kept constant and the follow¬ 
ing data were obtained : diameter of nozzle, 0-4 in. ; diameter of brake 
wheel, 10*5 in. ; head of water, 95 feet ; weight of water used, 240 lb. 
per min. ; effective brake load, 18 lb. ; speed of wheel, 310 r.p.m. 
Determine (a) the velocity of the issuing jet ; (b) the horse-power 

supplied to the wheel; (c) the efficiency of the wheel, if 1 cu. ft. of 
water weighs 62-3 lb. (U.E.I.) 

36. A Pelton wheel 2 ft. in diameter operates under a head of 260 ft. 
and makes 570 r.p.m. with a supply of 100 lb. of water per minute. 
Calculate (a) the theoretical horse-power ; ( b) the hydraulic efficiency 
of the wheel. If this wheel is supplied with a band brake in which the 
coefficient of friction is 0-5 and angle of lap 230°, find the ratio of 
tensions in the band and the value of these tensions if the diameter of 
the drum is 1 ft. 4 in. and the mechanical efficiency 65%. 
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CHAPTER XV 

ENERGY ASPECT OF AN ENGINE, HEAT QUANTITIES, THE 
GAS LAWS AND CHARACTERISTIC EQUATIONS, WORK- 
ING CYCLES 

The term heat engine is generally applied to a contrivance or machine 
which converts heat energy into mechanical energy and makes this 
energy available for the performance of useful work. Broadly, heat 
engines may be classified into four groups : 

(a) reciprocating steam engines, 

(b) steam turbines, 

(c) internal combustion engines, 

(d) mechanical refrigeration machines. 

The first three groups can be definitely associated with the general 
conception of a heat engine ; that is, they receive heat energy and 
convert it into mechanical energy; whereas the fourth group, 
refrigeration machines, are supplied with mechanical energy and 
reverse the process by converting this mechanical energy to heat 
energy. 

Working substances. In all forms of engines a working substance is 
employed, the nature of which is predetermined by the conditions 
imposed upon it in the operation of the engine. It may be accepted 
that the working substance is alw r ays a fluid, that is, a liquid which 
may be volatilised, or a gas. In the selection of a suitable substance, 
the following points have to be considered. The fluid chosen must 
be : 

(a) Capable of receiving and rejecting heat energy in large 
quantities; 
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(b) adaptable to changes of pressure and temperature within the 
scope of the engine ; 

(c) chemically stable, where necessary, under the temperature 
and pressure changes. 

In the steam engine and steam turbine groups the working sub¬ 
stance is steam, whereas in the internal combustion engines a 
mixture of a hydrocarbon gas and air is employed, and the gaseous 
products of the combustion of this mixture form the working sub¬ 
stance. Refrigerators also require a fluid ; one of the following is 
generally employed: ammonia, carbon dioxide or sulphur dioxide. 

Cycle of operations. In all types of engines the working substance 
is subjected to a series of changing conditions ; for example, changes 
in temperature and pressure, changes of state or the explosion of an 
explosive mixture. This series of changes is known as the cycle of 
operations, or, briefly, as the cycle. 

In Volume II considerable attention has been given to the mech¬ 
anical construction of various types of engines, the behaviour of the 
working substances and the energy changes involved in them. The 
purpose, at this stage, is to study the performance of the engines 
under varying conditions and to examine the theory in a more 
detailed manner. 

Reciprocating Steam Engines and Steam Turbines 

These types of engines use steam as their working substance, and 
the steam is prepared with a high heat content in a separate unit, 
known as the boiler. The function of the engine or turbine is to 
extract the heat energy from this steam and to convert it into 
mechanical energy in such a manner that the engine is available for 
the performance of work, that is, as a prime mover. 

Conditions of steam. The production of steam in the boiler is 
affected by the requirements of the engine, and the steam, on supply, 
is said to possess a certain condition, which may be (a) wet, (6) dry 
saturated , or (c) superheated at the pressure for which the boiler is 
designed. 

When steam is produced from water it is taken through several 
heating stages. 
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(1) The water is supplied with sensible heat until it reaches a 
temperature at which the formation of steam takes place, a tempera¬ 
ture which depends upon the pressure maintained in the boiler. 

(2) The water at the pressure and temperature of steam formation 
is provided with latent heat, which changes the state of the water 
from liquid to the vapour (steam) at the same temperature and 
pressure. 

(3) The steam so formed may be further heated, or superheated, to 
a temperature greater than that at which steam is formed. The 
heat provided at this stage is known as the heat of superheat. 

If the water is wholly converted to steam during the second 
stage, that is, the steam so formed is entirely free from unevapor¬ 
ated water in suspension, this steam is known as dry saturated 
steam. If, on the other hand, during this stage steam is produced 
which has unevaporated water in suspension, this steam is called 
wet steam; it has only received that portion of the latent heat re¬ 
quired to convert a part of its content into steam. The condition 
of this steam is specified as having a dryness fraction, which is 
represented by the ratio 

Weight of steam actually formed 
Weight of wet steam 

for any given quantity of wet steam. For example, if a quantity of 
wet steam weighing 10 lb. has a dryness fraction of 0*9, this steam 
will consist of i 9 0 - of 10 lb. actual steam and to () f 10 lb. water in 
suspension, ft follows that this 10 lb. of wet steam will have 
received only ^ of the latent heat required to change its state from 
liquid to vapour. 

Before superheating can be achieved, the steam must be first com 
verted to a dry saturated state at the pressure and temperature 
of formation, after which it receives heat as a vapour or gas at con¬ 
stant pressure. The specific heat at constant pressure, c p , for steam 
has a value between 048 and 0*66 according to pressure. 

Units of heat. The measurement of heat quantities is made/ 
either in Centigrade Heat Units or British Thermal Units. 

The Centigrade Heat Unit (C.H.U.) is the mean heat required to 
raise the temperature of 1 lb. of w r ater one degree Centigrade. 



366 


ENGINEERING SCIENCE 


The British Thermal Unit (B.Th.U.) is the mean heat required to raise 
the temperature of 1 lb. of water one degree Fahrenheit. 

The»two units are of course convertible, and one C.H.U. is equal 
to § of one B.Th.U. 

Summary of results. The heat content of one pound of steam 
under different conditions may be summarised as follows, where : 

H is the total heat per 1 lb. in C.H.U. 
h is the sensible heat per lb. in C.H.U. 

L is the latent heat per lb. in C.H.U. 
x is the dryness fraction. 

£( sa t.) is the temperature of formation in Centigrade degrees, 
^(sup.) is the temperature of superheat in Centigrade degrees. 
c v is the specific heat at constant pressure. 


Condition 

Total Heat 

Total Heat in C.H.U. 
per lb. 

Water at temperature 
/(sat.) dry saturated 
steam 

Sensible 

t(b at.) “0 —h 

At a temperature of 
f(sat) 

Sensible + latent 

/(sat.) + L- h -f L 

Wot steam of dryness 
fraction .r 

Sensible ■+ x (latent) 

/(sat.) + xL —h +xL 

Superheated to /(sup.) 

Sensible + latent + superheat 

/(sat.) +L + (/sup. _ ^sat.) 
h + L + C p (tsup _ Uat.) 


If specific heat is treated as a ratio, then c v is actually the ratio 
of the quantity of heat required to raise a definite mass of gas 
through a given temperature range at constant pressure to the 
quantity of heat required to raise the same mass of water through 
the same temperature range. 

The specific heat of steam at constant pressure is the heat required 
to raise the temperature of 1 lb. of dry saturated steam 1° Centigrade at 
constant pressure. 

Note. The value of h , as determined from steam tables, is not 
strictly equal to (f sat . -0), a variation which is due to the fluctuation 
of the specific heat of water during the process of heating. 
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Example 1. Steam at a pressure of 200 lb. per square inch absolute is 
supplied to a turbine at a temperature of 350° C. and exhausted with a 
dryness fraction of 0-85 into a condenser maintained at a pressure of 
1*5 lb. per square inch absolute. Calculate the heat drop per lb. if the mean 
specific heat at constant pressure is 0-62. 

From steam tables : 

Temperature of formation at 200 lb. per sq. in. = £ sa t.= 194*3° C. 
Extent of superheat = Cup. - Cat. = 350 - 194*3= 155*7 Cen. degrees. 
Total heat on supply = H = h + L + 0*62 x 155*7 
= 197*5 +471*2+ 96*53. 

H x = 765*23 C.H.U. per lb. 

Temperature of rejection = 46*5° C. 

Latent heat at 1*5 lb. per sq. in. = 569*65 C.H.U. per lb. 

Total heat on rejection = 46*4 + 0*85 x 569*65 
= 46*4 + 484*2. 

H 2 = 530*6 C.H.U. per lb. 

Heat drop = H l - H 2 

= 765*23 -530*6 
= 234*6 C.H.U. per lb. 

Example 2. Steam is produced by a boiler at 170 lb. per sq. in. absolute 
with a dryness fraction of 0*92. Calculate the quantity of heat which has 
to be supplied by the superheater per lb. of steam in order to establish a 
condition of 100 Centigrade degrees of superheat. 

Condition (a) : Cat = 186*9° C., L — 477*6. 

H x = 189*5 + 0-92L 

= 189*5+ 439*4 = 628*9 C.H.U. per lb. 

Condition (b) : C up< - C a t. = 100° C. 

From tables, ( 7 ^ = 0*6053, 

H 2 = 189*5 + 477*6 + 0*6053 x 100 
= 727*6 C.H.U. per lb. 

Heat to be supplied = H 2 - H x 

= 727*6- 626*3 
= 101*3 C.H.U. per lb. 
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First Law of Thermodynamics. This law states that heat and 
mechanical energy are mutually interchangeable, and that there is a rate 
of exchange between the two forms of energy. 

The rate of exchange between heat and mechanical energy is 
known as the mechanical equivalent of heat, or Joule's equivalent. 
In the foot pound Centigrade scale, 

1 Centigrade Heat Unit is equivalent to 1400 ft. lb. of mechanical energy; 
or, on the Fahrenheit scale, 

1 British Thermal Unit is equivalent to 778 ft. lb. of mechanical energy. 

Second Law of Thermodynamics. This law states that if two 
bodies or substances are in contact, heat will flow from the body at the 
higher temperature to that at the lower temperature, until the tempera¬ 
tures are equal. 

For example, suppose steam is exhausted to a condenser which is 
supplied with cooling water at a lower temperature than the steam. 
Heat will flow from the steam, and be absorbed by the cooling water 
until their temperatures are equal. In practice, the rate of flow of 
the water is too fast for a complete equalisation of temperature, but 
the cooling water receives the bulk of the heat of the stearti and thus 
produces condensation. Similarly, one of the major losses in an 
internal combustion engine is due to the transfer of heat from the 
hot gases through the cylinder walls to the cooling water, or air if 
it is an air-cooled engine, and although cooling is necessary for 
mechanical reasons it is a direct loss of energy. 


Example 1. Calculate, the steam consumption in lb. per hour of a 100 
H.P. engine receiving dry saturated steam at 160 lb. per sq. in. absolute 
and exhausting into a condenser at a pressure of 1-25 lb. per sq. in. absolute 
if the exhaust steam has a dryness fraction of 0-9 and 14® (J of the available 
heat energy is converted into mechanical energy. 


TT x . . . 100x 33000 100 60 

Heat required per hour =- j^qq - x x - j~ = 


1,010,000 C.H.U. 


Condition (a) : H 1 — 666-5 C.H.U. per lb. 

Condition (b) : H 2 = 42-84 + 0-9 x 571-56 

- 42-84 + 514-4 = 557-24 C.H.U. per lb. 
Heat drop per lb. = available heat energy — H 1 -H 2 
f = 109-26 C.H.U. per lb. 
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Number of lb. of steam required 


1,010,000 

109-26 


= 9,244 lb. per hour. 


Example 2. A turbine receives 2210 lb. of steam per hour at a pressure 
of 200 lb. per sq. inch with 120 Centigrade degrees of superheat. If exhaust 
is dry saturated at 1-2 lb. per sq. in. absolute , calculate (a) the heat drop 
per lb. of steam , (b) the theoretical velocity of the jet if the whole of this 
heat drop is converted to kinetic energy , and (c) the theoretical H.P. of the 
turbine if 30% of the available energy is converted into work. (See Vol. II. 
p. 218.) 

Condition (a) : H 1 =^ 735-5 C.H.U. per lb. direct from steam tables 
for superheated steam. 

Condition (6) : H 2 — 614-04 C.H.U. per lb. from steam tables for 
saturated steam. 

Heat drop = H 1 - H 2 = 121-46 C.H.U. per lb. 

WV 2 

K.E. of jet — - - 121-46 x 1400 ft. lb. 

J 2g 

V 2 

, - 121-46 - 1400. 

2<7 

Velocity = V = s/64-4 x 121-46 x 1400 
= 3311 ft. per sec. 

2210 

Quantity of steam per minute = ^ =36-83 lb. 

36-83 x heat drop per lb. a 1400 x 30 
33000 x~ 100 

_ 36-83 x 121-46 a 1400x 30 

~ 33000 x 100 

= 56-97 H.P. 


Example 3. The exhaust from a steam turbine is used as a make-up with 
live steam to supply la at for somt factory pioccsses. The live steam, which 
is dry and saturattd and at a pressure of 150 lb. per sq. in. absolute , is 
expanded through a reducing valve to a pressure of 60 lb. per sq. in. absolute. 
The exhaust steam from the turbine is at a pressure of 60 lb. per sq. in. 
absolute and is 2 per cent, wet . If the proportion of live to exhaust steam 
is 1-5 to 1, find the final condition of the mixture. Assume the specific 
heat of superheated steam to be 0-54. (U.E.I.) 
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Total beat per lb. of dry saturated steam at 150 lb. per sq. in. abs. 

— 665*8 C.H.U., which is the total heat after expansion. 

Total heat per lb. of wet steam = 145*5 + 0*98 v 510*1 C.H.U. 

= 645*4 C.H.U. 

H per 2*5 lb. of mixture = 1*5 x 665*8 + 645*4 
= 1644*1 C.H.U. 

H per 1 lb. of mixture - 657*6 C.H.U. 

Heat of superheat = 657*6 - II s at 60 lb. per sq. in. 

657*6 - 655*7 1*9 C.H.U. 

1 *9 

Degrees of superheat = — 3*5 Centigrade degrees 

(approx.) 

Condition : Press. 60 lb. per in. 2 abs. Temp. 148*3 Centigrade degrees with 3*5 
Centigrade degrees of superheat. 

Example 4. What cooling surface would you expect in a surface con¬ 
denser working under the following conditions? 

Shaft H.P. of turbine : 800. 

Exhaust steam conditions in condenser : 1 lb. per square inch absolute , 
dryness fraction 0*95. 

Temperature of condensate : 38° C. 

Steam consumption : 13 lb. per shaft horse-power per hour . 

Heat transferred per sq. ft. of cooling surface per minute under these 
conditions , 70 C.H.U. (U.E.I.) 

Heat to condenser per lb. = 38*62 + 0*95(573*84) - 38 
= 545*1 C.H.U. 

Total heat to condenser per hour = 800 x 13 x 545*1 C.H.U. 

, , v r 800x 13 x 545*1 iOEn 

Area of cooling surface -———-= 1350 sq. ft. 

Example 5. What quantity of cooling water at a temperature of 12° C. 
is required per hour for a surface condenser to operate with an engine using 
30 lb. of steam per H.P. per hour and developing 100 H.P. , if the steam 
entering the condenser is 87% dry and the pressure in the condenser 4 lb. 
per sq. in. absolute. The temperature of the hot well discharge is 70° C. 
and of the outlet cooling water 68° C. 

Quantity of steam per hour-- 30 x 100 = 3000 lb. 

Heat given up by steam — 3000(67*1 + 0*87 x 558*3 - 70} 

= 1,448,463 C.H.U. 
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Heat taken by cooling water = 1,448,463 C.H.U. 

= 10 ( 68 -12) C.H.U. ' 

56i0 = 1,448,463, 

w —25,866 lb. per hour. 

Example 6 . The exhaust steam from a 1200 kW. steam turbine exhausts 
to a condenser at a pressure of 1*5 lb. per sq. in. absolute and 90% dry. 
70,000 gallons of cooling water are used per hour and the entry and exit 
temperatures are 15° C. and 33° C. Find the steam consumption of the 
turbine in lb. per kW. hour if the hot well temperature is 46° C. 

Heat given to cooling water = 70,000 x 10 x (33 - 15) 

= 12,600,000 C.H.U. per hr. 

Heat given up by steam = 1200tc{46-37 + 0*9 x 569*7 - 46} 

= 615,720^ C.H.U. 

But 615,720tz; = 12,600,000. 

weight of steam 10 — 20*46 lb. per kW. hour. 

Example 7. Wet steam at 180 lb. per sq. in. abs. expands through a 
throttling calorimeter (p. 93, Vol. II) to atmospheric pressure and a tempera¬ 
ture of 114° C. If the specific heat of superheated steam is 0*48, find the 
dryness fraction of the steam at supply . 

Condition at supply, H —h + xL 

= 192*3 + x x 475*3 C.H.U. per lb. 

H after throttling — H sa t. + (114- 100) 0*48 

= 639*3 + 6*7 = 646 C.H.U. per lb. 

646 = 192*3 + 475*3a?, 

45T7 

:C = 475-3 = 95 ' 45% d17 ' 

Example 8 . The following data were obtained when a combined throttling 
and separating calorimeter (p. 93, Yol. II) was used to find the dryness 
fraction of a sample of steam taken from a main steam pipe . Water 
collected in separating calorimeter 4*7 lb., steam condensed after leaving 
throttling calorimeter 51-4 lb. Steam pressure 160 lb. per sq. in. abs., 
atmospheric pressure 14*7 lb. per sq. in. abs. Temperature of steam after 
throttling 141° C. at 17 lb. per sq. in. absolute. Find the dryness fraction , 
on supply. 

Total weight of steam —51*4 + 4*7 = 56*1 lb., of which 51*4 lb. passes 
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through the throttling calorimeter and 4*7 lb. of moisture is collected 
in the separating calorimeter. 

Before throttling , H — h-\ xL. 

At 160 lb. per sq. in., II — 186-7 + x x 479-8 C.H.U. per lb. 

After throttling , //sup = //sat. + (141 - 104)0-48, 
where 0-48 is taken as the specific heat of superheated steam. 

H bU p. = 640-94+ 17-76 = 658-7 C.H.U. per lb. 

658-7 = 186-7 + a* x 479-8, 

472 

*'-4M8’ 0M37 - 

Thus in each 1 lb. of steam entering the throttling calorimeter there 
is 1 - 0-9837 or 0-0163 lb. of water. 

Hence in 51-4 lb. of steam thoro is 51-4 x 0-0163 or 0-8379 lb. of water. 
Total water in 56-1 lb. of supply stoam 

= separated water + throttled water 

= 4*7 4 0*8379 = 5-5379 11). 

~ , 56 1 -5-5379 

Dryness fraction on supply —-- 

-901% 

Behaviour of the Working Substance under Pressure and 
Temperature Changes 

A perfect gas expanding in a cylinder without change of tunperature 
would behave according to Boyle’s Law ; that is, the pressure at any 
stage in the expansion would be inversely proportional to the 
volume. This may be written algebraically as 

PV — Constant, 

where P is the pressure of the gas and V its volume. It seldom 
happens that a working substance obeys Boyle’s Law, and a more 
general form of equation connecting pressure and volume is applic¬ 
able. This equation is 

PV n = Constant, 

where n is an index dependent upon the nature of the gas and the 
conditions under which the expansion occurs. If Boyle’s Law is 
followed, n is equal to unity and the expression becomes 

PV = constant. 
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A gas may take in heat without change of pressure, in which case 
the process is described as heating at constant pressure. If c v is the 
specific heat of the gas at constant pressure, the heat is taken in at 
a rate equal to c v Centigrade Heat Units or lb. calories per lb. of gas 
per Centigrade degree rise in temperature. 

Example. If the specific heat at constant pressure for steam at a certain 
pressure is 0-6, find the heat required to raise the temperature of this steam 
through 40 Centigrade degrees. 

Heat required = 40 x c p per lb. of steam 
= 40 x 0-6 = 24 C.H.U. per lb. 

Similarly, heat may be absorbed at constant volume, and if c v be 
the specific heat of the gas at constant volume, this heat is taken in 
at a rate equal to c v lb. calories per lb. per Centigrade degree rise in 
temperature. The value of c v is less than that of c v , and the ratio 

Q 

y = -2 is the ratio of the specific heats at constant pressure and constant 
c v 

volume and must exceed unity. N.B. Since c P and c v are variable, 
y is not constant. 

If a perfect gas expands without taking in heat from external 
sources or giving out heat, that is adiabatically , the expression 
for the pressure-volume equation is P V n = Constant, where n is 


the ratio of the specific heats 



PVv = constant. 


Example. Ten cubic feet of gas under a pressure of 200 lb. per sq. inch 
absolute expands adiabatically to a volume of 15 cu. ft. Calculate the final 

pressure if the ratio of the specific heats ~ = 1-41. 

c v 

PV y ~ constant = P F l ‘ 41 , 

PjF^^P.F, 1 "" 

200 x 10 1 ’ 41 = P a x 15 1 ' 41 , 

„ 200 x 10 1 * 41 

a_ 15 1 ' 41 

log P 2 = log 200+ 1-41 log 10- 1-41 log 15 
= 2-3010+ 1-41 - 1-41 x 1-1761 
= 3-7110- 1-6583 = 2-0527. 

P 2 = 112-9 lb. per sq. in. absolute. 
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In the consideration of the behaviour of steam as a working sub¬ 
stance, the following values of n have been determined experi¬ 
mentally, and may be used in calculations involving the expansive 
working of steam. 

(a) Dry saturated steam expanding and remaining dry saturated 
throughout the process : n-Jf. 

(b) Steam expanding without loss or gain in heat content, that is, 
adiabatically : n = 1-135. 

(c) Steam expanding without change of temperature, that is, 
isothermally : n = 1. 

Ratio of expansion. When a working substance expands in a 
cylinder from a volume to a volume V 2 , the ratio of expansion is 
V 

^ = and the pressure-volume equation PV n = constant for a 

”i 

given expansion becomes P x Vff = P 2 V 2 n or 



Example. A gas expands from a volume of 11 cu. ft. to one of 17 cu. ft. 
according to the law P V 1 17 = constant. If the initial jwessure is 112 lb. 
per sq. in. gauge , calculate the final pressure. 

Ratio of expansion — J 7 = r — 1-546. 

P 1 112+14-7 126-7 

— — r 1 17 —-=-. 

P 2 P 2 P 2 

1-17 log 1-546-log 126-7 - log P 2 . 

117 x 0-1892 -= 2-1028 - log P 2 , 

log P 2 - 2-1028 - 0-2214 = 1-8814. 

P%— 76-1 lb. per sq. in. abs., 

or 61-4 lb. per sq. in. gauge. 

Work done during expansion and compression. Consider a piston 
and cylinder (Fig. 221) in which a gas expands from volume \\ cu. ft. 
to a volume V 2 cu. ft. under a pressure of P lb. If the pressure 
remains constant throughout the expansion, the work done will be 
P(y%~V i) ft. lb., and the work diagram will be a rectangle the 
area of which will represent this work done. In an actual engine, 
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Fig. 221. 


the pressure falls with the increase in volume, and the law governing 
the pressure and volume changes is PV n = constant, where n may 
be (a) unity, for isothermal expansion, or (b) a value dependent 
upon the nature of the working substance and the conditions of 
working. 

Case (a), where PV = constant or n is unity. Consider a cylinder into 
which a gas is admitted under an initial pressure P and with an 
initial volume V v Let the gas expand according to the law 

P V = constant 

until a final pressure P 2 is reached with a volume of V 2 . Then the 
area shaded beneath the curve (Fig. 222), a rectangular hyperbola, 
represents the work done during expansion. 



Fig. 222. 
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Take an elementary strip of width where the pressure is p and 
the volume v. 

Area of this strip = p 8v. 


rr. 

Total area = J p 8v 


Since 

Hence 

Now 


pv = constant = K , 
constant K 

v -—-—=-• 


area 


r r * do r 
= A — — K log, v 

) Vl v L Jr, 


K=PV, 

Area = work done = PV {log e V 2 - log f J i) 

V 


pv lo^-;- 2 


Se T/ l^Se»r, 


V 2 


where r is the ratio of expansion - 

Case (6) where PV" = constant. In this case the gas is admitted as 
before, and allowed to expand according to the law PV n = constant. 


rr 2 

Area of strip =p8v. Total area =1 p8v 

J Vi 


Since 


and 


pv n = constant = AT, 

K T T 

p—— =Av~ n , 
r v n 

CV 2 r y-n+l “lFj 

area = K I v n 8v = K\- -- 

J r, L-n + U Vl 

=K f v r 2" w+1 -Fr n+1 j 


t - n +1 
However, K=^P 1 Vff 1 = P 2 V 2 n . 

Area P2V2 " V 2 - W+1 ~ A^i n ^~ n+1 , ^ 2 -PiF, . 


-71 + 1 


1 -71 


Work done = 


PiVi-P 2 V 2 

n -1 


N.B. When the gas is compressed , worZ; to 6e provided , cmd 
the work is done in compressing the gas to the smaller volume and 
greater pressure . 
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Units of work done, pressure and volume. In the two expressions 
for the work done during the expansion of a gas, the pressure is 
taken as absolute pressure, that is, pressure measured above vacuum 
pressure. If the volumes are taken in cubic feet , and the pressures 
in lb. per sq. ft. absolute , the resulting work done will be in ft. lb. 

Example 1. Calculate the work done during the expansion of a gas 
according to the law PV — constant if the initial volume is 30 cubic feet 
and the ratio of expansion 7. Initial pressure = 120 lb. per sq. in. gauge. 

Pressure = (120 + 14-7)144 lb. per sq. ft. absolute 
PV = 30 x 144 x 134-7. 

Work done = P V log e r = PV log e 7 

= 30 x 144 x 134-7 x 1-9459 
= 1,132,000 ft. lb. 

Example 2. The compression ratio in a gas engine is 4 and the com¬ 
pression law is PV 13 = constant. If the final pressure is 126 lb. per sq. in. 
absolute and the final volume 0-32 cubic ft., find the initial pressure and 
the work supplied to the gas during compression. 

PV 13 = constant. 

126 x 0-32 1 3 = P l x 1-28 1 * 3 . 

( f).QO\ 1-3 

h28 ) = 126 x (*)«•*. 

log Pj = log 126+1-3 log 0-25 

= 2-1004 + 1-2173= 1-3177. 

Pj = 20-78 lb. per sq. in. abs. 

TXT 1 j Pi V\ - P* V. 

Work done =---- 

n— 1 

... 1 20-78 x 1-28- 126x0-321 

= 14 M i-3-i -/ 

^ (26-6-40-321 

= U4 {-0-3-/ 

= 144 x - 45-7 = - 6585 ft. lb. 

N.B. The negative character of this answer indicates that work has 
been supplied to the gas during compression. A positive value of the work 
done is obtained for expansion in which work is done by the gas. 

B.B.EiS. 


N 
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Thermal behaviour of the working substance. During the pro¬ 
gress of the cycle for any engine, there are changes in the heat 
content or internal energy of the working substance, and at any 
given period the working substance is said to be in a certain con¬ 
dition. This condition refers to its pressure, temperature, volume 
and heat content, and must not be confused with the change of 
state which occurs when a solid is converted to a liquid, or a liquid 
to a gas. 

It is first necessary to realise that any change of heat content in 
the working substance involves a loss or gain of energy, and work 
or heat must be either expended by the gas, or supplied to the gas, 
to produce this energy change. Heat, when supplied to a gas, may 
produce one of several results : 

(a) It may increase the temperature of the gas with a consequent 
increase of pressure, but with no volume change. In this case the 
heat content increases, but no external work is done because there 
is no increase in volume, that is, no movement against external 
resistance. Heat is then taken in at constant volume. 

( b) It may increase both the temperature and volume while the 
pressure remains unaltered. In this case external work is done , 
because there is a volume change, that is, movement against 
external resistance. Heat is then taken in at constant pressure. 

The rate at which heat is absorbed in these two cases has been 
dealt with on pp. 366, 373, and depends upon the specific heats at 
constant pressure and volume. 

(c) The third case is more complicated and more general, and is 
the case where temperature, pressure and volume may all, or in 
part, change during the supply of heat. External work may, or 
may not, be done, and mechanical energy may be supplied in order 
to produce these changes of pressure, temperature, volume and heat 
content. 

Energy of the working substance. The stock of internal energy 
possessed by the working substance will be reduced if external work 
is done by an amount equal to the heat equivalent of this external 
work. In order that external work may be done, the volume of 
working substance must change, hence : 
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Heat supplied = External work done + Change of Internal Energy. 

As an analogy : 

Money deposited in a bank = Value of cheques drawn 

+ increase or decrease of bank balance. 

Joule’s Law for gases states that the internal energy of a gas 
depends upon its temperature, and is measured as the quantity of 
heat possessed by the gas at a definite temperature. 

Charles’ Law and the corresponding Pressure Law also due to Charles. 

These laws are often stated thus : 

(a) If the volume V of a gas is kept constant, the absolute pres¬ 
sure P is directly proportional to its absolute temperature T , or 
P/T = constant when V is constant. 

(b) If the pressure of a gas is kept constant, the volume V is directly 
proportional to its absolute temperature T , or V/T = constant, when 
P is constant. 

Experiment has shown that this change of volume is 2 ^ of the 
volume at 0° C. for every degree Centigrade rise in temperature. 
Thus, theoretically, the volume of a gas becomes zero at a tempera¬ 
ture of -273° C., but actually the gas would liquefy before this 
temperature was reached. The temperature - 273° C. is taken as 
the basic temperature for heat calculations and is known as the 
absolute zero of temperature. 

The algebraic statements of Charles’ Law and the corresponding 
Pressure Law can be written thus 

V - constant xT and P = constant xT respectively, 

where V is the volume of the gas and T is its temperature measured 
from the absolute zero and P is the absolute pressure. 

Example 1. Heat is supplied at constant pressure to 90 cu . ft. of gas 
the temperature of which is raised from 20° to 80° C. Calculate the final 
volume. 

Initial volume = 90 cu. ft. = F x . 

Initial temperature — 273 + 20 = 293- T x . 

Final temperature = 273 4- 80 = 353 — T 2 . 



380 


ENGINEERING SCIENCE 


According to Charles’ Law, if the pressure remains constant 
V = constant x T ; 


90 V 2 _ 90 x 353 

293 “353’ a “ 293 

= 108-4 cu. ft. 

Example 2. In a Diesel engine heat is supplied at constant pressure and 
the final volume of the charge is 1*2 cu. ft. at a temperature of 800° C. 
Find the temperature of the charge before heat is supplied if the volume at 
this stage is 0*65 cu. ft. 

V 2 — 1*2, T 2 - 1073°C. abs. 

V l — 0*65. 

T, T 2 

0*65 1*2 1073x 0*65 

T x ~T073 ’ lx ~ 1*2 

T x = 581*2° C. abs. 

^ = 581*2 - 273 = 308-2° C. 

Combination of Boyle’s and Charles’ Law. When the working 
substance suffers changes in temperature, pressure and volume, 
neither Boyle’s Law, which assumes constant temperature, nor 


Combination 
Boyle's & Charles' Law 

Boyle’s Charles' 

Law Law 



First 


Intermediate 



Final 

State 



State 


State 





p 2 



p 1 
' 2 




< 



* 

h 


u 






h 










Fig. 223. 
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Charles’ Law, which assumes alteration of temperature, with either 
constant pressure or constant volume, can be applied. The gas will 
follow a combination of the two laws, and its behaviour may well 
be investigated in the form of two processes, namely, a change 
according to Boyle’s Law followed by a further change according to 
Charles’ Law. The resultant change will then be according to a 
combination of the two laws (Fig. 223). 

Consider a quantity of a gas at a pressure P v volume \\ and 
absolute temperature T v which is allowed to expand to a final con¬ 
dition of pressure P 2 , volume V 2 and absolute temperature T 2 . 
This expansion may be regarded as consisting of two processes 
which may be regarded as taking place; (a) according to Boyle’s 
Law, and (b) according to Charles’ Law (Fig. 223). 

Process (a) According to Boyle ’ sLaw , with constant temperature T v 

Let the final volume at this stage be V 3 ; then 

Pi \\ = Po V 3 and F 3 =^X 

P 2 


Process ( b) According to Charles' Law , with constant pressure P 2 
and initial volume V 3 . 


In this case, 
but in process (a), 




Vz-h 

V -Ml 
v >- p 9 ' 


. Mi J± 

** T X P % T 2 


2 or 

Ti To 


‘1 *2 

Thus the combination of Boyle’s and Charles’ Laws may be 
expressed generally as 


PV 


= constant. 


Specific volume of a gas. At a given temperature and pressure, 
1 lb. of a gas will have a definite volume, which is known as the 
specific volume of the gas. 

PV 

In the expression — = constant, if V is the specific volume of 
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1 lb. of gas and P is the pressure in lb. per sq. ft., with T as the 
absolute temperature in ° C., 

PV 

— = Constant = R, 


or PV — RT. 

The constant R has now taken a definite significance, and is known 
as the gas constant where lib. of gas is considered. 

If w lb. of gas are employed, the equation becomes PV = wRT, 
and the units of R are ft. lb. per lb. per Centigrade degree. 

Characteristic equation of a gas. The equation 

PV — wRT 

is known as the characteristic equation of a gas, and when the 
appropriate units of P , V and T are employed, with the weight of 
the gas in lb., the value of R is in ft. lb. per lb. of gas per Centigrade 
degree. This value of R may be converted into heat units by divid- 

R 

ing by Joule’s equivalent, that is, —— , which gives the value of 

1400 


R per lb. of gas per Centigrade degree in C.H.U. 
Summary of the gas equations. 


Law 

Constants 

Variables 

Equation 

Hoyle’s - 

Charles’ 

Boyle’s and 
Charles’ 

T 

Pot V 

: 

P and V 

T and F or T and P 

P , V and T 

PV = constant 
fP T P 0 + zhPoT 
\F T =F 0 + *i*F 0 T 
PV—wRT 


Change in internal energy at constant pressure. When 1 lb. of 
gas is heated without change in pressure, the volume and tempera¬ 
ture alter and work is done externally. This external work done is 
equal to the pressure multiplied by the change in volume (see p. 74, 
Vol. II) ; that is, P(V 2 - V x ). The heat given to the gas at constant 
pressure is the specific heat at constant pressure multiplied by the 
change in temperature ; that is, c p (T 2 -T 1 ). It follows from the 
principle of conservation of energy that 

heat taken in = work done + change in internal energy , 



ADIABATIC EXPANSION 


383 


and 

change in internal energy = Cp(T 2 - T x ) - P(V 2 - Vj), 
which will be in C.H.U. or ft. lb. according to the units used for 
P, V , and c v . 

Joule’s Law (p. 379) states that the internal energy of a gas is 
dependent entirely upon its temperature, and is definite for a given 
temperature; it does not matter what happens to the volume. 
Hence change of internal energy can be represented by c v (T 2 -T 1 ) 
if the gas temperature changes from T 1 to T 2 . 

Therefore the above equality may be written 

C v(^2~ ^i) — Cp {P 2 ~ ^i) ~ P( ^2 “ Vi)* 
or, rearranging, 

K - c v ) (T 2 -T t )=P(V t - V t ) = PV 2 - PV v 

But P V 2 = RT 2 and P \\ = RT X ; 

hence (c p - c v )(T 2 - T x ) = R(T 2 - T x ) , 

therefore - c v = R. 

This is called the relationship between the gas constant and the 
specific heats of the gas, and has an important bearing on the work 
to follow. 

Adiabatic expansion (to show that n =y). 

In this case the work done = loss of internal energy. 

Work done = —p— 1 per lb. (see p. 376.) 


RT 2 -RT 1 _R(T 2 -T 1 ) 
n -l n -l 


Loss of internal energy =c v (T 2 - T x ) per lb. 


• • C v(^2 ~ ^i)~ 


n- 1 


R 


and 

C ^n- 

But 



nc v -c v = c v 

or 

n = — 
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Summary of relationship between R, c vi c p and y. 

In the characteristic equation of a gas. 

PV 

^ R = wT’ 

(b) R=c„-c„, 

0 

(c) y = - v in the adiabatic expression. 


Example 1. Find the weight of gas in an ammonia cylinder of volume 
3-5 cu.ft. at 0° C. and pressure 270 lb. per sq. inch gauge. R — 183-4 ft. lb. 
per lb. per Centigrade degree. 

P = (270 + 14*7) x 144 = 284-7 x 144 lb. per ft. 2 
T — 213° C. abs. 

V = 3-5 <?u. ft. 

PV — wRT. 


PV 284-7 x 144 x 3-5 
"I? 5 !83~4 x 27-1 ~ 2a66lb ' 


Example 2. ^4n air compressor receives a charge of 6-3 cu. ft. at a 

temperature of 18° C. and a pressure of 20 lb. per sq. in. absolute. This 
charge is then co?npressed to a volume of 1-4 cu.ft. with a temperature rise 
to 210° C. Calculate the final pressure and weight. R for air is 95-8 ft. lb. 
per lb. per Centigrade degree. 

(a) Initial oondition (b) Final condition 

Fi = 6-3 cu. ft. V 2 =14 cu. ft. 

Tj = 273 + 18 = 291° C. abs. P 2 = 273 + 210= 483° C. abs. 

P 1 = 20 x 144 = 2880 lb./ft. 2 . P 2 = ? 

PiVi = P 2 V 2 
Ti T 2 9 
2880 x 6-3_P 2 x 1-4 
291 ~ 483 ’ 
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Example 3. A charge of methane of 8 cu. ft. volume has a temperature 
of 30° G. and a pressure of 100 lb. per sq. in. gauge. Find its volume at 
N.T.P. (normal temperature and pressure). Find (a) the value of R for 
methane and the weight of the charge if 0 ^ = 0-591 and c v — 0-451. 


Initial condition. 

V x — 8 cu. ft. 

I\= 114-7 x 144 lb. per ft. 2 . 
T x — 273 + 30 = 303° C. abs. 


PV 
T r 


K = 


V 2 


114*7 x 144 x 8 
303 : 

114-7x8x273 


Final condition (N.T.P.). 
V 2 =? 

P 2 = 14-7 x 144 lb. per ft.*. 
T 2 = 273° C. abs. 

14-7 x 144 x F 2 
273 


303 x 14-7 
R = c P -c v in C.H.U. 


= 56-26 cu. ft. 


= 0-591 - 0-451 = 0-140 C.H.U. 

= 0-14 x 1400 = 196 ft. lb. per lb. per Centigrade degree. 


PV 114-7x144x8 


W ~RT~ 


196 x 303 


= 2-22 lb. 


Example 4. A boiler receives 20,000 lb. of air per hour at a temperature 
of 18° C. and a pressure of 16 lb. per sq. in. abs. Find the volume of air 
to be handled by the intake fan per minute if R — 95-8 ft. lb. per Centigrade 
degree. 

PV — wRT. 

20,000 „ 

w — ——— = 333 J lb. per mm. 

wRT 333-3 x 95-8 x (273 + 18) 

P 16 x 144 

= 4033 cu. ft. 


Example 5. A gas engine consumes 3-26 cu. ft. of coal gas per minute 
at a temperature of 20° C. and pressure of 15-5 lb. per sq. in. absolute . 
Calculate the temperature of the gas prior to explosion if the ratio of com¬ 
pression is 4-5 and the final pressure 160 lb. per sq. in. absolute. 


(a) Primary conditions. 

V x — 3-26 cu. ft. 

P%= 15-5 x 144 lb. per ft. 2 . 
2^ = 273 + 20 = 293° C. abs. 

15-5 x 144x3-26 
293 


(b) Final conditions. 

3- 26 

V 2 = ---- = 0-725 cu. ft. 

4- 5 

JP 2 — 160 x 144 lb. per ft. 2 . 
T 2 = ? 

160 x 144 x0-725 


T 2 = 672-6 °C. abs., t 2 = 400° C. 
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Example 6. A volume of 10 cubic ft. of gas at 170 lb. per sq. in. abs. 
and temperature 140° C. is heated at constant pressure until the volume 
becomes 14 cu. ft. If <^ = 0*251 and c v — 0173, find (a) the weight of the 
charge , (6) the external work done , (c) the change in internal energy. 


P = c p - c v — 0*251 — 0*173 = 0*078 heat units. 


(a) Weight w — 


P V 
ItT 


170 x 144 x 10 
0*078 x 1400 x {273+ 140} 


= 5*428 lb. 


(b) External work done =p (v 2 - v x ) 

= 170 x 144(14 - 10) = 97,920 ft. lb. 


Heat taken in at constant pressure = c p w(T 2 - T x ). 


P 1 V l _ 1700 P l \\ 

1\ ~ 413 ~ 1\ 9 
170 x 14x413 
170x10 


= 578-2° C. abs. 


H Cj> = 0-251 x 5-428(578-2 - 413) 

= 0-251 x 5-428 x 165-2 = 225-1 C.H.U. 


By the principle of conservation of energy : 

Heat taken in = change in internal energy + work done. 


225*1 = £7 -f 


97920 
1400 * 


(c) £7 = 225*1 - 09*94 = 155*16 C.H.U. 


The Comparative Cycles 

It has been stated that in an engine operation the working sub¬ 
stance is submitted to a series of changing conditions known as the 
working cycle. The cycle of operations may be an ideal cycle, in 
which the working substance is conceived to undergo a series of 
changes which give a maximum theoretical performance, or may 
be the actual cycle, which is the cycle used in the actual engine 
performance. 

The ideal cycles, notably the Carnot cycle and the Otto cycle, are 
used as standard efficiency cycles against which the performance of 
actual engines are compared. 

It is general to represent any cycle of operations as applied to 
engine performance by a pressure-volume diagram for the working 
substance, and to illustrate on this diagram the changes in the state 
of the substance during the operations. 
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The Carnot cycle. This cycle is the recognised standard of com¬ 
parison for all heat engines, and gives the maximum efficiency 
which any heat engine may attain with a perfect working substance 
under perfect working conditions. It is an ideal cycle which pannot 
be obtained in practice, but it serves as a comparative standard in 
all heat engine performances. 

It consists of four essential operations : (1) isothermal expansion, 
(2) adiabatic expansion, (3) isothermal compression, (4) adiabatic 
compression. Thus the working substance is submitted to two 
stages of expansion, followed by two of compression, after which it 
is restored to the condition, or state, which it possessed before 
expansion. 

Imagine one pound weight of a perfect gas to be in a cylinder 
made of a material which is a complete heat insulator (Fig. 224). 

Source 

S 

Temp T, 


C 

Cover 


Receiver 

R 

Temp T 2 


Cylinder 


777777 

" ■TV 




f i r 1 f r j i 

% Piston i f 


-: 

i i 

, * ■ . 





Heat Insulating Walls 


Fiu 224 


The end of this cylinder can be closed at will by a perfect heat 
insulating cover C. Heat is supplied from a heat source S, which is 
maintained at a constant temperature T v and rejected into a 
receiver B which is maintained at a constant temperature T 2 . The 
working substance is now operated upon in four separate stages : 

Stage 1. Heat is applied from $, the source, to the working sub¬ 
stance in the cylinder, and the substance expands isothermally, that 
is, at constant temperature T v 

Stage 2. The heat in the cylinder is now trapped by applying the 
insulating cover C , and expansion is continued without gain or loss 



388 


ENGINEERING SCIENCE 


of heat to external sources, that is, adiabatically, the temperature 
falling during the process to that of the receiver T 2 . 

Stage 3. The cover is removed and the substance compressed 
isothermally at a temperature T 2 , rejecting heat to the reoeiver R. 

Stage 4. Again the heat in the cylinder is trapped by applying C, 
and the substance is compressed adiabatically until it reaches the 
temperature of the source T v 

The cycle is now complete, and it is necessary to investigate the 
energy changes during the cycle, which may be summarised as 
follows. 


Stage 

Energy Change 

1 

Heat supplied at constant temperature. 

2 

No heat change to external sources. 

3 

Heat rejected at constant temperature. 

4 

No heat change to external sources. 


The Carnot cycle for a perfect gas. Fig. 225 show's the pressure- 
volume diagram for the Carnot cycle in which AB represents the 
first stage, BC the second stage, CD the third stage, and DA the 
final stage to complete the cycle. 

At A the condition of the gas is PiV^T^ which changes to P^WT^ 
at B under isothermal expansion at constant temperature T v 
Heat supplied = PV log e r (see p. 376), which for 1 lb. of gas becomes 

RT r log e r or RTjlog.J?. 

At B the state of the gas is P 2 V 2 T l9 which changes to P Z V 3 T 2 at 
C under adiabatic expansion without change of heat content. 

At C the state of the gas is P 3 V 3 T 2 , which changes to P A V 4 T 2 at 
D under isothermal compression at constant temperature T 2 . Heat 
rejected = PV log e r, which for 1 lb. of gas becomes 

RT 2 log e r or RT 2 log„ ^. 

V 4 

N.B. Compression is arranged to finish at such a point D that the 
adiabatic compression which follows will bring the gas to its initial 
condition P 1 V 1 T 1 at A. This is achieved if the ratios of expansion and 
compression in the isothermal stages 1 and 3 are equal. 
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At D the state of the gas is P 4 VfT 2 , which changes to P 1 V 1 T 1 at 
A under adiabatic compression without change of heat content. 

By the principle of conservation of energy the work done must be 
equal to the heat energy change over the four stages ; that is, 
Work done=heat taken in - heat rejected 

= RT 1 log, L _ rt 2 i oge I?, 

and since r, the ratio of expansion or compression in the isothermal 

V V 

stages = = y , this work done is equal to R {T x - Tjlog,, r. 

Efficiency of'the cycle do ^ 

J heat supphed 

fl(7’ 1 -r i )log,r 

= t l -t ? 

Ti 

Thus the efficiency of the perfect heat engine working on the Carnot 
cycle depends upon the absolute temperatures of supply and rejection , 
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and the greater the temperature range the higher the efficiency. 100 per 
cent, efficiency can only be obtained if the working substance can 
be expanded down to absolute zero, or £ 2 =273°C., i.e. T 2 =zero. 
This is, of course, an unworkable condition in any engine. 

Carnot cycle for vapour. When a vapour is employed as a work¬ 
ing substance, in place of a perfect gas, the vapour is expanded or 
compressed isothermally not only at constant temperature, but also 
at constant pressure. The isothermal lines in the P v. V diagram 
(Fig. 226) thus become horizontal. The stages in this form of the 
cycle are : 



Fig. 22C. 


Stage 1, AB. At A the substance is liquid, and also during iso¬ 
thermal expansion to B, when it becomes dry vapour at the same 
pressure and temperature ; latent heat L x is taken in. 

Stage 2, BC. Adiabatic expansion of the dry vapour follows to C, 
where the substance becomes wet vapour with the fall in tempera¬ 
ture ; there is no change in internal energy. 

Stage 3, CD. Isothermal compression follows in this stage, in 
which the condensation of the wet vapour at C is continued and 
latent heat L 2 is rejected. 

Stage 4, DA. Adiabatic compression follows, and the mixture of 
vapour and liquid at D is completely condensed and restored to the 
temperature T x and pressure P x at A. Again there is no change in 
internal energy during compression. 


In this cycle the efficiency is still 



and the work done in 


terms of the latent heat L x of the substance on supply or at 


temperature T x is Li 



heat units per lb. 
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The Rankine cycle. The practical operation of the steam engine 
is improved by the use of a separate condenser, ind a standard 
comparative cycle for steam engine performance is Rankine’s 
modification of the Carnot vapour cycle known as the Rahkine 
Cycle, a cycle which is applicable to an engine working with a 
separate condenser. 

The essential modifications to the Carnot oycle evident in 
Rankine’s Cycle are : 

(n) The continuance of the isothermal compression stage until the 
vapour mixture is completely condensed to a volume equal to that 
occupied by the substance at the commencement of the cycle ; that 
is, the extension of Stage 3 (Fig. 226) to E. 

(b) The supply of heat in order to raise the temperature of the 
condensate at E from T 2 to T v the temperature at A. 

This cycle is represented by ABCE in Fig. 226, and although the 
T -T 

efficiency falls short of —L=—? to the extent of the heat supplied 

1 j 


to the condensate, it provides 
a comparative cycle for steam 
engine and turbine performance 
because of its acceptance of 
the condition of complete con¬ 
densation and reheating at the 
end of the cycle. 

The Otto or constant volume 
cycle. This Tycle is the com¬ 
parative cycle for internal com¬ 
bustion engine performance, 
and it accepts the principle that 
the heat shall be received and 
rejected, at constant volume. 
The cycle is represented in the 
P v. V diagram (Fig. 227) by 



Fig. 227. Otto Cycle. 


BCDE , and AB is the suction line by which the drawing of the 


charge into the cylinder is represented. 

Let the state of the charge at B, C, D and E be respectively 
/ > 1 r 1 T T 1 , P 2 V 2 T 2 , P 2 V 2 T z and F 4 F 4 Jr 4 , where = T 4 = total volume 
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and V 2 — F 3 = clearance volume. Then since BC and DE represent 
adiabatic or constant heat processes, heat is taken in during the 
stage CD , when combustion occurs, and rejected during the stage 
EB , that is, exhaust, both reception and rejection of heat being at 
constant volume. 

Stage 1, BC. This stage is adiabatic according to the law 
PV Y = constant, 

£ 

where y is the ratio of the specific heats ~ • 

Then P,F 1 v = P 2 F 2 v, ’ 

or (P 1 Fi)F 1 v- 1 = (P 2 F 2 )F 2 v-i, 

that is, PTj F 1 V_1 = RT 2 Vf~\ 

which may be written 

kW<T 

where r is the ratio of compression. 

Stage 2, CD. Heat is taken in at constant volume on the com¬ 
bustion of the charge, so that if c v is the specific heat at constant 
volume, 

Heat supplied = c,y (T 3 - T 2 ). 

Stage 3, DE. This stage is adiabatic expansion, and according to 


T 

the reasoning employed for Stage 1, ~ = 

d 3 


T /1 \ V- 1 

Since, in Stage 1, ~ = 



*4 

To 


Ti 

To 


t x t 3 


and T 4 = 

3 u 2 A 2 

Stage 4, EB. This stage is rejection of heat at constant volume. 
Heat rejected = c v (T 4 - T x ). 

. work done heat supplied - heat rejected 

71 = Efficiency =.— -—r =-V—-- r.— - 

heat supplied heat supplied 


c v (T 3 -T 2 )-c v (Tj-T 1 ) 

c v (T z -T 2 ) 


= 1 - 


T 3 - T % 
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Now 


But 


rp 

1 4 ~ m ' » 


T, 




-T, 


T] = l 


r J\-T. 


T x ( T t -T t \ 


= 1 - 


T' 


Trjl V- 1 . 
r, \r/ ’ 


ry = efficiency = 1 


r 


It is common to regard this cycle as operating with air as the 
working substance, in which case y = 1-404, and the 

© 0-404 

. 


Summary of the standard cycles 


Cycle 

Standard for 

Remarks 

Carnot 

1 

All heat engines 

T - T 

Efficiency = — 2 

i x * 

Carnot vapour 

Engines using liquid 
and vapour 

T,-T, 

” " T x 

Rankino 

Steam engines and 
turbines 

Complete condensation and 
relieating of condensate 
(see p. 415 for further 
treatment) 

Otto or constant 
volume 

Internal combustion 
engines 

- 

Efficiency = 1 - 

Air standard efficiency 

—0“ 
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Example 1. A steam engine receives dry saturated steam at 220 lb. per 
sq. in. absolute and exhausts into a condenser at 2 lb. per sq. in. absolute. 
Calculate the efficiency on the Carnot cycle. 


From steam tables : 

T x at 220 lb. per in. 2 —471*9° C. abs. 
T 2 at 2 lb. per in. 2 — 325*4° C. abs. 


T - T 

Efficiency, 7) = — 2 

1 1 


471-9 - 325*4 
47T!9 


3M° 0 * 


Example 2. A gas engine develops a maximum temperature of 1230° C. 
and exhausts at 18° C. Calculate its efficiency on the Carnot cycle. If the 
ratio of expansion is 4*6 and y — 1-3. what is the efficiency on the Otto 
cycle , and how does this compare with the air standard efficiency? 


(a) Carnot cycle : 


Efficiency 


(1230 + 273) - (18 + 273) 


1503 


(1230 + 273) 
-291 


1503 


= 80 6 ° 


(6) Otto cycle : 


Efficiency = 1 



y -1 


= 1 - (1 /4-G) 0 3 - 36 7 ° 
(c) Air standard cycle : Efficiency = l -( 1 /4-6)° - 46° ( 


Example 3. Calculate the air standard efficiency of a gas engine of 16 in. 
stroke , 12 in. diam. of cylinder and 480 cu. in. of clearance volume if 
y — 1*4. Determine the gas consumption per I.H.P. per hour, assuming 
the gas to have a calorific value of 300 C.H.U. per cu. ft. and the ratio of 
the thermal efficiency of the engine to its air standard efficiency to be 
55 s 100. (U.E.I.) 

Swept volume of cylinder = n x 6 2 x 16= 1809 cu. in. 

Clearance volume =480 cu. in. 

Total volume = 1809 + 480 = 2289 cu. in. 


Air standard efficiency 
Thermal efficiency 


= 1 - (1/4-77) 0 * 4 = 46*47 %. 
= AV * 46*45 = 25*55%. 


1 H.P. hour in work units = 33000 x 60 = 1,980,000 ft. lb. 


in heat units = 


1,980,000 


C.H.U. - 1414*3 C.H.U. 


1400 
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1414*3 

Gas consumption = — — cu. ft. on 100% efficiency 

oOO 

= 4*714 cu. ft. per I.H.P. hour. 

Actual eras consumption = 4*714 x 

25*55 

= 18*45 cu. ft. per I.H.P. hour. 

N.B. The ratio between the actual thermal efficiency and the air 
standard cycle efficiency of the I.C. engine is often referred to as the 
relative efficiency. 


EXERCISES ON CHAPTER XV 

1. Explain clearly the purpose of a heat engine and the nature of 
the working substance. What is meant by a cycle of operations? 

2. State the various conditions in which steam can be supplied to 
an engine, and trace the increase of heat content as superheated steam 
is raised from water. Write down an expression for the total heat of 
superheated steam which will indicate the heat content of the steam 
at each stage in its formation. 

3. Use steam tables to find the total heat of steam under each of 
the following conditions : 

(a) Dry saturated at atmospheric pressure. 

( b) Dry saturated at 100 lb. per sq. in. abs. 

(c) Wet steam with a dryness fraction of 0*93 at 160 lb. per sq. in. 
absolute. 

( d) Superheated to 400° C. if the pressure is 200 lb. per sq. in. gauge 
and atmospheric pressure is 15 lb. per sq. in. absolute. Mean specific 
heat of steam at constant pressure =- 0*6. 

(e) Wet steam in a condenser with a vacuum of 28*57 inches when the 
barometer reading is 30 inches and the dryness fraction 0*85. 

Explain the meaning of “ dryness fraction v as used in these deter¬ 
minations. 

4. Steam at a pressure of 250 lb. per sq. in. absolute is supplied to a 
turbine at a temperature of 360° C. and exhausted into a condenser, 
with 0*9 dryness fraction, at a pressure of 1*8 lb. per sq. in. absolute. 
Calculate the theoretical heat drop per lb. of steam and the velocity of 
the steam jet if 50% of this heat drop is converted to kinetic energy. 
c p = 0*6. 

5. A boiler produces steam 0*96 dryness fraction at a pressure of 
150 lb. per sq. in. abs. Find the heat to be supplied by the superheater 
per lb. of steam in order to give a temperature of 200° C., c p = 0*58. 



396 


ENGINEERING SCIENCE 


6. Steam is received by a turbine at 250 lb. per sq. in. abs. with 
100° of superheat, and exhausted 0*93 dry into a condenser pressure of 
2 lb. per sq. in. abs. Calculate 

(а) The heat drop per lb. if c p = 0-6. 

(б) The velocity of the jet if 50% of the heat drop is converted to 
kinetic energy. 

(c) The probable H.P. output if the overall efficiency is 27%, and 
the steam consumption is 28,000 lb. per hour. 

7. Find the cooling surface for a surface condenser under the follow¬ 
ing conditions : H.P. of engine = 300, exhaust steam 0*9 dry at 1-5 lb. 
per sq. in. abs., temperature of condensate 47° C., steam consumption 
19 lb. per H.P. hour ; 64 C.H.U. are transferred per sq. ft. of the cool¬ 
ing surface per minute. 

8. For what horse-power turbine is the following condenser suited? 
Area of cooling surface, 1000 sq. ft. ; rate of heat transfer 72 C.H.U. 
per sq. ft. per min. ; vacuum 28 inches with a barometer of 30 inches. 
Assume the engine to use 20 lb. of steam per H.P. hour and to discharge 
with a dryness fraction of 0-92. 

9. What quantity of cooling water is required per hour for a con¬ 
denser to operate with an engine using 24 lb. of steam per H.P. hour 
and developing 200 H.P. if the steam entering the condenser has a dry¬ 
ness fraction of 0-84 and the pressure is 2 lb. per sq. in. absolute. The 
temperature of the hot well is 52° C., and that of the inlet and outlet 
cooling water 16° C. and 50° C. respectively. 

10. A condenser receives steam from a steam turbine at a pressure of 
1*7 lb. per sq. in. abs. and dryness fraction 0-91. If 50,000 gallons of 
cooling water are used per hour, and the entry and exit temperatures 
are 16° C. and 41° C., find the probable kW. output of the turbine. The 
hot well temperature is 49° C. and the steam consumption is known to 
be 22 lb. per kW. hour. 

11. Wet steam at 160 lb. per sq. in. abs. is expanded through a 
throttling calorimeter at an internal pressure of 18 lb. per sq. in. abs. 
and the temperature is found to be 115° C. Find the dryness fraction 
of this steam if c p for superheated steam is 0-485. 

12. Sketch and describe a throttling calorimeter and explain the prin¬ 
ciple of its operation and the limits to which it may be used. 

Wet steam at 200 lb. per sq. in. abs. expands into a throttling calori¬ 
meter to atmospheric pressure and a temperature of 120° C. If the 
specific heat of superheated steam is 0-48, find the dryness fraction of 
the steam before expansion. (U.E.I.) 

13. A steam turbine when supplied with 9 lb. of steam per second at 
200 lb. per sq. in. abs. superheated 100 Centigrade degrees develops 
3000 H.P. Find (a) total heat, ( b) condition, (c) the specific volume of 
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the steam at exhaust from the turbine at 1-3 lb. per sq. in. absolute. 
Take the specific heat of superheated steam as 0-56. Asfeume that there 
are no losses in the turbine. (U.E.I.) 

14. What advantages are gained by fitting a condenser in a st$am 
engine plant ? Substantiate your answer by reference to typical 
indicator diagrams. 

Exhaust steam 0-9 dry enters a surface condenser at 2 lb. per sq. in. 
pressure. It is there condensed to water at 40° C. The steam used 
per hour is 1800 lb. Calculate the weight of circulating water required 
per minute and the number of tubes per pass if they are J in. internal 
diameter, the rate of flow is 4 ft. per second and the temperature rise 
for the circulating water is 20 Centigrade degrees. (1 cu. ft. of water 
weighs 62-3 lb.) 

15. The exhaust steam from a 2000 kW. steam turbine passes to a 

condenser at a pressure of 2 lb. per sq. in. abs. and 93% dry. 106,000 
gallons of cooling water enter the condenser per hour at a temperature 
of 16° C. and leave at 32° C. If the hot well temperature is 32° C., find 
the steam consumption of the turbine in lb. per kWh. (U.E.I.) 

16. 80 cubic ft. of gas are expanded adiabatically from a pressure of 
270 lb. per sq. inch absolute to a volume of 113 cu. ft. Find the final 

pressure if ^=1*38. 

17. The ratio of expansion in a certain engine is 4*9 and the expan¬ 
sion law is PF 1,14 = constant. Calculate the pressure before expansion 
if the final pressure is 27 lb. per sq. in. abs. 

18. An engine of cylinder volume 81 cu. ft. cuts off steam supply at 
l of the stroke. Calculate the work done during expansion if the initial 
pressure is 80 lb. per sq. in. and the clearance volume is equal to of 
the stroke. Expansion (a) according to Boyle’s Law, (6) according to 
P F 1,17 = constant. 

19. The compression ratio in a gas engine is 4-75. Find the work 
supplied during compression if the final pressure is 174 lb. per sq. in. 
abs. with a volume of 0-41 cu. ft. Compression law PF 1 ' 3 —constant. 

20. Distinguish clearly between isothermal and adiabatic expansion 

of a gas. An internal combustion engine has a cylinder 6 in. diameter 
and a stroke of 8 in. The pressure and temperature of the gas at the 
commencement of the compression stroke are 14 lb. per sq. in. absolute 
and 92° C. respectively. If the clearance volume is 76 cu. in. and the 
law of the compression PF 1 ' 3 = constant, find the pressure and tempera¬ 
ture at the end of compression. (U.E.I.) 

21. What do you understand by the internal and external energy of 

a gas? 6 cu. ft. of gas at 120 lb. per sq. in. absolute and 180° C. are 
heated at constant pressure until the volume is doubled. If c v = 0*239 
and c v — 0*169, find the change in internal energy and the external work 
done during the supply of heat. (U.E.I.) 
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22. Calculate the change of internal energy and work done when 
17 cubic feet of chlorine at 100 lb. per sq. in. absolute and 140° C. is 
heated at constant pressure to a temperature of 290° C. 0 ^ = 0116 and 

y= c f= i - 34 . 

c v 

23. A compressor deals with 2400 cu. ft. of air per minute which it 
compresses to 100 lb./sq. in. from a state where P= 14*7 lb. per sq. in. 
abs., t— 15° C., according to the law P V 1 ' 3 — constant. Calculate (a) the 
final volume, (b) the ratio of compression, (c) the work supplied during 
compression, ( d) the final temperature. 

24. 1400 cu. ft. of ammonia is compressed adiabatically from 14*7 lb. 
per sq. in. abs. to a pressure of 350 lb. per sq. in. abs. Calculate the 
final volume and the work done during compression if the compression 
law is PF 1,,3# — K. What would have been the work done if the process 
was isothermal? 

25. Stato Charles’s Law. An engine charge is allowed to expand 
while h'eat is supplied at constant pressure from a volume of 1*9 cu. ft. 
to one of 2-7 cu. ft., the initial temperature being 300° C. Calculate 
the final temperature, the weight of the charge, the external work done 
and the change in internal energy if the following constants apply : 
P — 120 lb. per sq. in. absolute, y— 1-3, c^^O-24. 

26. Obtain an expression for the combination of Boyle’s and Charles’s 
Laws for a perfect gas. An air compressor receives a charge of air at a 
temperature of 20° C. and a pressure of 22 lb. per sq. in. absolute. 
Calculate the volume of the charge at admission if the final volume is 
2-84 cu. ft., the final pressure 164 lb. per sq. in. abs., and the final 
temperature 200° C. 

27. At the commencement of the compression stroke of a gas engine 
the pressure is 14-7 lb. per sq. in. and the temperature is 90° C. If the 
compression follows the law PF 1 ’ 3 — constant, find the pressure and 
temperature of the gas when it is compressed to one-third of its volume. 

(U.L.C.I.) 

28. One pound of gas at a pressure of 15 lb. per sq. in. absolute and 

a temperature of 15° C. is compressed adiabatically to 400 lb. per sq. 
in. absolute. Assuming that PV = 962 1 and that the index for adiabatic 
compression is 1*408, calculate the final volume and temperature. What 
is the ratio of compression, and how much work has been done during 
compression? (U.L.C.I.) 

29. What is meant by the characteristic equation of a gas? A charge 
of 1 lb. of gas at 80 lb. per sq. in. abs. is compressed adiabatically to a 
volume of 0*7 cu. ft. If the initial temperature is 120° C., find (a) the 
initial volume, ( b) the compression ratio, (c) the final pressure and 
temperature, ( d ) the work done during compression. R — 96. c v = 0*17. 
Calculate the density of the gas after compression. 
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30. Seven cubic feet of a gas expand in a cylinder from a condition 
P = 270 lb. per sq. in. abs., T = 513° C. abs., to one of 38 lb. per sq. in. 
absolute according to a law PV Y = constant, where Cj, = 0*254 and 
e v = 0*173. Find the heat interchange between the charge and the 
cylinder walls. 

31. Write down the characteristic equation of a gas, and state clearly 
the meaning of each symbol used. 

Given 1 cu. ft. of air at 0° C. and at a pressure of 14*7 lb. per sq. in. 
absolute weighs 0 0807 lb., what is the constant in the equation referred 
to above? 

A certain air reservoir contains 12 lb. of air at a pressure of 100 lb. 
per sq. in. absolute and a temperature of 30° C. The reservoir is con¬ 
nected to another by a short pipe so as to exhaust into it. When con¬ 
ditions are equal in both, the pressure is 40 lb. per sq. in. absolute and 
temperature 10° C. Find the volume of each vessel, given that at the 
commencement the pressure in the second reservoir was zero absolute. 

(U.E.I.) 

32. The piston displacement in a petrol engine is 24 cu. in., and the 
compression space 5*6 cu. in. The pressure and temperature at the end 
of expansion is 44 lb. per sq. in. absolute and 1080° C. Calculate the 
weight of the cylinder contents if the constant in the gas equation is 
100 ft. lb. per lb. per Centigrade degree. 

33. An oil engine draws in air at 14 lb. per sq. in. and 32° C., and 

compresses it adiabatieally into the clearance volume before the oil is 
injected. If the stroke volume is 1182 cu. ft. and the clearance volume 
0-12 cu. ft., find the pressure and temperature at the end of the com¬ 
pression and the mass of air compressed, y— 1*4 and R — 96 ft. lb. 
units. (U.E.I.) 

34. What is meant by a “ cycle.” Sketch a P v. V diagram for the 
Carnot cycle, and deduce the efficiency of the cycle. 

35. An engine receives steam at a pressure of 200 lb. per sq. in. with 
100 Centigrade degrees of superheat, and discharges into a condenser at 
a pressure of 2 lb. per sq. in. Use steam tables to determine the required 
temperatures, and find the theoretical efficiency under the Carnot cycle. 

36. Explain the modification of the Carnot cycle necessary to pro¬ 
duce the Rankine cycle, and show that the latter cycle more nearly 
corresponds with steam engine and turbine performance. Sketch the 
P v. V diagram for the Rankine cycle. 

37. Deduce the efficiency of an engine working on the Otto or constant 
volume cycle, and show that this efficiency is mainly dependent upon 
the ratio of expansion. What is the effect on the efficiency of increasing 
the ratio of expansion? 
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38. What is the air standard cycle, and in what way can it be identified 
with the constant volume cycle? 

A gas engine develops a maximum temperature of 1100° C. and 
exhausts at 27° C. Calculate its efficiency on the Carnot cycle. If the 
ratio of expansion is 4-2 and y- 1*3, what is the efficiency on the Otto 
cycle? Determine the air standard efficiency for this engine. 

39. What is meant by “ air standard efficiency ” as applied to an 
engine working on the Otto cycle ? 

Develop an expression for the thermal efficiency of this cycle. This 
expression should indicate that the efficiency will rise with increase of 
compression ratio. Why, then, are compression ratios not higher than 
their current values in engines working on this basic cycle? (U.E.I.) 



CHAPTER XVI 


ENTROPY, CHANGES OF ENTROPY AND TEMPERATURE, 
REFRIGERATION 

Entropy and entropy-temperature diagrams. The treatment of 
many heat engine problems, particularly those involving heat 
quantity and temperature changes, can be simplified by the use of 
entropy-temperature charts and a knowledge of entropy. It is very 
difficult to define entropy, and its conception is gained largely as a 
result of working examples and utilising the charts to follow the 
various processes operable in engines and in the standard cycles. 

The ability to convert heat energy into mechanical energy depends 
to a large extent upon the temperature at which the heat is supplied ; 
for example, the heat given to high-pressure steam, where the 
temperature is high, is much more readily converted to mechanical 
energy than the same heat given to steam at relatively low pressures. 

T -T 

The efficiency of the Carnot cycle, that is rj = - 1 ■ ~ , depends upon 

* 1 

the range of temperature, and the higher the initial temperature 
relative to the final temperature the greater the efficiency. 

Take the particular case of an engine working on the Carnot cycle 
between two temperatures T x and T 2 , where T' 1 -7 7 2 = 1° C. Then 
the work done by the working substance is 

Heat supplied x efficiency 
T -T 

that is „ „ x y - 3 

or, when T 1 -T 2 = l, „ „ x^- 

Heat supplied 

abs. temp, at which heat is supplied 
= ~ , if T is written for T v 
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But this is the work done by the working substance per degree 
fall of absolute temperature, and this quantity may be referred to 
as the change of entropy ; this change can thus be measured by the 
quantity of heat supplied divided by the absolute temperature at 

U 

which the heat is received, or — . 


The unit of entropy is the rank and 


. . , heat change in C.H.U. 

change m entropy - ^ ^ , c ■ 

a quantity which is measured in ranks. 


Entropy may thus be regarded as the work-producing capacity 
of heat energy; when heat is supplied at a high temperature, 
entropy change is small, while heat supplied at a low temperature 
gives a large change of entropy. 


Heat 

Supply 


At 


/^High Temperature \ 


At ( 

J Low Temperature I 


Entropy Change 
small 


Entropy Change 

LARGE 


Entropy-temperature diagram. When entropy is plotted against 
absolute temperature (Fig. 228) during the process of heating a sub¬ 
stance, the area of the diagram represents the heat change. Thus, 
entropy change x J r = heat change, 


and 


_ heat content change 

entropy change - --- 

absolute temperature 



Em. 9^8. 
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Example Heat is given to a gas at a constant temperature of 400 
Centigrade degrees absolute. Find the quantity of heat supplied if the 
change in entropy is 017 rank. 

g ^ _ change in heat content _ H 
absolute temp. 400 9 

H = 400 x 0-17 = 68 C.H.U. 


Note. The change in entropy is independent of the units chosen for 
heat content and absolute temperature , and is the same when B.Th.U. and 
Fahr. degrees are employed in the heat calculations. 

Thus, in the previous example, converting to Fahr. degrees and 
reworking : 

68 C.H.U. = l x 68 = 122-4 B.Th.U. 
and 400 Cen. degrees = 492 + f (400 - 273) = 720-6 Fahr. degrees. 

Change in entropy = ^^-^ = 0*17 rank as before. 


Units in entropy calculation. It is very infrequent that any 
absolute calculation of entropy is required, but the change in entropy 
is more often demanded. This change must be measured with 
definite datum levels, and these may be summarised as follows : 

The change of entropy is calculated for 1 lb. mass of the working 
substance, the heat supplied may be in either C.H.U. or B.Th.U,. 
and the temperature is measured in degrees absolute, either Centi¬ 
grade or Fahrenheit, but consistent with the heat units employed , that 
is, Centigrade degrees for C.H.U. and Fahrenheit degrees for B.Th.U. 

Changes in entropy with heat and temperature changes. It may 
be accepted that any change in the heat content of a body, or sub¬ 
stance, is accompanied by a change of entropy, although it does not 
necessarily follow that the change of heat content is associated with 
a temperature change. In adiabatic processes, since no heat change 
takes place, the entropy is constant, whereas in all processes involv¬ 
ing a loss or gain of heat content there is an entropy change. 

N.B. Entropy increases when heat is supplied and decreases when 
heat is removed , irrespective of temperature changes. 


Heat Content Changes- 

Constant Heat—> Adiabatic Processes 


»Entropy Changes 
Entropy 
Constant 
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In a process such as throttling, in which no work is done but there 
is a temperature change, there is an increase of entropy. 

Consider 1 lb. of a working substance in which the temperature 
change is from T 1 to T 2 and c is the specific heat of the substance in 
its particular condition. 

Then if </> is the entropy and H the heat content and a small 
amount of heat SH is given to the substance, the increase of entropy 
will equal 8</>. 

SH 

By definition, S</>=-^- i in which the change in temperature is 

small enough to be considered as maintaining the temperature 
constant. 

But SH = cST, where ST is the temperature change. 


8<£ = 


c ST 
T ‘ 


Thus, 


rr 2 

Change of entropy = ^ - <f >2 = c I 

-c{ lo g,5"}'; 

T 

change in entropy - c log e ~ . 


T *dT 
T 


Example 1. Calculate the change in entropy when 1 lb. of a substance is 
heated at constant pressure from 180° C. to 260° C. c v — 0-21. 


(f>2 


/260 + 273) 


533 


■ fa = 0-21 log, = °-2 1 log, ^ 

— 0-21 x logg 1*177--00344 rank. 


Example 2. Heat is supplied at constant volume to 1 lb. of a working 
substance at 100° C. If the increase of entropy is 0-06 rank and c v = 0-14, 
find the final temperature . 

t- 1-273 

fa - fa .= 0-14 log c • - - 373 - = 0-06 rank. 

lo g«^l 73 = °-4285. 

t + 273 = 273 x 1*535 = 419*06. 
t = 146°C. 
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Example 3. Find the change of entropy when superheated steam at 
100 lb. per sq. in. abs. is further superheated from 170° C . to 230° C. 


c p = 0-54. 


, ^ _ i T a _ n _. ( 273 + 230 \ 

fa fa log e /p i 05 ° 8 e 273 + no) 


= 0-54 log ( 


503 
443 : 


: 0-0686 rank. 


Entropy of water. The entropy of water is taken as zero when 
the temperature is 0° C., and entropy changes are calculated upon 
the absolute temperature corresponding to 0° C., that is, 273 
Centigrade degrees absolute. Thus entropy of water at T Cent. 
T 

degrees abs. is c log tf , and when T =273 Cent, degrees abs., 

log ‘2y-r log ‘ 1=0 - 

Entropy is given to water when the temperature of the water is 
raised from T x to T 2 according to the expression 

^-clog,^-Clog. A 
, f T 1 T l\ l 

= clog ‘(273-273J= clog ‘2V 


But r, the specific heat of water, is unity, so that 

T 0 

entropy change for water — </> 2 - </>i = l°g« sr • 

T i 

Entropy of dry saturated steam. When steam is formed from 
water, latent heat is given to the newly-formed steam without 
temperature change. If L is the latent heat per lb. in C.H.U., then 

change of entropy during evaporation is ^ , where T is the absolute 


temperature of formation of steam. The entropy of saturated 
steam which is raised from water at 0° C. is 


. T s L 
°Se 2?3 + T 


where T 8 is the absolute temperature of steam formation. 

Entropy of wet steam. If, during the process of steam formation 
only a portion of the water at the temperature of formation is 
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converted into steam, that is, if wet steam of dryness fraction x is 

T L 

formed, then the second term in log e + =- is modified according 

Zio 1 g 

to the fraction x of the latent heat which is given to the steam, and 
the entropy of wet steam is thus 

, T g xL 
° ge 273 + T 3 ' 

Entropy of superheated steam. When dry saturated steam at a 
temperature T s absolute is superheated at constant pressure to 

T 

T gU p. absolute, the entropy increase is c^, log e — , where c v is the 

-*■ s 

specific heat at constant pressure ; thus the entropy of superheated 

T L T 

steam is log e + ? +c„ log e . 


Summarising these results for water and steam : 


Condition 

Heat Content (approximate 
for low pressures) 

Entropy 

Water at steam forma¬ 
tion temperature 

(T 8 - 273) C.H.U. per lb. 


Saturated steam at 
formation temperature 

(T s - 273 +L) C.H.U. per lb. 

T L 

l0ge 27l + T s 

Wet steam at formation 
temperature 

(T s - 273 + xL) C.H.U. per lb. 

T xL 
l0ge 273 + T, 

Superheated steam at 
T S up.> temperature of 
superheat 

T s -273+L+ S (^ BU p.-T 6 ) 

log c ^73 + t, + loge 7 rf 


Example 1. Calculate the entropy change in each of the following cases 
for l lb. of the fluid : 

(a) Water heated from 30° C. to 110° C. 

( b ) Steam dry saturated at 100 lb. per sq. in. absolute raised from water 
at 16° C. 

(c) Steam as in (6), but of dryness fraction 0-9. 

(d) Steam at 120 lb. per sq. in. superheated 100° C. and raised from 
water at 16° C. 

c v — 0*52. 

, . , . , /273 + 110\ . 383 , 

(Q ) - * = log ‘ \ 273T30 ) = l0g ‘ 303 = 0 2343 ^ 
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(6) T a = 437-5° C., T x = 289° C., £ = 495-7. 

, , _ 437-5 495-7 

^.-&-log, T8 y +43^5 


(c) 

(d) 


= 0-4147 + 1-133 = 1-5477 ranks. 

<£ a - ^ = 0-4147 + 0-9 x M33 = 1-4344 ranks. 

T s = 444-9, T 1 = 289, £ = 489-9, <^ = 0-52. 
, J . 444-9 489-9 n ro , 589-9 

+'-* = l ° g * W + 444d> + °‘ 52 log « 44T9 


= 0-4311 + 1-101 + 0-1467 = 1-6788 ranks. 


Example 2. Steam at 250 lb. per sq. in. absolute superheated to 320° C. 
is supplied to a turbine and exhausted at a pressure of 1-5 lb. per sq. in. 
abs. with a dryness fraction of 0-9. Calculate (a) the heat drop , (b) the 
entropy change per lb. of steam. c v = 0-64. 

Find the necessary dryness fraction of this exhaust steam in order to give 
no change of entropy. 

(a) At admission H x - 670-6 + 0-64(320 - 204-9) 

= 670-6 + 73-66 = 744-26 C.H.U. 

At exhaust H 2 = 46-37 4- 0-9 x 569-65 

= 46-37 + 512-69 = 559-06 C.H.U. 


Heat drop — H 1 - IJ 2 ~ 185-2 C.H.U. per lb. 
(b) At admission 7^ = 593, T s = 478-1, L- 461-5. 
At exhaust T 2 = 319-6, £ = 569-7, rr = 0-9. 




1-664. 


(c) 


Entropy change = <£ 2 - fa = 0-0974 rank. 


. , 319-6 

= 2V3 --+* 



1-664. 


0-1570 + x x 1-782=1-664. 
x = 84-6%. 

The entropy-temperature chart. A chart showing, diagram- 
matically, the temperature and entropy of water and steam is 
published by H.M. Stationery Office, and is reproduced on a reduced 
scale by courtesy of the publishers on p. 408. This chart (Fig. 229) 
has an entropy base and a temperature ordinate, and the curves 
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shown indicate the temperature-entropy relations for water and 
steam. The following illustrations will show the methods of inter¬ 
polation of this chart (Fig. 230) : 

(а) Water at 160° C. Entropy indicated at A . 

(б) Water at 200° C. Entropy indicated at B. 

(c) Dry saturated steam at 200° C. Entropy indicated at C. 

(d) Change of entropy between water at 200° C. and dry saturated 
steam at 200° C. is indicated by BC on the entropy scale. 

Entropy v. temperature curves are shown for each 0-1 interval of 
dryness fraction between the water and steam curves, and are 
marked accordingly 0, 01, 0*2, ... 0-9. 

(e) Wet steam at 200° C., 0*7 dry. Entropy indicated at D. 

(/) Change of entropy between water at 200° C. and wet steam at 
200° C. and 0*7 dry is indicated by BD on the entropy scale. 

The fields in the temperature v. entropy charts. The curve on the 
left of the temperature v. entropy chart is known as the water line, 
and is the graph of T v. <f> for water, assuming a constant specific 

T 

heat of unity, that is, the curve = log e . The curve on the right 

of the diagram is the saturated steam line, and is determined by 
adding the entropy due to the latent heat intake to that possessed 



B.B.E.S. 


o 
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by the water at each temperature ; for example, at a temperature 
of 200° C. the distance BC is the entropy due to the latent heat 

intake on evaporation, that is, ^ or • 

The portion to the left of the water line is known as the water 
field, that between the water and steam lines as the saturation field, 
and that to the right of the steam line as the superheat field. The 
superheat field is intersected by a series of curves which show the 
entropy increase with superheating from the saturation tempera¬ 
ture. These curves are derived from the expression 


^sup. ~~ ^sat. ~ Cp 777 


TV 


sat. 


which is the entropy increase due to superheat. 


Example 1. Take water at a temperature of 80° C. ; then the 
horizontal line through the 80° point on the temperature scale will 
give : 

at E the entropy of water at 80° C. 

J ,, „ wet steam at 80° C. and 0-8 dry. 

F „ „ dry saturated steam at 80° C. 

G ,, „ superheated steam, superheated to 200° C. 

from a saturation temperature of 80° C. 

The entropy of superheated steam is determined by following the 
superheat curve from the temperature of saturation to the level of the 
superheat temperature and taking the value on the entropy scale. 


Example 2. Take water at a temperature of 120° C. which is con¬ 
verted into steam with a superheat temperature of 220° C. The entropy 
is obtained by drawing the horizontal through the 120° C. point on the 
temperature scale to meet the saturated steam line at K. From K the 
curve KL is drawn in the correct relative position to the superheat 
curves and concentric with them on the chart to meet the horizontal 
through 220° C. at L. The entropy is measured on the entropy scale 
vertically below L. 

Use of the temperature v. entropy (T v. (j>) chart. The following 
examples illustrate the use of the (T v. (j>) diagram for the determina¬ 
tion of the entropy of water steam under various conditions. 
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Examples. Read off from the temperature entropy chart the entropy of 
water steam under the following conditions . 

(a) Water at 176° C. - - - - Entropy = 0*475 rank. 

(b) Dry saturated steam at 176° C. - Entropy = 1-57 ranks. 

(c) Steam at 150° C., 95% dry - - Entropy = 1*56 ranks. 

(d) Steam at 140° C. saturation tem¬ 

perature superheated to 200° C. Entropy = 1-74 ranks. 

(e) Steam at a pressure of 2 lb. per sq. 

in. abs., 0-85 dry - - - Entropy = 1*66 ranks. 

Note. This value can be determined by using the equivalent pressures 
scale on the extreme right of the diagram. 

The volume lines. If the published form of the T v. <f> diagram is 
examined, it will be found that a series of chain lines (Fig. 231) 



Fig. 231. 

intersect the saturation field, and that these lines are marked with 
volumes in cubic feet. These volume lines may be used to determine 
the volume of 1 lb. of steam under any condition between water 
and dry saturation. 

In Fig. 231 the chain lines across the saturation field indicate a 
constant volume condition. 

Thus, if the evaporation of water from 130° C. is examined, the 
line AB on the T v.<f> diagram will represent the process of steam 
formation, and the volume of 1 lb. of saturated steam can be read 
off at B , and is approximately 11 cu. ft. If steam tables are referred 
to, this volume is given as 10-72 cu. ft. Now during the formation 
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of this steam, as latent heat is supplied and the dryness fraction 
approaches unity, so the volume will increase to a maximum at B. 
If at any given period the dryness fraction is x, then only x of every 
1 lb. of water will be converted to steam and the volume will be 
a; x 11 cu. ft. 

Example. Find the volume of 1 lb. of steam 0-7 dry produced at a tem¬ 
perature of 150° C. 

Vol. of dry saturated steam at 150° C. = 6-l cu. ft. 

Vol. of wet steams 0-7 x 6 272 = 4-39 cu. ft. 

Note . In this procedure the volume of the water which is unformed 
steam is neglected , but this volume is relatively small and negligible. 

Summary of lines of constant condition. It will be seen from the 
foregoing examples that certain lines on the T v. <j> diagram 
indicate a constant condition ; that is, the condition of the steam 
remains the same, in one aspect, during a temperature change (Fig. 
232). 


Constant Pressure 



Fig. 232. 

(a) Constant pressure lines. These occur in the superheat field, and 
indicate a change of temperature and entropy with a condition of 
constant pressure. 

(b) Constant dryness lines. These lines occur in the saturation 
field, and indicate constant quality or dryness with a change of entropy 
and temperature. 

(c) Constant volume lines. The lines occur in the saturation field, 
and indicate a change of entropy and temperature with constant 
volume. 
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Interpretation of operations on the T v. <f> diagram. The ordinary 
processes employed in steam engine performance may be traced on 
the T v. <f> diagram, and if the processes in a working cycle are 
plotted on the diagram the area of the diagram may, with suitable 
scales, be taken as the work done. The scales in general use on the 
T v. <j> diagram are : 

Entropy scale, 1 inch represents 0*2 rank. 

Temperature scale, 1 inch represents 25 Cent, degrees. 

It follows that 1 square inch represents 0*2 x 25 =^5 C.H.U., since 

^=|y and H=<j>T. 

the area represented by 1 sq. in. of the T v. <f> diagram can be 
taken as equivalent to 

5 C.H.U. or 5 x 1400 = 7000 ft. lb. 
which is known as the work scale. 

The processes. An adiabatic process is one in which there is no 
loss or gain of heat, and thus the entropy is constant ; hence the 
difference between the internal energies at the commencement and 
end of the process is equal to the work done during the process. 
Thus the expansion curve on a T v. <f> diagram is a vertical straight 
line indicating change of temperature without change of entropy. 

An isothermal process is at constant temperature, so that for such 
a process the curve on the T v. <f> diagram is a horizontal straight 
line. 

Thus the Tv. (j> diagram for the Carnot 
cycle is a rectangle A BCD (Fig. 233), in 
which the work done is represented by 
the area of ABCD , or {T 2 - T x ) (</> 2 
and the heat supplied is i), 

H 

since <j) = ^. The efficiency is therefore 

work done , T 2 - T* 

heat supplied» an ^ T 2 

Example 1. Find the dryness fraction 
after adiabatic expansion of 1 lb. of steam from a temperature of 200° C. y 
pressure 80 lb. per sq. in. abs. to a pressure of 3 lb. per sq. in. abs. 
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Determine, on the T v. <f> diagram, the position which represents the 
entropy, pressure and temperature before expansion. Draw a vertical 
line, for adiabatic expansion, to meet the horizontal through 3 lb. per 
sq. in. Read off the dryness fraction on the constant quality lines. 

Answer 0-87. 

Example 2. CJse the T v. <f> diagram to find the work done by 1 lb. of 
steam operated on the Carnot cycle if the temperature range is from 180° C. 
dry saturated to 40° C. Find the dryness fraction of the steam after 
adiabatic expansion. 

In Fig. 234 the expansion commences with water at 180° C. at A and 
continues isothermally during steam formation to B , and adiabatic 
expansion of steam to C. 





Fig. 234. 


Then A BCD is the work diagram for the Carnot cycle. 
From the chart : 

change of temperature — 180 - 40— 140° C. 
„ „ entropy =1-565 -0-51 

= 1 055 ranks. 

Area = 140 x 1 055 =147-7 C.H.U. 


or 


140 

25" 5 


1-055 

0-2 


= 29*54 sq. in. 


Since 1 sq. in. = 5 C.H.U., 

work done = 147-7 C.H.U. = 206,780 ft. lb. 


GC 


Dryness fraction after adiabatic expansion = ^^ = 0*775. 
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Example 3. Steam at 140 lb. per sq. in. abs. and having 30 Centigrade 
degrees of superheat , is supplied tO 0 turbine nozzle find there expanded 
adiabatically to 2 lb. per sq. in. abs. Determine from the entropy chart 
the final dryness fraction of the steam and calculate the heat drop per lb. 
of steam during expansion. 

90 per cent, of this heat drop is converted into kinetic energy of the 
issuing jet as it leaves the nozzle. Calculate the velocity of the jet. (U.E.I.) 

The dryness fraction is obtained by determining the position on the 
saturated steam line corresponding to 140 lb. per sq. in. and following 
the constant pressure line to give 30° of superheat. Then, since the 
expansion is adiabatic, a vertical straight line on the diagram to meet 
the horizontal through 2 lb. per sq. in. will give the entropy after 
expansion. Read off on the constant dryness lines the final dryness 
fraction, which is 0-83. 

From steam tables: 

Heat drop = Initial total heat - final total heat 
= 682-3 - {52^6 + (0-83 x 566-51)} 

= 682-3 - 522-4 = 159*9 C.H.U. 

Velocity of jet = V. 

V 2 9 159-9x 1400 

2 ff ~ To x 1 

V — 3602 ft. per sec. 

The Rankine Cycle. 

It has been explained that a modification of the Carnot cycle, 
namely the Rankine cycle, is more nearly consistent with ordinary 
steam-engine working and forms a valuable efficiency criterion. 
This cycle may be operated with saturated or superheated steam, 
and can be traced on the T v. <f> diagram as shown in Fig. 235. 

The cycle for superheated steam commences with the feed water 
at a temperature T x indicated at A on the diagram. This water is 
heated to T 2 , the temperature of steam formation, B , on the diagram. 
Evaporation now takes place at constant temperature T 2 until 
saturation point C is reached. From C to D indicates the supply of 
superheat, and at D the adiabatic expansion commences, to be com¬ 
pleted at the end of the vertical line DE where condensation starts. 

AE 

The steam at this point is generally wet, of dryness fraction , 

dr 
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and EA represents the period of isothermal expansion, or condensa¬ 
tion, to feed-water temperature. 


i-s 

Constant Volume Line 


^ if no Expansion 


l Constant Volume Line 


^^^and curtailment 


Expansion 

Q 

M G 


V 


CLG represents Expansion to Back Pressure 



Fig. 235. Rankine Cycle. ABODE represents work done. 


Summarising this : 


T v. cj> 

Chang© in Condition 

Process in Cycle 

AB 

BC 

CD 

DE 

EA , 

t 

Water at T x to water at T 2 

Water at T 2 to steam at T 2 
Steam at T 2 to superheat at T 3 
Superheated steam to exhaust 
steam 

Condensation 

Heat to feed water to formation 
temp. 

Evaporation to saturated steam 
Superheating 

Adiabatic expansion 

Isothermal expansion and con¬ 
densation 


From A to D the pressure remains constant at P v and from D to A 
the pressure has fallen to P 2 , the pressure at exhaust. 
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The work done during the cycle is represented by the area ABODE 
for superheated steam, or the modification A BOO for saturated 
steam. 

Work done = heat supplied - heat rejected 

= total heat at D - total heat at E. 

Total heat supplied during cycle 

= total heat at D - total heat at A. 


Thermal efficiency = 


work done 

total heat supplied during the cycle 


The Rankine Cycle on the T v.<j> Diagram 

The mathematical expression for the efficiency on the Rankine 
cycle is both involved and cumbersome. At this stage the efficiency 
for any given conditions is most easily obtained by tracing the cycle 
on a temperature v. entropy diagram and finding the ratio between 
the areas ABCO (Fig. 235) and JABCGH, representing the heat 
supplied if the steam is saturated, using a planimeter to determine 
the areas in sq. in. In the case of superheated steam, the areas 
ABODE , representing work done, and JABCDEK , representing the 
heat supplied, should be found by planimeter and also their ratio, 
and hence the efficiency calculated. 

In actual steam engines the steam cannot be expanded to the full 
limit owing to practical conditions ; namely, the cylinders would 
have to be excessively large and the condensation and waste of 
steam losses would be prohibitive. Before expansion is complete 
the steam is exhausted from the cylinder at constant volume when 
the piston is at the end of its stroke and thus is stationary. The 
work done is represented by the area ABCLNM (Fig. 235); where 
LNM is a constant volume line on the T v. cf> diagram. The satisfy¬ 
ing of the practical limitations mentioned means a loss of work 
represented by the area LNMG. 

A comparison of the P v. V and T v. <f> diagrams for saturated 
steam is shown in Fig. 235 for the modified Rankine cycle, and the 
corresponding points in the cycle bear the same letters in each 
diagram. 
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Example. Use the T v, <f> diagram to find the thermal efficiency on the 
Rankine cycle of an engine receiving feed water at 40° C. and working at 
a top pressure of 140 lb. per sq, in, with 30 Centigrade degrees superheat . 

Consider 1 lb. of feed water. 

From the entropy chart the dryness fraction after adiabatic expan¬ 
sion from steam at 140 lb. per sq. in. superheated 30 Cent, degrees to 
the exhaust temperature of 40° C. is 0*79. 

Heat rejected = h + 0*791/, 
which, when £ = 40°C. and L = 5 73 C.H.U. is 

40 + 0-79 x 573 - 492-67 C.H.U. per lb. 

Heat supplied . From tables, total heat at 140 lb. per in. 2 and 30 
Centigrade degrees of superheat = 682-3 C.H.U. per lb. 

Work done = total heat of superheated steam-total heat rejected 
= 682*3 - 492*67 = 189*63 C.H.U. 


Total heat supplied during cycle 

= Total heat of supply steam - total heat of feed water 
= 682*3-40=642*3 C.H.U. 


Rankine thermal efficiency = 


work done 

heat supplied during the cycle 


189*63 

682-3 


29*5% 


Mechanical Refrigeration 

The processes of mechanical refrigeration constitute the reversal 
of the heat engine cycle to produce and maintain low temperatures. 
This mechanical production of cold is achieved by using a working 
substance which, under favourable conditions, will absorb heat from 
its surroundings at a rate equal to or greater than the supply of 
heat to these surroundings. This heat, which is taken from the 
cold environs, is then transferred to a receiver at a higher tempera¬ 
ture. 

According to the second law of thermodynamics, heat will flow of 
its own accord only from a body at a high temperature to one at a 
lower temperature (p. 368). In order that heat may be transferred 
to a body at a higher temperature, external work must he performed , 
and this is supplied in the form of heat which in the course of the 
cycle is derived from mechanical energy. 



MECHANICAL REFRIGERATION 419 

There are two classes of refrigerator : 

(a) Cold air machines , in which air is the working substance ; 

(h) Vapour compression machines , in which a vapour capable of 
receiving a high pressure at low temperatures is used as the working 
substance. 

In the cold air machines, air is compressed to about four atmospheres 
and passed through a series of cooling tubes surrounded by water 
which carries away the heat due to compression. The air is then 
passed to a series of tubes surrounded by cold air exhausted from 
the cold chamber, which further cools the air in the tubes. The 
chilled air is then allowed to expand in a cylinder, thus losing its 
heat to the performance of mechanical work against a piston, and 
this cold air is led to the cold chamber. 

Vapour compression machines employ as working substance am¬ 
monia, carbon dioxide or sulphur dioxide which, in the form of a 
wet vapour, charges the cylinder of a compressor in which it is com¬ 
pressed. The next stage is to cool and condense this vapour and 
allow it to expand through a valve to a low pressure and tempera¬ 
ture. Then it is passed through tubes surrounded by the freezing 
agent, generally brine, which in turn is served to the pipes in the 
cold chamber. For sea-going and large refrigeration plants, the 
vapour compression type is more generally used. 

Fig. 236 shows diagrammatically the action of a vapour compres¬ 
sion machine in which ammonia vapour is used as the working sub- 



Fig. 236. Diagram or a Vapour Compression Refrigerator 
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stance. The vapour is compressed in the compressor by mechanical 
power, and this highly compressed vapour is then taken to the con¬ 
denser where it is cooled by circulating cooling water. Next it is 
expanded through the expansion valve into the evaporator, which 
is a series of tubes immersed in a brine tank. The low pressure, low 
temperature ammonia is here evaporated and takes up latent heat 
from the brine, leaving this intensely cold. The ammonia then 
returns to the compressor to renew the cycle, and a brine pump 
delivers the cold brine to the service pipes surrounding the cold 
chamber, which is heat insulated outside the pipes. 

Vapour compression cycle. Consider the PV diagram for a 
vapour compression machine (Fig. 237). The horizontal line ab repre¬ 
sents the suction stage at constant temperature T 2 , during which 



Fig. 237. PV Diagram. 


the refrigerant is drawn in at constant pressure and temperature. 
The adiabatic compression line 6c, to a temperature T lf produces in 
the refrigerant something approximating to a dry saturated condi¬ 
tion, and prepares it for condensation at the constant pressure and 
temperature T v when latent heat is given up to the cooling water. 
This stage is indicated by cd , and is followed by the stage da when 
expansion through the reducing valve to the original state brings the 
refrigerant to a condition suitable for recommencement of the cycle. 

The entropy v. temperature diagram for this cycle is shown in Fig. 
238, in which da shows the suction stage at constant temperature, to 
be followed by the adiabatic compression stage ab. The stages be 
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and cd indicate condensation at constant temperature T x followed 
by the cooling process in the cooler. 

To determine the coefficient of performance of the machine, con¬ 
sider the entropy v. temperature diagram (Fig. 238) and one pound 
of refrigerant: 



Fig. 238. Entropy-Temperature Diagram. 

(1) ea is a suction process in which the vapour takes up latent 
heat at a temperature T 2 . 

(2) ab is adiabatic compression until a dry saturated condition is 
obtained at T v 

(3) be is isothermal compression at T 1 during which the vapour 
discharges latent heat to the cooling water. 

(4) cd , in which the refrigerant is restored to its original condition 
or, if a more efficient working is chosen, namely ce , involving adia¬ 
batic expansion in which the working substance expands in a 
cylinder and provides motive power to the machine. 

Then the coefficient of performance is the ratio 

heat extracted 

I], —— ■ • 

work done 

In the more efficient working, if s is the specific heat of the liquid 
and L its latent heat of evaporation at then the heat extracted 
from the refrigerant is represented by the area eafg and the work done 
on the machine by abce . 





422 


ENGINEERING SCIENCE 


Hence 


heat extracted area eafg 

^ work done area abce 

T L 

de=s log.^r and bc = T ~ • 

Area eafg represents heat extracted =^xT 2 ; 
area abce represents work do ne—^~(T 1 - T 2 ). 


p — coefficient of performance = 


area eafg 
area abce 


jr (Ti - T 2 ) 2 

Effect of wetness at the end of compression. When the refrigerant 
is wet, that is, not dry saturated at the end of compression, the 
coefficient of performance remains the same, but there is less 
refrigeration per pound, and thus a larger quantity of liquid will 
be required for the same amount of refrigeration. 

Let x be the dryness fraction after compression. 

mi CZ 


Heat extracted is represented by emnf = x T 2 . 

A 

xL 

Work done is represented by clme = - j ^ i -(T 1 -T 2 ). 
• i 


l T _ T * 

yVl-^) * * 

The values of the coefficient of performance calculated by this 
formula are theoretical values, and the actual values are from 60 to 
70% of the theoretical values. 


Example 1. Find the theoretical horse power of a perfect reversed heat 
eTigine which will make 2000 lb. of ice per hour at 23° F. from water at 
65° F. if L for ice is 140 B.Th.U. per lb. and the specific heat is 0-5. 
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Heat extracted from the water per pound 

= (65 - 32) + 140 + 0-5(32 - 23) ; 

= 33 + 140 + 4-5 = 177-5 B.Th.U. 


Total heat extracted per hour = 2000 x 177-5 B.Th.U. 


T 

li = coefficient of performance = =—~ T 

i i - i 2 

= 151. 


483 

65 - 23 


2000 x 177-5 x 778 
’ 33,000 x 60 x 15-1 * 


Example 2. An oil engine uses a fuel of calorific value 19,200 B.Th.U . 
per lb. and has a consumption of 7-4 lb. of fuel per hour with an overall 
efficiency of 30%. If this engine is used to drive a refrigerator producing 
ice at 28° F. from water at 65° F., find the maximum weight of ice which 
could be produced per hour. L = 140 B.Th.U. per lb. and s = 0-5. 


« _ • A - r heat extracted 

Coefficient of performance =- —z - 

1 work done 


T 2 

T x -T % 


460 + 28 
65-28 


13-2. 


Heat extracted per hour in the formation of W lb. of ice 

= W{(Q5 - 32) + 140 + 0-5(32 - 28)} 

= \15W B.Th.U. 

Useful work done per hour = ■$& x 7-4 x 19,200 B.Th.U. 

= 42,624 B.Th.U. 

then 175IT = 13-2 x 42,624. 

W = 3215 lb. per hour. 

Example 3. An ammonia refrigerator is to produce 2 tons of ice per 
hour at 28° F. from water at 60° F. If the temperature range in the com¬ 
pressor is between 78° F. and 12° F. f calculate the H.P. required if the 
efficiency of the machine is 65%. L— 140 B.Th.U. per lb. and « = 0-5. 
Heat extracted from the water 


= (60 - 32) + 140 + 0-5(32 - 28) 

= 168 + 2= 170 B.Th.U. per lb. 

472 

jj, = coefficient of performance = = 7-15. 

100 (170x 2240x2 x 778^ 

*“"65 t 7-15x 60x 33,000 / 

= 64-49. 
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EXERCISES ON CHAPTER XVI 

1. State, in your own words, the relationship between heat change 
and entropy change, and show that the entropy change is a function of 
both heat change and absolute temperature. 

2. What is the unit of entropy? Find the quantity of heat supplied 
to a gas at a temperature of 290° C. in order to produce an entropy 
change of 0*21 unit. 

3. Find the temperature of a gas which suffers a heat content change 
of 74 C.H.U. per lb. with an entropy change of 0*14 rank. 

4. Calculate the change in entropy when one pound of a substance 
is heated at constant pressure from 170° C. to 290° C. Cp = 0*2. 

5. A gas at 175° C. is heated at constant volume. If the entropy 
increase per lb. is 0 07 rank and c v — 0T4, find the final temperature. 

6. Find the change of entropy when superheated steam at 150 lb. 
per sq. in. abs. is further superheated through 40° C. from 200° C. 
c p — 0*59. 

7. Calculate the entropy change in each of the following cases. 

(a) Water hoated from 20° C. to 100° C. 

( b ) Water at 22° C. raised to dry saturated steam at 120 lb. per sq. in. 
abs. 

(c) Steam as in (6), but 0*85 dryness fraction. 

(d) Steam as in (6), but with 90 Centigrade degrees of superheat if 
c p = 0*578. 

8. Calculate the heat drop and entropy change when steam super¬ 
heated to 300° C. at a pressure of 220 lb. per sq. in. abs. is supplied to 
a turbine and exhausted at 2 lb. per sq. in. abs. Dryness fraction, 0*85. 
c p ~ 0*62. 

9. Use the temperature-entropy diagram to find the entropy of 
water steam under each of the following conditions : 

(а) Water at 160° C. 

(б) Dry saturated steam at 160° C. 

(c) Steam at 170° C., 0*9 dryness fraction. 

(d) Steam at 100 lb. per sq. in. absolute, superheated 40° C. 

(e) Steam at 1*5 lb. per sq. in. absolute, 0*9 dryness fraction. 

10. Find the volume of 1 lb. of steam of dryness fraction 0*85 and at 
a temperature of 140° C. 

11. Find the dryness fraction of steam which has a volume of 4*4 cu. 
ft. per lb. at 150° C. 

12. Mark on a T v. < f > diagram the following processes : (a) isothermal 
expansion at 120° C.; (b) adiabatic expansion from 140° C., assuming 
dry saturated steam. 
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13. Find the dryness fraction after the expansion adiabatically of 
1 lb. of steam from 85 lb. per sq. in. abs. and temperature 190° C. to a 
pressure of 2 lb. per sq. in. abs. 

14. One pound of dry saturated steam is utilised on a Carnot cycle 
between temperature limits of 200° C. and 30° C. Find the work done 
per lb. 

15. Find the H.P. of an engine working on the Carnot cycle between 
170° and 30° C. if 7-4 lb. of steam is used per minute? 

16. Find from the T v. <f> chart the final dryness fraction of steam at 
130 lb. per sq. in. abs. with 20 Cent, degrees of superheat if it is ex¬ 
panded adiabatically to 2 lb. per sq. in. abs. What is the heat drop 
per lb.? If this expansion is through a nozzle of 90% efficiency, find 
the final velocity of the steam. 

17. Find the Rankine efficiency of an engine receiving feed water at 
47° C. and working to a top pressure of 120 lb. per sq. in. abs. with 
35 Centigrade degrees superheat. 

18. What is meant by the entropy of a gas? 

Steam at 140 lb. per sq. in. and having 30° C. of superheat, is supplied 
to a turbine nozzle and there expanded adiabatically to 2 lb. per sq. in. 
Determine from the entropy chart supplied the final dryness fraction 
of the steam, and calculate the heat drop per pound of steam during 
expansion. 90% of this heat drop is converted into kinetic energy of 
the issuing jet as it leaves the nozzle. Calculate the velocity of the jet. 

(U.E.I.) 

19. Outline the methods of mechanical refrigeration on a reversed 
heat engine cycle. What are the essential requirements of the refrig¬ 
erant, and what substances are generally used? 

20. Describe, with sketches, a vapour compression machine for use 
with ammonia gas as the refrigerant. 

21. Sketch the Pv.V and Tv.<j> diagrams for a vapour compression 
machine, and explain the stages in the cycle. 

22. What is coefficient of performance? Find the coefficient of per¬ 
formance for a reversed heat engine working between temperature 
ranges of 70° F. and 22° F. 

23. Find the theoretical H.P. of a perfect reversed heat engine to 
produce 1000 lb. of ice per hour at 26° F. from water at 60° F., if L for 
ice is 140 B.Th.U. per lb. and s= 0-5. 

24. Find the weight of ice produced per hour from a refrigerator 
which is driven by an oil engine using 10-7 lb. of fuel per hour of calorific 
value 20,000 B.Th.U. per lb. if the ice is produced at 24° F. from water 
at 63° F. with an overall efficiency of 34%. 
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25. An ammonia refrigerator is to be designed to produce 1 ton of 
ice per hour at 27° F. from water at 65° F. and a temperature range in 
the compressor between 75° F. and 15° F. Calculate (a) the coefficient 
of performance; (6) the H.P. required if the refrigerator efficiency is 
70%. L= 140 B.Th.U. per lb., 5-0*5. 

26. Calculate the quantity of ice produced by an ammonia refrigerator 
receiving 20 H.P. and having a compressor range between 76° and 14° F., 
if the efficiency of the refrigerator is 65% and the ice is produced at 
28° F. from water at 68° F. L = 140 B.Th.U. per lb., s = 0*5. 



CHAPTER XVII 

EXPANSION OF STEAM IN NOZZLES; STEAM TURBINES 

The steam turbine was developed towards the end of the nineteenth 
century, and provides a fast-running well-balanced steam engine, 
free from reciprocating parts, and eminently suited to be the prime 
mover in electrical generating plants. It has been adapted by means 
of reduction gearing to the propulsion of ships, and it is now common 
for ocean-going vessels and warships to mount turbines up to 
50,000 H.P., and in isolated cases turbines have been installed to 
develop 160,000 H.P. Turbo-electric installations in various parts 
of the world generate between 100,000 and 200,000 H.P., which 
provide speeds of rotation between 2,000 and 3,000 revolutions per 
minute. 

The essential difference between the reciprocating and turbine 
engine, from the thermodynamical point of view, is that the latter 
does not utilize the force exerted by expanding steam as the piston 
effort, but converts a quantity of the heat energy of this steam to 
kinetic energy which is used to give high velocity to jets of steam 
led on to vanes attached to the periphery of the rotating portion of 
the turbine. These high-velocity jets are deflected by the vanes and 
the change of momentum is employed, either by impulse or reaction, 
to drive the rotor, or revolving portion of the turbine. 

Expansion of steam in nozzles. The preparation of the steam jet 
for use in turbine operation of the impulse type is achieved by 
allowing steam to expand through a suitably designed nozzle with¬ 
out performing external work, but with a reduction of its internal 
energy. This loss of internal energy is converted to kinetic energy 
and is given to the issuing steam, so that a high-velocity jet results. 
Nozzles are designed to give a very small frictional resistance to the 
steam flow and to effect an expansion which is, as nearly as possible, 
adiabatic. The law for nozzle expansion is of the form PF n =C, 



428 


ENGINEERING SCIENCE 


where n is a value dependent upon the shape of the nozzle and the 
pressure range over which expansion takes place. 

Limitation of pressure range. A single nozzle is limited in the 
range of pressures through which it will expand steam, and for 
turbine work the expansion from high-pressure steam to the very 
low pressure of final exhaust is undertaken in stages with separate 
nozzle expansion prior to each stage. These stages are generally 
arranged for equal pressure drops per stage ; the turbine is known 
as a multi-stage turbine when such stage expansion of the steam is 
used. The ratio between the pressure at discharge from the nozzle 
and the admission pressure is termed the pressure ratio, and the 
pressure which is the minimum at which the nozzle can discharge 
for a given admission pressure is called the critical pressure. 

It has been determined that the pressure ratio for maximum steam 
delivery through a nozzle is 0*58 when the value of n in PV n =C is 
1T35, and 0*5457 when n is T3 ; thus the critical pressure varies 
between 0*58 to 0*5457 of the admission pressure, according to the 
variation of n between 1*135 and 1*3 in the expansion law. 

Example. If the steam supply to a nozzle is at 200 lb. per sq. in. absolute 
and the ratio of expansion , or pressure ratio , is 0*5457, find the pressure 
at exit (a) for a single nozzle , (b) for four stages of expansion. 

(a) Exit pressure = 0*5457 x 200= 109*1 lb. per sq. in. 

(b) After 1st stage, p x = 200 x 0*5457. 

„ 2nd „ p 2 = 200 x 0*5457 2 . 

„ nth „ p n — 200 x 0*5457 n . 

„ Uh „ p x — 200 x 0-5457 4 = 17*74 lb. per sq. in. 

Design of nozzles. The fundamental principles in nozzle design 
are : (a) to provide an expansion nozzle free from frictional resist¬ 
ance to steam flow ; and ( b) to allow for free expansion without loss 
of internal energy due to obstruction. The complete achievement 
of these two aims would produce expansion on strictly adiabatic 
lines, but in actual practice there are certain frictional losses and 
the nozzle has to be designed to meet the piessure ranges required 
in the particular stage. For given inlet and outlet pressures the 
throat area of the nozzle determines the weight of steam passing 
per second. 
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Convergent Type. Convergent-Divergent Type. 

There are two types of nozzle in general use : (1) the convergent 
nozzle and (2) the convergent-divergent type. 

Convergent nozzles. In this type of nozzle the steam is expanded 
through a convergent opening (Fig. 239), the theoretical shape of 
which is shown in (a) and its application to the turbine in (6). In 
the turbine diaphragm (Fig. 239(b)) the converging shape of the 
nozzle is maintained, but it is set at an angle so that the issuing jet 
strikes the rotor vane at the correct angle. The employment of this 
type of nozzle is restricted to cases where the pressure ratio is not 
less than 0*58. 

Convergent-divergent nozzles. This type of nozzle is used when 
the pressure ratio falls between 0-58 and 0*5457, and provides for a 
rapidly converging diameter to a constriction throat (Fig. 240), 
followed by a more slowly diverging section. During expansion 
through the diverging section, the steam reaches a pressure below 
the critical pressure for the nozzle, with a consequent increase of 
heat drop, or loss of internal energy, followed by restoration to the 
critical pressure on discharge to the vanes. Since the delivery 
velocity depends upon the heat drop, or the quantity of heat energy 
convertible to kinetic energy, this type of nozzle gives the maximum 
velocity to the steam jet consistent with a given pressure ratio. The 
arrangement of nozzles in the turbine rotor is similar to that used 
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for convergent nozzles, but the alteration in steam direction is more 
marked, with a consequent increase in the energy losses due to this 
cause. 



Summary 


Nozzle Shape 

Pressure Ratio 

Value of n in PV n =C 

Convergent - 

Not less than 
0-58 

Less than 1*135 

Convergent-divergent - 

Between 0*58 
and 0*5457 

Between 1*135 and 1*3 


Note. Convergent-divergent nozzles may be used when the pressure 
ratio is below 0*5457, but this is a limiting value for the ratio when a 
maximum discharge is required , and any reduction in the pressure 
ratio will affect the efficiency adversely . 


Heat drop and steam velocity. It has been stated that the func¬ 
tion of the nozzle is to convert a fall in the internal energy of the 
steam or heat drop to kinetic energy. This heat drop can be deter¬ 
mined by measurement of the heat content of the steam at admission 
and exit, assuming adiabatic expansion over the range of pressures 
emplo}^ed and, since it is converted to kinetic energy, the heat drop 


WV 2 
2 g 5 


if the 


is equivalent to the kinetic energy of the jet; that is, 
correct units are employed and losses are neglected. 

Let H 1 be the total heat of 1 lb. of steam in C.H.U. at admission, 
and H 2 the total heat at discharge ; then the heat drop is (H 1 - H 2 ) 
C.H.U., or J(H 1 -H 2 ) ft. lb., where J is Joule’s equivalent or the 
mechanical equivalent of heat, namely, 1400 ft. lb. = 1 C.H.U. 
Upon conversion to kinetic energy this quantity J (H ± - Hf) becomes 
W V 2 

— , where W is the weight of steam in lb. and V is the velocity of 


2g 

the jet in ft. per sec. Hence, for 1 lb. of steam, J(H 1 -H 2 ) = 


V 2 

2g 


and V = J 2g . J . (H x - H 2 ). 


Entropy-temperature aspect of the expansion. Fig. 241 shows the 
T v. <f> diagram for the expansion of dry saturated steam through a 
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nozzle, in which the adiabatic line dc indicates the expansion from 
the dry saturated condition P 1 T 1 at d to the wet steam condition 
P 2 T 2 at c. The dryness fraction x at discharge is given by the ratio 

CLC 

, so that the total heat at discharge H 2 is the sensible heat at T 2 

plus x times the latent heat of dry saturated steam at this tempera¬ 
ture. The heat drop is therefore H x ~H 2 , or the total heat of dry 
saturated steam at T 1 minus the total heat of wet steam of dryness 
fraction x at T 2 . 

Example. Dry saturated steam at a pressure of 200 lb. per sq. in, abs . is 

expanded through a nozzle with a jwessure ratio of 0-58. Find (a) the 

dryness fraction after expansion, (b) the heat drop , (c) the theoretical 
velocity of the jet. 

Final pressure = 200 x 0-58= 116 lb. per sq. in. 

. . 1*56-0-5 1*06 

(a) b rom the T v. <j> diagram, x = ——-—— = —— = 0-972. 

(b) From steam tables, when P x = 200 lb. per sq. in. and 

P 2 = 116 lb. per sq. in., 

H x = 668*6 C.H.U., and H 2 = 172*1 + 0*972(491*0) C.H.U. 

Heat drop = H x - H 2 = 668*6 - 649*3 = 19*3 C.H.U. per lb. 

(c) V=^2gJ(H 1 ^H 1 ) 

= n/ 64*4 x 1400 x 19*3 = 1319 ft. per sec. 

Superheated steam at admission. When superheated steam is 
employed, the expansion may or may not produce wet steam at 
discharge according to the degree of superheat and the ratio of 
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Superheat 



pressures during expansion. The T v. </> diagram for such a condi¬ 
tion is shown in Fig. 242. Steam is admitted at a pressure of P x 
superheated from T 3 , the saturation temperature, to T v and dis¬ 
charged at a pressure of P 2 . The expansion line dc may terminate 
(1) at c to indicate a discharge either of wet steam, in which case 
etc 

the dryness fraction is , or (2) at b to indicate a discharge of dry 

saturated steam, or (3) at a point in the superheat zone indicating a 
discharge of steam still superheated. The position of c is determined 
by the amount of initial superheat and the pressure ratio employed. 
The calculation of heat drop is similar in method to that used for 
saturated steam, if account is taken of the conditions of admission 
and discharge. 

Example 1. Steam is admitted to a nozzle at a pressure of 200 lb. per 
sq. in. absolute superheated to 220° C. If the pressure ratio is 0-5457, 
calculate (a) the heat drop , (b) the theoretical velocity of the jet. 

Final pressure = 0-5457 x 200= 109-14 lb. per sq. in. 

,, m 1-576- 0-492 noo/ 

(a) From the T v. <f> diagram, x = — ■ — -- —^ =98%. 

From steam tables: H 1 - H s -f c (2%^. - T sa t.), where c is specific 
heat and T 8up< and T ha t. the temperatures of superheat and saturation 
respectively. 

#, = 668-6 + 0-6209 (493 - 467-4) 

= 668-6 + 15-9 = 684-5 C.H.U. per lb. 

H 2 = 169-42 4- 0-98(493-0) 

= 652-6 C.H.U. per lb. 
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Heat drop = H t - H 2 = 684-5 - 652-6 
= 31-9 C.H.U. per lb. 

(b) V = »J 2 gJ(H 1 -H 2 ) 

= n/ 64-4 x 1400 x 31*9 = 1696 ft. per sec. 


Example 2. Find the velocity of the jet when steam is expanded through 
a nozzle on a pressure ratio of 0-5457 from an admission condition in 
which the pressure is 250 lb. per sq. in. and there are 100 Centigrade 
degrees of superheat. Take the mean specific heat as 0-6. 

This is a case outside the range of the published T v. <j> diagrams and 
with a discharge of steam still superheated. Take the expansion law 
as PV 13 = C , corresponding to a pressure ratio of 0-5457. 

Final pressure = 250 x 0-5457 = 136-4 lb. per sq. in. 

Taking unit volume at admission: 

P iVi i* = P 2 V 2 '*, 

250 x l l -»= 136-4Fi 1 ’*. 


Then 


I* 3 / opjo 

136-4= 1593 units - 
P 1 V 1 P t V t . 250x 1 136-4x 1-593 

T x “ T 2 ; *' e ‘ (478+ 100)“ TV 


T 2 = 


136-4 x 1-593 x 578 
250 


= 502 Centigrade degrees abs. 


Thus the final condition of the steam is P 2 - 136-4 lb. per sq. in. 
superheated to a temperature of 502 - 273 *= 229° C. The saturation 
temperature at this pressure is 177-2° C. : thus the superheat is 
229 - 177-2 = 51-8 Cent, degrees. 

Whore P = 250 lb. per sq. in. with 100 Centigrade degrees superheat. 

H x = 670-6 + 0-6 x 100 = 730-6 C.H.U. 

Where P= 136-4 lb. per sq. in. with 51-8 Centigrade degrees superheat, 
H 2 = 664-8 + 0-6 x 51-8 = 695-9 C.H.U. 

Heat drop = H 1 -H 2 = 730-6 - 695-9 = 34-7 C.H.U. 
V=^2g.J.(H l ~H 2 ) 

— */64-4 x 1400 x 34-74 = 1770 ft. per sec. 


Example 3. The last stage of a steam turbine is to exhaust at 2 lb. per 
sq. in. absolute, 0-8 dryness fraction , with a velocity of 1000 ft. per sec. 
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Find the condition of the steam at admission to the last stage if the pressure 
ratio is 0-58. 


V = 1000 ft. per sec. 


Heat drop = 


V 2 1,000,000 


= 11-09 C.H.U. 


2gJ 64-4 x 1400 
H 2 at discharge = 52* 16 + 0-8 x 566*5 = 505*4 C.H.U. 
H x at admission = 505*4 + 11*09 = 516*49 C.H.U. 


Pressure at admission — —- = 3*45 lb. per sq. in. 
0*58 


Let x be the dryness fraction at admission, then 
H 1 — h + xL — 63*77 + x x 560*1, 
560*1*= 516*49 - 63*77 = 452*72. 


Dryness fraction = * = 


452^7 

560*1 


0*808. 


Nozzle efficiency. However carefully a nozzle may be designed 
and manufactured, there will be some losses due to friction and 
internal resistance which will affect the velocity of discharge. The 
coefficient of velocity is the ratio 

actual discharge velocity 
theoretical discharge velocity ’ 

a quantity denoted by K v and with a value generally between 0*9 
and 0*98. The efficiency of the nozzle is given by the ratio 
actual K.E. per lb. at discharge 
theoretical K.E. per lb. at discharge ’ 
and this can be related to the coefficient of velocity as follows : 

Let V be the theoretical velocity of discharge, then K v V is the 
actual velocity of discharge. 

(K V) 2 

Nozzle efficiency rj = = (KJ 2 . 


Example. The actual heat drop in a certain nozzle is 19*4 C.H.U. per lb. 
and the actual velocity of the issuing steam is 1250 ft. per sec. Calculate 
(a) the coefficient of velocity , (b) the nozzle efficiency . 

Theoretical velocity = V = n/2 gJ (H x - H 2 ) 

= V64-4 X 1400 x 19*4= 1322 ft. per sec. 
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(a) Coefficient of velocity = r — 0-9452. 

loJiZ 

(b) Nozzle efficiency = 0-9452 2 = 0-8934. 


The Turbine as a Prime Mover 
It has been shown that the purpose of the nozzles is to give the 
steam jets a high velocity, and it is now necessary to utilize the 
energy possessed by the jet to exert a rotating force upon the rotor. 
This is done by directing the steam jets to impinge on correctly 
designed vanes which divert the direction of the jets, and allow the 
change of momentum so induced to exert a rotating force on the 
rotor to which the vanes are attached. (Also see Vol. II, p. 210.) 

The steam as directed by the nozzle (Fig. 243) has a certain absolute 
velocity determined by the heat drop in the nozzle, and is led on to 



Absolute direction 
of Steam Supply 

\ 




(a) 


243. Inlet Vector Diagram. 


the vanes at an angle a to the direction of rotation of the rotor or 
vanes. The effective momentum at inlet is determined by the 
relative velocity of the steam to the vanes, and this is the result of 
the vector subtraction of these two velocities. In the vector diagram, 
let AB represent the absolute velocity of the steam to scale and at 
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an angle a to BC, which represents the absolute velocity of the 
vanes to the same scale. Then AC will represent in direction and 
magnitude the vector difference of these two velocities, and will be 
the relative velocity of the steam to the vanes. This will be the 
effective velocity at which the steam jets reach the blades. 

Velocities of whirl and flow. The absolute velocity of the steam 
discharged from the nozzle may be resolved into two components 
(Fig. 243, a), one parallel to the direction of motion of the vanes 
called the velocity of whirl, and the other parallel to the line in the 
direction of the rotor axis known as the velocity of flow. The velocity 
of whirl is the factor required when calculating the tangential thrust 
on the turbine rotor, and the velocity of flow when calculating the 
end thrust on the turbine axis. 

The exit vector diagram is concerned with the velocity of the dis¬ 
charged steam after it has passed through the vanes (Fig. 244). This 



Fig. 244. Outlet Vector Diagram. 

velocity is the relative velocity of the discharged steam to the vanes, 
and the problem is generally to find the absolute velocity of dis¬ 
charge, the velocities of whirl and flow and the angle of the discharge 
steam to the direction of rotation. This becomes a case of vector 
addition. In the outlet vector diagram, let BC be the relative 
velocity of the outlet steam to the vane and AB the velocity of the 
vane ; then AC is the vector sum of these velocities and is the 
absolute velocity of the steam at discharge. AD is the component 
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of AC in the direction of the vane motion or the velocity of whirl, 
and DC the component along the rotor axis, or the velocity of flow. 

Design of vanes to eliminate shock. It is essential that the steam 
entering a turbine vane shall do so without shock, and that it shall 
be slowly and smoothly deflected by the vane to leave without loss 
of speed. Actually there are losses within the vane, but the aim in 
design is to minimize these losses, so that the steam will leave the 
vanes after having received a change in direction without impact 
or shock. In order that this may be achieved, the angle of the vane 
at inlet must be that of the relative velocity between the inlet jet 
and the vanes, that is, at the angle 6 shown in Fig. 243. Similarly, 
the jet should be taken from the vane in the direction of the absolute 
velocity of discharge, AC in Fig. 244, at an angle DAC to the tangent 
BAD at the exit tip of the vanes. If the blades or vanes are 
designed according to these principles, the inlet and outlet of steam 
will be free from shock. 

Reaction and impulse turbines. The distinction between reaction 
and impulse turbines may be stated as follows : Reaction turbines 
are turbines in which the fall of pressure and conversion of heat 
energy to kinetic energy is performed partly in a series of fixed 
vanes and partly in the revolving vanes, whereas the impulse turbine 
operates this change of energy wholly in separate nozzles. In 
practice, many modern turbines are a combination of the two types, 
and although turbines exist which are purely impulse or reaction, 
the two principles are readily overlapped when advantages can be 
obtained by this course. 

The De Laval turbine. This is the best known of the single-stage 
impulse turbines, in which steam is expanded through a nozzle and 
the high-velocity steam directed upon vanes. The whole of the 
expansion is done in one stage, and the resulting velocity of the 
steam is unusually high. To run the wheel with a blade speed to 
give maximum efficiency, that is, at about one half of the steam 
speed, excessive centrifugal forces would be encountered, and for 
this reason the rotor is run at a comparatively low speed with loss 
of blade efficiency. 

Example. A De Laval turbine receives saturated steam at a pressure of 
200 lb . per sq. in, and exhausts into the atmosphere. The vanes are run 
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at a speed of 1000 ft. per sec. and the nozzles are set at 20° to the plane of 
the rotor. Calculate (a) the jet velocity , (b) the angle of the blade tip at 
eidry. 

From the T v. <j> diagram, dryness fraction after expansion is 0-865. 

At inlet, H x = 668-6 C.H.U. per lb. 

At outlet, H 2 = 100 + 0-865 x 539-3 = 566-5 C.H.U. per lb. 

Heat drop = Hi - H 2 = 102-1 C.H.U. per lb. 

(a) Velocity of jet = V 2gJ (H x - H 2 ) — V64-4 x 1400 x 102-1 

= 3034 ft. per sec. 

(b) To find the angle of the blade tip at entry, draw the vector 
diagram and determine the angle of the relative velocity of jet to vanes. 
This is the angle at which the blade tip must be made to avoid shock 
at entry. In Fig. 245 draw V 2 to represent the velocity of the vanes and 



v 2 - 1000ft. per sec. 

Fig. 245. 


V x that of the steam jet. Complete the vector subtraction to find the 
relative velocity of jet to vanes., that is, draw Vr. Measure the angle 
between Vr and V 2 , and this is the required angle of the vane tips. 
Ans. 30°. 

A multi-stage reaction turbine. In this class of turbine, notably 
the Parsons type, the nozzles of the impulse turbine are replaced by a 
ring of stationary vanes through which the steam expands. The 
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steam thus expanded is directed upon a ring of moving blades as 
illustrated in Fig. 246, and here its direction is altered for the first 
power stage. The outlet from this stage is then further expanded 
through a second ring of stationary vanes and prepared for entry 
to the second power stage, another ring of moving blades. This 
stage expansion is continued until the exhaust pressure is reached, 
and the sets of moving blades are coupled by a common shaft to 
become the rotor of the turbine. The stationary blades are attached 
to the turbine casing, and the complete arrangement of stationary 
blades incorporated in the turbine casing is called the stator. 

The vector diagram for this type of turbine is shown in Fig. 246. 
There is a pressure fall across both stationary and rotating vanes , with 
a consequent release of heat energy . This causes an increase of velocity 
in the moving blades while the steam is in motion , so that the steam 
velocity at outlet , relative to the blade speed , is greater than that at 
inlet. 

In Fig. 246 F x represents the absolute velocity of the steam leaving 
one of the stationary vanes, V 2 the rotor velocity of the rotating 




Stationary 


Rotating 


Stationary 




Rotating 


Fig. 

Diagram of Blading. 
Multi-Stage Reaction Turbine. 



246. 

Vector Diagram 
for one Stage. 


vanes and R the relative velocity of V 1 to F 2 . The steam is then 
expanded through the stationary vanes with a relative velocity of 
entry F 3 and absolute velocity F 4 . Thus the vector diagram for the 
stationary blades is a reversal of that for the rotating blades and 
the velocity of entry to the next set of rotating blades is F 4 , which 
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is equal to V v a condition due to the stationary and moving vanes 
being the same type. The process is repeated throughout the stages 
with theoretically no loss of velocity, because the loss in the stationary 
blades is made up by expansion in the rotating blades. 

Force acting on a turbine rotor. The force exerted upon the 
turbine blades by the steam is the rate of change of momentum in 
the direction of the motion of the blades, and this is the algebraic 
difference between the momenta due to the velocity of whirl at 
entrance and discharge. 

Let V i be the velocity of whirl at inlet in ft. per sec. and V d be 
the velocity of whirl at discharge in ft. per sec. 

Then if W is the weight of steam flowing per sec. in lb., 
change of momentum in the direction of blade motion 


WV* 

g 


wv, 

g 


- = Force in lb. 


Note. Care must be taken to assign to the velocities their correct 
signs ; thus, if the velocity of whirl at outlet is opposite in direc¬ 
tion to that at inlet, the value of V d is negative, and the change of 
momentum is 


WV, 

9 



lb. 


Work done on the rotor. The work done on the rotor is the pro¬ 
duct of force on the blades and the peripheral speed of the rotor, so 
that if V is the velocity of the blades in ft. per sec., 

/WV- WV \ 

Work done =( ---- ) V ft. lb. per sec. 

Horse power ---- or -—- 


Blade efficiency of the turbine. In common with the efficiency 


expression for all machines, this is the ratio 
becomes 


useful work done 
energy supplied 


, which 


work done on the vanes per lb. of steam 
kinetic energy of steam per lb. on supply * 
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Employing the symbols of the preceding article : 

y 

Work done on the vanes per lb. of steam = —(F* - V d ) ft. lb. 


K.E. of steam per lb. on supply 


Yi 2 


ft. lb. 


where V 1 is the absolute velocity of steam at supply. 

2V (V. — V ) 

Blade efficiency =rj =-—— . 

v i 

Importance of low exhaust pressure. It is very important that 
the steam turbine be operated to the lowest possible pressure at 
exhaust. Since the available energy is related to the heat drop, a 
slight increase of condenser pressure will materially affect the heat 
drop and act as an adverse factor on the efficiency. The T v. <f> 
diagram shows that at low temperatures, where the diagram is 
wider, and the slope of the curves less steep, any rise in condenser 
pressure will affect the work done to a relatively large extent. 


Example 1. The 'peripheral speed of the rotor of a De Laval turbine is 
] 000 ft, per sec. and the absolute velocity of the steam at inlet is 2400 ft. 
per sec. at 20° to the plane of the rotor. Find (a) the absolute velocity of 
the steam leaving the rotor if it is discharged at 20° to the plane of the rotor, 
(b) the velocities of whirl at inlet and discharge, (c) the H.P. of the wheel if 
the steam consumption is 6 lb. per min., (d) the blade efficiency, (e) vane 
tip angle at entrance and discharge. 

(a) Absolute velocity of the steam at discharge — ab (Fig. 247) = 860 f. 8- 

(b) Velocity of whirl at inlet =2255 f. s. 

„ „ „ discharge =. 255 f. s. negative. 



n.r.E.s. 


Fig. 247. 


p 
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WV 


(c) H.P. of wheel = - 


(Vi-V d ) 


550 

W = = 0-1 lb. per sec. 

oO 


H.P. = 


0*1 x 1000 /2255- (-255)1 


32-2 


V 


550 




= 1418. 


(d) Blade efficiency = 


2 F (F,- - V d ) 2000(2255 + 255) 
V x 2 ~ (2400) 2 

= 87*2% 

(e) Vane tip angle at entrance and discharge = 33°. 


Alternative treatment of work done. The work done on a turbine 
rotor may be obtained direct from the kinetic energy of the inlet 
and exit jets as follows. Let V x be the absolute velocity of the inlet 
jet and V 2 the absolute velocity of the discharge jet. 

Then if F is the velocity of the blades, 


Loss of K.E. = 


wvi 

2 ? 


WV 2 u „ 
- 2 j~ lb " 


where W is the weight of steam supplied per second, and the 
W 

quantity — {V x 2 - F 2 2 } is the work done per sec., 

2 9 


hence 


H.P. W(V i 2 ~ V 2 2) . 
2g x 550 


y 2 _ y 2 

The blade efficiency will now be - L_ . 

Vi 

Example 2. Apply the alternative H.P . and blade efficiency expressions 
to parts (c) and (d) of Example 1. 

V 1 - absolute velocity at supply =2400 ft. per sec. 

V % — ,, „ at discharge = 860 ft. per sec. 

W= 0T lb. per sec. 


(C) 


Hp = 0-1 {2400*-860*} = ^ 2 


(d) Blade efficiency = 


2g x 550 
Fi 2 - F 2 2 2400 2 - 860 2 


v: 


2400 2 


= 87-2%. 


Note. If Fig. 247 is closely examined, it is not difficult to reconcile 
the alternative method for blade efficiency with that involving velocity 
of whirl. The velocity of whirl in each case is the horizontal component 
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of the inlet and discharge absolute velocities, and their vertical com¬ 
ponents are equal. It follows that the velocities of whirl are related to 
the absolute velocities, and if this point of view is taken, the two 

2V(V t -V d ) J Vy 2 - Vi 
expressions -—— and — y —— 

Thus since sin 2 a + cos 2 a = 1, 


become identical. 


V 2 - V 2 — Vy 2 cos 2 a + Vy 2 sin 2 a - V 2 cos 2 B - F 2 2 sin 2 B 

= V 2 cos 2 a - Fjj 2 cos 2 B, because V x sin a = F 2 sin B 
— V f - V d 2 , because V { = Vy cos a and V d - V 2 cos B 
= (F,+ F*)(F,-F,) 

= 2 F( F* - V d ) because 2 F = V t + V d . 


Example 3. An impulse turbine with an initial set of nozzles and three 
rotating rings of blades with two stationary sets of blades intervening, uses 
superheated steam at 250 lb. per sq. in. at a temperature of 500° F. Mean 
specific heat 0*646. This steam is expanded through the nozzles to dry 
saturated steam at 30 lb. per sq. in. absolute, and the nozzles are inclined 
at 20° to the plane of the rotor, the tianes on which have a velocity of 400 ft. 
per sec. Calculate (a) the velocity of exit from the nozzles, (b) the angles 
at the tips of the rotating and stationary blades if the rotary blades are 
each symmetrical, (c) the absolute velocity of the steam as it leaves the last 
rotating ring, (d) the H.P. of the turbine if it uses 2000 lb. of steam per 
hour, (e) the blade efficiency over all stages. 

Total heat at entry to nozzles = Hy 

= 1207 + c(«8up.-feat.)= 1207 + 0-646 x 99. 

Hy ~ 1271 B.Th.U. per lb. 

Total heat at discharge from nozzles = H % 

= 1165*5 B.Th.U. per lb. 

Heat drop — Hy- H 2 = 1271 - 1165*5 
= 105*5 B.Th.U. per lb. 

(a) Velocity at exit from nozzles = V 2gJ x 105*55 

= V64*4 x 778 x 105*55 = 2300 ft. per sec. 

(b) The angles at the blade tips can be determined from the vector 
diagram (Fig. 248), in which the absolute velocities are shown in broken 
lines, ca is the velocity of the vanes, ba that of the steam entering the 
first rotating set of blades, and be the relative velocity of the steam to 
the blades. The angle bed is the angle of the blade tips in the first 
rotating set. Since the rotating blades are symmetrical, the steam 
moves out of these blades at an angle 6 = L bed, and the absolute velocity 
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of entry to the first stationary ring is ce and the angle of the entry tip 
is ceg. The absolute velocity of exit from the first stationary ring is eh 
and the vane angle is geh. The relative velocity of eh to the second 
rotating set is ej, at an angle 9 = L bed to the plane of rotation. 



Fig. 248. 

Vector Diagram. Absolute Velocities in Chain Lines. 


Notice that it is possible to draw the vector triangle ejh , because ej 
is drawn parallel to be since the inlet and exit angles of the rotating 
vanes are to be equal, because the absolute velocity eh equals the 
absolute steam velocity ce, and also because jh is known and equals 
ca. Similarly, the remaining vector triangles can be drawn. 
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Again, jJc is the relative velocity of exit, also at 6 to the rotation 
plane, jl is the absolute velocity of inlet to the second stationary set 
and jlm the angle of the blade tips. Similarly, In is the absolute velocity 
of exit from this stationary set and lo the relative velocity of jnlet at 
an angle 9 to the plane of rotation, oq is the absolute velocity of the 
final exhaust. 


(b) 


1st 

1st 

2nd 

2nd 

3rd 

Rotating 

Stationary 

Rotating 

Stationary 

Rotating 

Inlet 

Outlet 

Inlet 

Outlet 

Inlet 

Outlet 

Inlet 

Outlet 

Inlet 

i 

Outlet 

24° 

24° 

31° 

18° 

24° 

24° 

38° 

12° 

24° 

24° 


(c) Absolute velocity of exhaust = oq = 175 ft. per sec. 

(d) Weight of steam per sec. = = 0-5556 lb. 


TT(TV-FY ) 

2g x 500 ’ 

where V x is absolute velocity at admission and V 2 is absolute velocity 
at exhaust. 


H.P. 


( e ) Blade overall efficiency 


0-5556 (2300 2 — 175 2 ) 
2 g x 500 

TV-F * 2 

Fi 2 


2300 2 - 175 2 
2300 2 


99-4%. 


EXERCISES ON CHAPTER XVII 

1. Explain the energy processes which take place when steam is 
expanded through a nozzle. What is the nature of this expansion and 
what are the limitations to this expansion? 

2. State the principles which govern nozzle design and explain the 
terms “ Pressure ratio ” and “ Critical pressure ”. 

3. Sketch the two types of nozzle in general use for turbine work, 
and state clearly the specific conditions governing the use of each type. 

4. If the steam supply to a nozzle is at 250 lb. per sq. in. abs. and 
the pressure ratio is 0-5457, find the pressure at exit (a) for a single 
nozzle, (6) for three stages of expansion. 
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5. Explain the meaning of heat drop as applied to a nozzle, and 
show how the velocity of the issuing steam may be deduced from the 
heat drop. 

6. Sketch the temperature v. entropy diagram for adiabatic expan¬ 
sion of steam through a nozzle, (a) when the supply steam is dry 
saturated, ( b ) when the supply steam is superheated. How is the 
condition at discharge determined ? 

7. Dry saturated steam at 180 lb. per sq. in. is expanded through a 
nozzle with a pressure ratio of 0*58. Find from the T v. <f> diagram the 
dryness fraction after expansion and calculate (a) the heat drop per lb., 
(6) the theoretical jet velocity. 

8. Steam is discharged from a nozzle at a pressure of 100 lb. per 
sq. in. absolute and with a dryness fraction of 0*95. Find from steam 
tables and the T v. diagram, or by calculation, the condition at entry 
if the discharge velocity is 1500 ft. per sec. and the entry pressure 200 lb. 
per sq. in. absolute. 

9. Supply steam at 250 lb. per sq. in. absolute superheated to 
220 J C. is expanded through a nozzle with a pressure ratio of 0-5457. 
Find (a) the condition of the discharge steam, (6) the heat drop, (c) the 
jet velocity. 

10. Calculate the pressure ratio for a nozzle, which receives steam at 
130 lb. per sq. in. absolute and with a superheat of 30 Cen. degrees, 
in order that it may exhaust in a dry saturated condition. 

11. Steam is expanded through a nozzle to the critical pressure 
according to PV lm *—C from 220 lb. per sq. in. abs. with a superheat 
of 80 Of'ii. degrees. Find (a) the heat drop, ( b) the velocity of the jet 
if the discharge is dry saturated. 

12. The last stage but one of a steam turbine is to exhaust at 10 lb. 
per sq. in. absolute with a dryness fraction of 0-85. Find (a) the con¬ 
dition of the steam upon entry to this stage, and ( b) the exhaust pressure 
and condition at the last stage if the pressure ratio is 0-5457 for each 
stage. 

13. Wh&t is meant by (a) coefficient of velocity, (b) nozzle efficiency? 
Calculate each of these values for a heat drop of 35 C.H.U. and an 
actual nozzle velocity of 1300 ft. per sec. 

14. Draw clear diagrams to show the velocities of whirl and flow for 
a turbine, and explain the importance of these values in design calcula¬ 
tions. 

15. Steam enters the rotating ring of a turbine at 20° to the plane 
of the rotor and with a velocity of 2000 ft. per sec. Find the velocities 
of whirl and flow. 

16. How is shock eliminated on the admission and discharge of steam 
from a rotating blade? Draw a diagram to illustrate the method of 
determining the angle at the tips of such a blade for entrance and 
discharge. 
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17. Distinguish between reaction and impulse turbines, and state 
clearly the points in design which make many modem steam turbines 
a combination of the two principles. 

18. Why is the speed of a De Laval turbine generally lower than the 
best blade speed? What effect does this have on (a) the angle of the 
blade tips, (b) the efficiency of the turbine? What is the best vane 
speed in relation to the velocity of the jet? 

19. A De Laval turbine receives dry saturated steam at 220 lb. per 
sq. in. abs. and exhausts at 8 lb. per sq. in. abs. with a blade speed of 
1200 ft. per sec. Find the jet velocity, the relative velocity of jet to 
blades, and angle of blades at entry, if the nozzles are set at 20° to the 
rotor plane. 

20. Deduce expressions for the work done per lb. of steam in terms 
of the velocities of whirl at inlet and exit, and show how this expression 
may be re-expressed in terms of the absolute velocities of the steam at 
inlet and discharge. 

21. Find the H.P. and blade efficiency of a turbine receiving steam 
jets at 20° to the rotor plane with a velocity of 2000 ft. per sec. if the 
peripheral speed of the rotor is 900 ft. per sec. Assume that the rotat¬ 
ing blades are symmetrical, and the quantity of steam used per hour 
is 600 lb. 

22. A turbine has an initial set of nozzles set at 20° and two rotating 
rings of blades with one intervening stationary ring. If the rotating 
blades are symmetrical, calculate (a) the velocity of discharge from the 
nozzles if the supply steam is at 200 lb. per sq. in. and 420° F. and the 
pressure ratio 0*5457 ; (6) the angles at the tips of both rotating and 
stationary blades if the peripheral velocity of the rotor is 450 ft. per 
sec. ; (c) the H.P. of the turbine if the steam consumption is 1800 lb. 
of steam per hour ; (d) the overall blade efficiency. 

23. In an impulse steam turbine in which there is a single row of 
blades, steam issues from nozzles the axes of which are inclined at 
20° to the plane of the wheel with a velocity of 3600 ft. per sec. The 
inlet and outlet angles of the blades are 34°. Find the correct blade 
speed. 

If the steam loses 20 per cent, of its relative velocity while passing 
through the blade passages, find the work done per pound of steam. 

(U.E.I.) 

24. In a single wheel impulse turbine, the nozzle is inclined at 20° to 

the direction of the motion of the wheel and the steam issues from the 
nozzle at 3600 ft. per sec. The blade speed is 1400 ft. per sec. Deter¬ 
mine graphically the velocity of the entering steam relative to the 
blade. What should be the angle for the blades at inlet if the steam 
enters without shock? If the blade angle at exit is the same as that at 
entrance, and frictional losses between the steam and the blades be 
neglected, find the magnitude and direction of the absolute velocity of 
the steam as it leaves the turbine. (U.E.I. 
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25. Explain briefly the essential differences between steam turbines 
of the reaction and impulse types. What is the theoretical horse power 
of one stage of a turbine under the following conditions? 

Steam used, 80 lb. per minute. 

Total heat of steam entering turbine, 1378 B.Th.U. per lb. 

» „ „ leaving „ 1328 

Heat lost by radiation, etc., 100 B.Th.U. per min. (U.E.I.) 

26. Obtain an expression for the velocity of steam through a nozzle, 

due to adiabatic expansion. Friction may be neglected. Dry saturated 
steam at 140 lb. per sq. in. absolute is expanded adiabatically through 
a nozzle to a pressure of 70 lb. per sq. in. absolute. Find the velocity 
through the nozzle if the flow is frictionless. (U.E.I.) 



CHAPTER XVIII 


FUELS AND COMBUSTION, EFFICIENCY OF ENGINES 
AND BOILERS, BOILER TRIALS 

Modern heat engine practice brings into service a considerable 
variety of fuels, some selected for their high energy content and 
others because they are available in certain geographical areas as 
the waste products of an industry or as an economically produced 
material which can be used at its source. In the class of fuels 
with high energy content, the superior coals and petroleum products 
find special favour; whereas in tropical areas where coal fuel is at 
a premium the waste products of sugar- and rice-growing are used 
in specially designed furnaces. 

High-pressure boilers can be operated, after adaptation, to the 
consumption of timber, peat, low-quality coal and the waste pro¬ 
ducts of any industry where such material is combustible. In spite 
of the use of such poor materials in certain areas, it is still general 
to burn in boilers either good-quality coal or oil fuel in order to 
obtain the greatest possible heat exchange for every pound of fuel 
consumed. 

Essential qualities of a fuel. Since the purpose of combustion is 
to convert the stored chemical energy in the fuel to heat energy, it 
is essential that a fuel must be : 

(a) combustible at easily obtained temperatures ; 

(b) of rich hydrocarbon content in order that combustion may 
take place in a free supply of air, with the oxygen of the air forming 
the other element in the chemical process of combustion ; 

( c) able to give a high exchange of chemical to heat energy for 
every pound of fuel consumed ; 

(i d) of a nature which allows of ready storage and easy handling 
without undue danger of pre-ignition. 

449 
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The fuels which conform most closely to these general require¬ 
ments are coal and the petroleum products, either refined or crude, 
and for this reason it is still general to employ this type of fuel in 
the service of modern heat engines. One product of coal may be 
mentioned as a popular fuel, namely, coal gas, which is still finding 
considerable favour in town areas where gas is produced as part of 
the public services. There is also considerable demand for liquid 
fuels produced during the hydrogenation processes of coal as substi¬ 
tutes for the petroleum products. These fuels, generally classified 
as benzoles, are used either in their produced state or as a mixture 
with petroleum oil for internal combustion engines. The use of 
petroleum varies considerably, from the highly-refined type of 
petroleum spirit used in aero or automobile engines to the crude 
product or one of elementary refinement used in crude* oil and 
Diesel engines. Internal combustion engines are designed, and 
carburation arranged, to suit a definite grade of oil refinement, and 
their efficient ojjeration depends to a large extent upon the use of 
a fuel of the appropriate grade of refinement. 

Calorific value of a fuel. The processes of combustion demand 
that a fuel shall receive during its combustion an adequate quantity 
of aii from which oxygen may be taken to complete the chemical 
processes involved in combustion. If this condition is satisfied, 
the burning of one pound of fuel will supply a certain quantity 
of heat, dependent upon the nature of the fuel, and this quantity 
of heat obtained from one pound of fuel is called the calorific value 
of the fuel. The determination of calorific value for solid, liquid 
and gaseous fuels has been described in Vol. II (Exp. 14, p. 42) , 
in vhich the methods used are consistent with the commercial 
determination of this quantity by fuel technicians. 

Gross and net calorific values. In practice, a boiler does not com¬ 
pletely convert the heat energy resulting from combustion to useful 
purposes. There are losses due to heat being carried away by flue 
gases, ash and radiation, so that the calorific value of a fuel obtained 
by experiment in a well-designed apparatus does not agree with 
the boiler performance when this fuel is used. Furthermore, the 
hydrogen content of the fuel burns to form water vapour, which has 
a certain sensible heat in addition to the latent heat of vaporisation, 
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and this heat is carried away in the flue gases. The gross or higher 
calorific value of the fuel is obtained by an experiment which con¬ 
denses this steam and credits the fuel with the heat given up by 
condensation, whereas the net or lower calorific value, which is the 
maximum value obtainable under working conditions, assumes this 
heat to be lost. If there is w lb. of steam formed when 1 lb. of fuel 
is burned : 

Net calorific value = gross value - losses. 

If L a is the latent heat of steam at atmospheric pressure and h is 
sensible heat at 100° C., the losses become 

w{L a + (h -h t )} C.H.U. per lb., 

where h t is the sensible heat at 15° C., the normal atmospheric 
temperature. Hence 

Net C.V. = Gross C.V. - w {L a + (h - h t )} C.H.U. per lb. 

Combustion. The composition of fuels is generally confined to 
hydrogen, carbon, sulphur and nitrogen, of which the first three are 
combustible and combine with oxygen from the air supply to the 
furnace or combustion chamber. Air is a mixture of oxygen and 
nitrogen with small proportions of non-combustible gases, which 
for the purposes of this work may be neglected. It follows that 
the complete combustion of a fuel depends upon the supply of a 
minimum quantity of air, and in actual practice the air supply is 
generally in excess of this minimum. 

One pound of hydrogen has a volume, measured at 0° C. and 
14-7 lb. per sq. inch pressure (normal temperature and pressure, 
N.T.P.), of 178-2 cu. ft., and this is known as a standard volume 
of hydrogen. All substances are characterised by their atomic 
weights, or weights which each atom of the substance possesses 
when compared with that of one atom of hydrogen. The substances 
exist in molecules, the name given to the smallest possible part 
of the substance which can have a separate existence, and these 
molecules consist of two or more atoms inseparable by ordinary 
means. The molecular weight of the substance is the weight of one 
molecule, and when the substance is a gas the molecular weight in 
grams is called a mol. 
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Substance 

Atomic 

weight 

Molecular 

weight 

Hydrogen 

1 

2 

Oxygen 

16 

32 

Nitrogen 

14 

28 

Carbon 

12 

24 

Sulphur 

32 

: 


The molecular weight of sulphur is not given because it may exist 
in molecules of a varying number of atoms. 

Avogadro’s Law states that equal volumes of gases at the same 
temperature and pressure contain the same number of molecules. 

This law enunciated by Avogadro in 1811 has an important bear¬ 
ing upon the theory of combustion ; during combustion all fuels 
become gaseous, hence the molecules of every gas taking part in the 
combustion have the same volume at the same pressure and temperature. 

When combustion takes place, two molecules of hydrogen combine 
with one of oxygen to form two molecules of water gas or steam. 
This may be expressed by chemical symbols as a combustion 
equation thus : 2H 2 + 0 2 = 2H 2 0, 

where H 2 0 represents one molecule of steam. 

Substituting the atomic weights (hydrogen) H = 1, (oxygen) 0 = 16, 
2x2xl+2xl6 = 2x{2 + 16}. 

These numbers represent the relative weights of the participants ; 
thus 4 lb. of hydrogen combines with 32 lb. of oxygen to form 36 lb. 
of steam. Hence : 

1 lb. of hydrogen combines with 8 lb. of oxygen to form 9 lb. of steam. 

If similar equations are formed for the combustion of carbon and 
sulphur, we obtain the following : 

C + 0 2 = C0 2 (carbon dioxide) 

12 + 32 =■ 44 

1 lb. of carbon combines with 2| lb. of oxygen to form 3§ lb. of carbon dioxide. 

S + 0 2 =S0 2 (sulphur dioxide) 

32+ 32 = 64 

1 lb. of sulphur combines with 1 lb. of oxygen to form 2 lb. of sulphur 
dioxide. 
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Incomplete combustion of carbon. When carbon is burnt with 
insufficient air, the resulting product of comWstion is carbon 
monoxide (CO), a poisonous gas readily convertible on explosion or 
combustion to carbon dioxide. 

Heat generated during combustion. It is found that 1 lb. of 
hydrogen on combustion generates 33,830 C.H.U. of heat, which is 
known as its higher calorific value. Since steam is the product of 
combustion, a certain portion of this heat is carried away in the form 
of latent heat given to the steam. The effective, or lower calorific 
value, is equal to the higher value less this latent heat, and ia 
29,000 C.H.U. per lb. 

Similar values for the calorific values of carbon and sulphur are 
as follows : 

Carbon burnt to carbon dioxide : 8140 C.H.U. per lb. 

,, ,, carbon monoxide : 2450 ,, ,, 

Sulphur „ sulphur dioxide : 2200 „ ,, 

It follows from the figures for carbon that in any heat production 

plant it is essential that the carbon be completely burnt to carbon 
dioxide, and this gives the principal reason for the supply of air in 
excess of the minimum quantity required. 



Hydrogen 

Carbon 

Sulphur 


to H 2 0 

to CO 2 

to SO 2 

Higher calorific value - 

34,300 C.H.U. 

8140 C.H.U. 

2200 C.H.U. 


to H 2 0 

to CO 


Lower calorific value - 

29,000 C.H.U. 

2450 C.H.U. 

— 


Minimum air supply for combustion. The composition of air by 
weight is 23% oxygen and 77% nitrogen, and by volume 21% 
oxygen and 79% nitrogen. From these figures 1 lb. of air will 
contain 0*23 lb. of oxygen, and it is possible to use the combustion 
equations to determine the minimum quantity of air required for 
any process involving combustion. 
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Summary 


Combustion process 

Product of combustion 

Fuel 

Oxygen 

required 

Water 

H 2 0 

Carbon 

dioxide 

C0 2 

Carbon 

monoxide 

CO 

Suipjhur 

dioxide 

S0 2 

1 lb. of hydrogen 

1 lb. of carbon to CO 

1 lb. of carbon to C0 2 

1 lb. of sulphur 

8 lb. 

0-5 lb. 

2f lb. 

1 lb. 

9 lb. 

3§ lb. 

1-5 lb. 

2 lb. 


Example 1. A sample of fuel oil is submitted to chemical analysis and 
calorific test with the following results : Chemical composition 85% carbon , 
13% hydrogen, 1-4% oxygen and 0-6% nitrogen. Calorific test: Weight of 
sample 0-93 gm. : weight of water 2,170 gm.; water equivalent of apparatus 
480 gm. ; temperature of atmosphere 14 -4° C. ; initial temperature of water 
12-9° C. ; final temperature of water 16-85° C. Calculate the gross and 
net calorific values. 

Gross calorific value from calorific test. 

Equivalent weight of water = 2170 4- 480 — 2650 gm. 

Rise of temperature = 16-85- 12-9=3-95° C. 

Heat absorbed by water and apparatus 

= 2650 x 3-95 or 10,468 calories. 

,, . . „ , heat to water and apparatus 

Gross calorific value =-—— - 

mass of fuel 

° r calories. 

Since 1 lb. = 453-6 gm. and 1 C.H.U. = 453-6 calories, the temperature 
unit in the calorie being the centigrade degree. 

Gross C.V. = 11,256 C.H.U. per lb. or 20,261 B.Th.U. per lb. 

Calorific value from chemical analysis. 

Since 1 lb. of C produces 14,650 B.Th.U., 

1 lb. of H produces 61,750 B.Th.U., 

And 1 lb. of H produces 9 lb. of steam (Vol. II, pp. 37-9), 

Gross C.V. = 14,650 x 0-85+61,750 (o-13 - —. 
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where —-— is the oxygen equivalent which combines with the hydrogen. 

= 12,452 + 7919 
= 20,371 B.Th.U. per lb. 

Weight of steam per lb. of fuel = 013 x 9= 117 lb. 

Heat given to steam — w {L a + (h - k a )} 

= M7 (539-3 + (100- 14-4)} 

= M7 {539-3 +85*6} = 7311 C.H.U. 

1400 

Net C.V. = 20,371 - 73M x 
= 20,371 - 1315 
= 19,056 B.Th.U. per lb. 

Example 2. A sample of anthracite fuel gave the following constitution 
on analysis : Carbon 91-7%, hydrogen 4%, oxygen 2-9%, residue of non - 
combustibles 1*4%. Find (a) the minimum air required per lb . of fuel, 
(b) the volume of air per lb. of fuel if the excess air is 30%, (c) the calorific 
value . 

0-917 lb. of carbon requires 0-917 x 2§ = 2-445 lb. of oxygen. 

0 04 lb. of hydrogen requires 0-04 x 8 =0-32 „ 

Total oxygen = 2-765 lb. 

Less 0 029 lb. oxygen in the fuel = 2-736 lb. 

Since 1 lb. of air contains 0-23 lb. of oxygen, 

2*736 

minimum weight of air = —— = 11-9 lb. 

\j'Zo 

and 1 lb. of air at N.T.P. has a volume of 12-38 cu. ft. 

(a) Minimum volume of air per lb. of fuel = 11 -9 x 12-38 = 147-3 cu. ft. 

(b) Volume of air with 30% excess = 191-52 cu. ft. 

(c) 0-917 lb. of carbon yields 0-917 x 140 =7464 C.H.U. 

0-04 lb. of hydrogen yields 0-04 x 29,000= 1160-0 C.H.U. 

Total yield = 8569 C.H.U. 

Heat of 0-029 lb. of oxygen combining with the hydrogen of the fuel 

= -^- 9 X 29,000= 105-1 C.H.U. 

O 

Calorific value of fuel = 8569 - 105-1 

= 8464 C.H.U. per lb. 
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Example 3. Find the weight of air required to burn 1 lb. of carbon to 
carbon dioxide and 1 lb. of hydrogen to water. Also calculate the weight of 
air theoretically required to bum completely 1 lb. of oil composed of 0-85 
carbon and 015 hydrogen. 

If this oil were used in a boiler furnace and the air supply was 50% in 
excess of that absolutely necessary for combustion , how much heat would 
the excess air carry away up the chimney per lb. of oil burned? Tempera - 
ture of air entering the furnace 18° C. and temperature of gases entering 
the chimney 290° C. Given that air contains 23% of oxygen by weight; 
mean specific heat of air 0-24. ' (U.L.C.I.) 

(a) 1 lb. of carbon requires 2| lb. of oxygen, 

or x 2f lb. of air = 11-61 lb. 

(b) 1 lb. of hydrogen requires 8 lb. of oxygen, 

or 8 lb. of air = 34-8 lb. 

(c) 0-85 lb. carbon requires 0-85 x 11-61 lb. of air =9-87 lb. 

0-15 lb. hydrogen requires 015 x 34-8 lb. of air = 5-22 lb. 

Wt. of excess air per lb. of oil = 0*5 x 15-09 

= 7-545 lb. 

Heat given to excess air = 7-545 x 0-24 (290 - 18} 

= 7-545 x 0-24 x 272 = 492-5 C.H.U. 

Efficiency 

The efficiency of any machine, engine or boiler, is generally ex¬ 
pressed as the ratio between the energy output and the energy input. 
Such a general expression is often too broad in the consideration 
of engine and boiler performance to indicate to the engineer the 
information which he requires, and the term efficiency is qualified 
to meet the particular criterion which he desires to investigate. 

For example : Mechanical efficiency is a term applied to a machine, 

or an engine, and expresses the efficiency of conversion of the 

mechanical energy supplied to that available for useful work. For 

an engine this is the ratio between the work available at the output 

coupling of the engine and that actually done on the engine pistons ; 

or it may be expressed thus : 

„ , . , _ . brake horse power 

Mechanical efficiency = r 

indicated horse power 
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Thermal efficiency is an absolute efficiency and may be applied to 
an engine or a boiler. In the case of a boiler it is the ratio between 
the heat available for steam raising and the heat supplied by, or 
calorific value of, each pound of fuel. Thus : 


Thermal efficiency of a boiler = 


heat available for steam raising 
heat supplied or C.V. of fuel 


each quantity taken for 1 lb. of fuel consumed. 

The indicated thermal efficiency of an engine has a slightly different 
interpretation, inasmuch that the energy input is the heat supplied 
to the engine per 1 lb. of working substance, while the energy output 
is the work done by this I lb. of working substance in the cylinder. 
Thus: 

Thermal efficiency of an engine 

heat equivalent of the work done in the cylinder 
heat supplied to the engine 


In each case 1 lb. of working substance is taken. 

Comparative thermal efficiencies. The comparative thermal 
efficiency of an engine is its thermal efficiency compared with that 
of a certain standard cycle. This standard cycle for steam engines 
and turbines is the Rankine Cycle, and for the internal combustion 
engine the Air Standard Cycle. Thus the comparative thermal 
efficiency of an engine is the ratio 


thermal efficiency 
efficiency on standard cycle * 

Actually the criterion for steam engines and turbines is termed 
the efficiency ratio and is given by the ratio of the theoretical steam con¬ 
sumption of the ideal engine working on the Rankine Cycle per horse¬ 
power hour to the actual steam consumption per horse-power hour. 

The departures from the Rankine Cycle which characterise 
modern steam practice with both steam engines and turbines have 
meant that this efficiency ratio is slowly falling into disuse, and 
steam turbines especially are usually compared on the basis of their 
total heat consumption per kW. per hour for power stations, or per 
B.H.P. per hour for ships. These expressions are usually abbreviated 
to steam or fuel consumption per kW. hour or per B.H.P. hour. 

With internal combustion engines there are other standard cycles 
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besides the one mentioned which conform more closely with the 
working of the various types of engine, but these cycles cannot be 
considered at this stage. 

Brake thermal efficiency. This is a very informative efficiency 
inasmuch that it expresses the ratio between the mechanical out¬ 
put of the engine and the actual heat supplied. If the thermal 
efficiency of an engine is regarded, as it often is, as the indicated 
thermal efficiency, the brake thermal efficiency can be related to the 
mechanical efficiency thus : 

Brake thermal efficiency = . 

heat supplied 

/T ,. _ . work done in cylinder 

(Indicated) thermal efficiency =-:— - ~-5 - 

heat supplied 

,, , • i . work output 

Mechanical efficiency =-i—=- : ——=— . 

work done m cylinders 

Brake thermal efficiency 

= thermal efficiency x mechanical efficiency 

, ^ . B.H.P. 

= thermal efficiency x - — — • 

I.H.P. 

Consumption rate of an engine. The consumption rate of an 
engine is expressed in lb. or cu. ft. of working substance per horse¬ 
power hour, and reference may be made in this respect to either 
the Indicated H.P. or Brake H.P., the former being the indicated 
consumption rate and the latter the brake consumption rate. 


Summary of efficiencies 

Note. In each case the heat is reckoned per lb. of fuel consumed. 


Mechanical efficiency 

(Indicated) thermal effi¬ 
ciency 


Comparative thermal effi 
ciency 


Boiler: 


Work done at output coupling B.H.P. 
Work done in cylinders I.H.P. 
Heat available for steam raising 
Heat supplied by fuel 
_ . ^ Work done in cylinders 

® * Heat supplied to engine 

Indicated thermal efficiency 
Efficiency on standard cycle 
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Brake thermal efficiency 


Consumption rate 


Work done at output coupling 
Heat supplied to engine 

= Thermal efficiency x mechanical effi¬ 
ciency 

— Thermal efficiency x 

Weight in pounds or Volume in cu. ft. 

of working substance per I.H.P. or 
l B.H.P. hr. 


Note. One horse-power hour is equal to 33,000x60 ft. lb. of 
work per hour, which is equivalent to 1414 C.H.U. Thus the con¬ 
sumption rate of an engine is the number of lb. or cu. ft. of the 
working substance per 1414 C.H.U. produced, taken on the I.H.P. 
or B.H.P. basis as required. 


Example 1. During an engine tridl the following data and observations 
were obtained : (a) for B.H.P., dead weight on the dynamometer rope 
102 lb ., spring balance reading 14 lb ., mean diameter of brake wheel 4 ft., 
engine speed 184 r.p.m. (b) for I.H.P., mean effective pressure from the 
indicator diagram 58 lb. per sq. in., stroke 9 in., area of piston 35 sq. in., 
engine single acting. Calculate the B.H.P., I.H.P. and Mechanical 
efficiency. 


B.H.P. = 
I.H.P. 


7 tD(W-S)N 
33,000 
P.L.A.N 
33,000 


ttx 4(102- 14)184 
33,000 


617. 


58 x 9 x 35 x 184 
12 x 33,000 


= 8-49. 


Mechanical efficiency = 


B.H.P. 

I.H.P. 


617 

8-49 


72-6%. 


Example 2. An engine of I.H.P. 8*2 and B.H.P. 6-7 consumes 3*9 lb. 
of oil fuel with a calorific value of 18,000 B.Th.U. per lb. in one hour. 
Calculate the mechanical and indicated thermal efficiencies, the consump¬ 
tion rates per I.H.P. and B.H.P. hour, and the brake thermal efficiency. 

Mechanical efficiency = ~ = 81*7%. 

I.H.P. 8-2 


/T ,. ^ ,v ,, , . work done on pistons 

(Indicated) thermal efficiency =---- 

heat supplied 

8-2 x 33,000 x 60 
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3.9 

Consumption rate per I.H.P. hour = --— = 0-475 lb. per I.H.P. hour. 

8 '2t 

„ „ „ B.H.P. hour = ^4| = 0-582 lb. per B.H.F. hour. 

0-7 


t, , ,, , „ . 6-7x 33,000x 60 

Brake thermal efficacy = = 24-29%. 

Example 3. A turbine is supplied with steam at 130 lb. per sq. in. with 
40 centigrade degrees of superheat , and this is exhausted at a pressure of 2 lb. 
per sq. in. Calculate (a) the condition of the steam at exhaust , (6) the 
Rankine efficiency , (c) the comparative efficiency if the thermal efficiency 
is 20*8% taken on test. [Take the temperature of the feed water as 50° C.] 

(a) Condition after expansion from T v. <f> diagram = 0*83 approx. 

(b) Heat drop in expansion = 686-9 - {0-83£ + h) 

= 686-9 - {0-83 x 566-51 + 52 16} 

= 686-9 - 522-36= 164-54 C.H.U. 


Rankine efficiency = 


(c) Comparative efficiency = 


164-54 

-= 25-83%. 

686-9 - 50 /0 

thermal efficiency _ 20-8 
Rankine efficiency 25-83 


= 80-6%. 


Example 4. A motor-car engine working on a four-stroke cycle and 
having four cylinders 3-5 in. bore and 4-5 in. stroke consumes 0-53 pints of 
petrol per I.H.P. per hour. The speed is 1312 r.p.m. and I.H.P. 24-1. 
Find the mean effective pressure and the indicated thermal efficiency if the 
petrol has a calorific value of 19,000 B.Th.U. per lb. and weighs 7-3 lb. 
per gallon. (U.E.I.) 

.. I.H.P. x 33,000 24-1 x 33,000 

Mean effective pressure = —p —-——— = ■ - — -——————- 

r L.A.Nx 4: 0-375 x 7T x 1-75 2 x 656 x 4 


= 84-03 lb. per sq. in. 

0-53 x 7-3 

Consumption rate per I.H.P. hour =---- =0-484 lb. 


Indicated thermal efficiency = 


8 

33,000 x 60 


778 x 0-484 x 19,000 
= 27-68%. 


Example 5. A gas engine works on a four-stroke cycle with a stroke of 
21 in. and a cylinder diameter of 12 in. The speed is 280 r.p.m. and the 
effective explosions average 120 per minute. If the engine consumes 
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878 cu. ft. of gasy with certified calorific value of 475 B.Th.U. per cu.ft. in 
one hour and the indicator diagram has an area of sq. in. with a base 
of 3 in.y find (a) the mean effective pressure if a 300 spring is used in the 
indicatory (b) I.H.P ., (c) consumption rate in cu. ft. per I.H.P. hour , 
(d) indicated thermal efficiency. If the makers claim a 75% mechanical 
efficiency , what B.H.P. may be anticipated? 


. x ^ ^ 0*71 x 300 _ 

(a) Mean effective pressure ----= 71 lb. per sq. m. 


(6) I.H.P.: 


P.L.A.N 

33,000 


71 x 1-75 xttx 36 x 120 


= 51*1. 

(c) Consumption rate per I.H.P. hour = 

(d) Indicated thermal efficiency ~ 


33,000 

878 


5M 

17-2 cu. ft. per I.H.P. hr. 

51 1 x 33,000 x 60 


778 x 878 x 475 
= 31*2%. 

B.H.P. = 0-75 x 51*1 = 38*3. 


Example 6. A boiler produces 2300 lb. of steam per hour at a pressure 
of 200 lb. per sq. in. absolute superheated 50 centigrade degrees from feed 
water supplied at 26° C. Find the thermal efficiency of this boiler if it 
consumes 371 lb. of coal per hour of net calorific value 14,200 B.Th.U . 
per lb. 

Calorific value = 14,200 B.Th.U. per lb. 

14,200 x 778 

— 1400 

— 7893 C.H.U. per lb. 

Heat supplied for steam raising — H sulh - /?f e ed 

— 698 - 26 

= 672 C.H.U. per lb. 

Total heat given to steam = 672 x 2300 C.H.U. 

Heat available in fuel = 371 x 7893 C.H.U. 

mi i ~ . 672 x 2300 

Thermal efhciency = 3?1 >; 78j)3 

= 52-8%. 
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Willans* Law. In all engines, whether steam, internal combustion, 
or steam turbines, there is a relationship between the consumption 
and the horse power, providing the engine is quantity governed , that 
is, governed through the throttle, which controls the amount of 

working substance supplied. 
This relationship follows a 
law illustrated by a straight- 
line graph for steam engines 
and turbines and approxi¬ 
mately a straight line for 
other engines. The associa¬ 
tion was first pointed out by 
Willans and the law is known 
as Willans’ Law. 

Consider the graph shown 
in Fig. 249 between steam 
consumption and power out¬ 
put. The general equation 
to a straight-line graph is 
y — mx + c, which in this case may be interpreted as C — aP + b , where 
C is the steam consumption in lb. per hour, P is the I.H.P. developed 
in the cylinders, a and b constants. 



The constant b is the intercept on the F-axis, that is, the value of 
C when P is zero, and may be regarded as a constant loss when no 
power is developed. 

The constant a is the slope of the graph and gives the relationship 
between the increase of consumption and the increase of power. In 


the notation of the calculus, a = 


dC 
dP * 


Willans’ Law may be determined by experiment for any engine 
and when obtained may be applied to find the consumption for any 
power, or vice versa. 


Example 1. A steam engine is tested for power and consumption and the 
following results obtained : 

(a) power 200 H.P ., consumption 4200 lb. 

(b) power 120 H.P ., consumption 2600 Z6. 
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Calculate the values of the constants in Willans * Law, state the law and find 
the consumption when the power is 170 H.P. 

Willans’ Law : C = aP + b. 

(а) 4200 = ox 200 + 6 

... 2600 = o x 120 + 6 

( б ) - 

1600 =80o 

a = 20. 

In (a), 4200 = 20x 200 + 6. 

b = 200. 

Willans’ Law: C = 20P + 200. 

Consumption when the power is 170 H.P.: 

<7 = 20 x 170 + 200 
= 3600 lb. 

Example 2. The approximation to Willans ’ Law for an oil engine is 
C = 0-52P + 6-2. Find the power developed for a consumption of 31 lb. of 
oil per hour, and the consumption at 40 H.P. 

(7= 0-52P + 6*2, 

31 = 0-52P + 6-2, 

0*52P= 24*8, P = 47-69 H.P. 

<7=0-52x 40 + 6-2 

= 20-8 + 6-2, C = 27 lb. per hr. 

Example 3. The consumption rate for an oil engine developing 80 H.P. 
is 0-31 lb. per I.H.P. hour, and at 60 H.P. this rate is reduced to 0*304 lb. 
per I.H.P. hour. Determine Willans ’ Law for this engine. 

<7=aP + 6 

(а) 80 x 0-31 — ax 80 + 6. 

(б) 60 x 0*304 = a x 60 + 6 

24-8 = 80a + 6 
18-24 = 60a + 6 

6-56 = 20a, a =0-328. 

24-8 = 26-24 + 6, 6= - 1-44. 

Law C = 0-328P - 1-44. 

Note. The negative value of 6 is due to the variation from a 
straight line obtained in I.C. engines and indicates an upward trend of 
the curve at or about zero power. This variation is indicated by the 
broken line in Fig. 249. 
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Wall action and cylinder condensation. The main improvements 
in engine efficiencies have been brought about by the elimination of 
water and its effects from the cylinder. Water becomes deposited 
upon and is re-evaporated from the cylinder walls as the tempera¬ 
ture of these walls fluctuates during the cycle of operations in the 
cylinder (pp. 185 et seq. y Vol. II). 

Calculation of indicated weight of steam at any point on the 
P v. V diagram. Assuming valve perfection and no piston leakage, 
the weight of steam in the cylinder during the expansion process 
should remain constant. 

Let W = weight of steam in lb. at any point X on expansion curve ; 

V =the total volume of steam in cu. ft. per lb. at X 
- clearance volume + volume swept by piston to X ; 

P = pressure in lb. per sq. ft. at X ; 

F a =specific volume in cu. ft. per lb. corresponding to P. 

Then, W x F, = V or W-L 

.V 

W is called the indicated weight of steam because it is calculated 
from the indicator diagram and assumes that the steam is dry. 

Indicated cylinder feed. This is the weight of steam taken from 
the boiler per stroke, as calculated from the indicator diagram. 

Thus, indicated cylinder feed is equal to indicated weight of steam 
at cut-off minus indicated weight just after compression begins. 

It must be remembered that the weight of steam in the cylinder 
at cut-off includes both fresh boiler steam and the “ cushion ” steam, 
previously compressed into the clearance space. 

Missing quantity. This is the term used to denote the weight of 
steam which actually passes through the engine cylinder without 
being indicated on the indicator diagram. When an engine is tested, 
the exhaust steam is condensed and measured, when it is always 
found to be in excess of the indicated cylinder feed as calculated. 
The missing quantity is measured either as a percentage of the feed 
or as the weight in lb. per stroke or per unit of time. It is due to 
two causes, namely, cylinder condensation and leakage past valves 
and piston. 
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Boiler Trials 

The extent to which a boiler trial is conducted depends upon 
the requirements of the engineer ordering the test. In such a trial 
taken by a large, steam user, the tests may be continued for a week 
over varying power loads, in which case the efficiency of every 
auxiliary is incorporated into the test and frequent representative 
fuel and flue gas analyses taken. Such a trial will give results which 
will reflect the quality of the firing on different shifts and the 
relation between consumption and power output throughout the 
operation of the steam plant. If conducted with periods under 
different fuels, or with changing draught conditions, it will determine 
the best possible conditions and fuel for steam raising. Generally, 
the trial does not extend to this detail; the fuel and working con¬ 
ditions of the boiler have been predetermined, and the purpose of 
the test is to obtain the performance of the boiler under these fixed 
conditions. 

Boiler performance. The actual performance of a boiler can only 
be measured by its evaporating power, that is, the weight of water 
evaporated per lb. of fuel consumed. The following terms used in 
reference to boiler trials are defined as follows : 

Boiler capacity is the weight of steam produced by the boiler 
under full load in one hour ; this is sometimes referred to as the 
evaporation. 

The standard evaporation unit is the heat required to convert 1 lb. 
of feed water at atmospheric pressure and a standard temperature of 
100°C. or212°F. into steam at the same temperature and pressure. 
It is equal to the latent heat of formation of steam at this pres¬ 
sure and temperature ; that is, 539-3 C.H.U. per lb. or 970-7 B.Th.U. 
per lb. 

Equivalent evaporation. The feed-water temperature, pressure 
and other conditions of working of boilers vary considerably, and 
the performance of a boiler must be reduced to some comparative 
standard before it can be considered against another boiler. This 
standard of comparison is the equivalent evaporation of the boiler, 
and is the weight of steam which would be produced by the heat 
generated if this steam were formed at 100° C. from water at 100° C. 
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and atmospheric pressure. This quantity is referred to as the 
equivalent evaporation from, and at, 100° C. 

The heat given to the formation of steam in a boiler may be 
calculated as follows : 

Let t x be temperature of feed water in centigrade degrees, 

Zq the sensible heat of this water in C.H.U., 

t 2 the generation temperature in centigrade degrees, 

W the weight of water evaporated in lb., 

L the latent heat of formation in C.H.U. per lb., 
x the dryness fraction, 
h 2 the sensible heat at generation in C.H.U. 

Then total heat of feed water = TFZq C.H.U. 

„ ,, ,, formed steam = W {h 2 +xL} C.H.U. 

Heat given to steam = W {h 2 -7q +xL} C.H.U. 

Since the standard evaporation unit is 539*3 C.H.U. per lb., then. 
Equivalent evaporation from and at 100° C., 

W{h 2 -h 1+ xL} 

539*3 

When the steam is superheated in formation, 
jp W {^£^( SU p er ) — Zq} 
h ~ 539*3 

where heat^ uveT ) is the total heat of superheated steam as formed. 

Interpretation of equivalent evaporation. If the equivalent 
evapor ation is used to compare two boilers, it is essential that both 
boilers use the same fuel and evaporate under the same atmospheric 
conditions. 

If this is so, the equivalent evaporation may be regarded as a 
measure of performance ; if otherwise, the comparison must be 
made on efficiencies. 

Example 1. A boiler produces 800 lb. of steam per hour , 0*95 dryness 
fraction , at a pressure of 160 lb. per sq. in. gauge from feed water at 20° C. 
Find the equivalent evaporation of this boiler. 

Total heat per lb. of formed steam — 190 + 0*95 x 476 

-642*2 C.H.U. 

Total heat of feed water —20 C.H.U. per lb. 
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Heat given to steam per lb. = 642*2 - 20 

= 622-2 C.H.U. 

622-2 x 800 


Equivalent evaporation = 


539-3 

= 923 lb. per hr. from and at 100° C. 


Example 2. A boiler normally produces 1260 lb. of steam per hour at a 
pressure of 200 lb. per sq. in. abs. and with 60 centigrade degrees of super¬ 
heat from feed water at 28° C. An economiser is installed which has the 
effect of raising the feed-water temperature to 79° C. Find the equivalent 
evaporation, the evaporation with the economiser, and the percentage 
possible increase in evaporation with the economiser. 

Case 1. Heat used for steam raising (from steam tables) 

= 1260 x {703-6 ~ 281 
= 1260 x 675-6 = 851,256 C.H.U. 


„ . , . 851,256 

Equivalent evaporation = —- = 1579 lb. per hr. 

Odi)* O 


Case 2. The heat available for steam raising in the boiler is un¬ 
altered ; therefore if W is the weight of steam produced per hour with 
the economiser, 

Wx (703-6- 79} = 851,256, 

W x 624-6= 851,256, 

W — 1363 lb. per hour. 

„ * (1363- 1260)100 oiryo/ 

Percentage mcrease —-~ 1 -= 8-17%. 

1 L t)U 


Example 3. A selection has to be made from two boilers which gave the 
following results under test with the same fuelling conditions and quality 
of fuel. No. 1 : 1300 lb. of steam per hour at 200 lb. per sq. in. abs., 
0-94 dry, from feed water at 20° C. No. 2 : 1200 lb. of steam per hour, at 
200 lb. per sq. in. absolute, 0-97 dry, fitted with a flue gas feed-water heater 
receiving water at 20° C. and feeding to the boiler at 68° G. State which 
boiler is preferable. 


No. 1. 


Equivalent evaporation = 


1300 {197-5 + 0-94 x 471-2 - 20} 
539-3 


1300(620-4) 


= 1500 lb. per hr. 


539-3 
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No. 2. 


E = 


1200 {197-5 4- 0-97 x 471-2 - 20} 


1200(634-6) 
539-3 


539-3 

= 1413 lb. per hr. 


The equivalent evaporation in No. 1 is greater and this boiler is preferable. 

Note. The auxiliary feed-water heater is incorporated in the boiler 
and has the effect of providing heat to the feed water through heat 
which would otherwise be wasted in the escaping flue gases. It must 
be realised by the student that the addition of a feed-water heater 
increases the efficiency of a particular boiler, although in this case 
the increase of efficiency is insufficient to raise the performance of 
No. 2 above that of No. 1. 


Boiler efficiency and the heat balance. The efficiency of any 
steam-raising plant seldom exceeds 80% ; hence a considerable por¬ 
tion of the heat energy available in the fuel is unconverted from the 
view-point of steam-raising. These losses may be traced to various 
causes, the principal of which are : (1) heat carried away by flue gases , 
(2) heat lost by radiation and conduction , (3) heat rejected with ash. 

The first quantity may be fairly accurately determined by taking 
a chemical analysis of the flue gases and their temperature, but 
Nos. 2 and 3 are, to a great extent, indeterminate. It is general to 
bulk all the losses in a boiler and calculate the efficiency on the 
following basis. 

. heat used for steam raising 

Efficiency = --———-— -— 

heat available m the furnace 

the calculations being based on the heat available and the heat in 
the steam produced per lb. of fuel. 

A heat balance may be struck for the performance of any boiler, 
with or without an economiser or feed-water heater, as follows : 

Let W be wt. of fuel supplied per hour (b.) 

C the calorific value of fuel (C.H.U. per lb.). 
w the wt. of steam raised per hour (lb.). 
h x the sensible heat at t x the temperature of feed water (°C.). 
h 2 the ,, „ t 2 „ ,, ,, economiser dis¬ 

charge (°C.). 

h 3 the ,, „ t 3 „ „ ,, steam formation 

(°C.). 
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hi the sensible heat at 4 the temperature after superheat (°C.), if any. 
Hi the total heat of superheated steam at f 4 . 
s the mean specific heat of superheat. 
x the dryness fraction. 

L the latent heat at formation (C.H.U. per lb.). 

Heat balance for wet steam. 



Heat supplied 
(C.H.U.) 

Heat utilised or lost (C.H.U.) 

From fuel 

In economiser 

W.C 

wtha-hd 

In boiler 


w(h 3 + rL - h 2 ) 

In waste 


W.C- w(h 3 “I - xL — Bl 2 “t - 1^2 — h x ) 

Total 

W.C 

W.C 


Heat balance for superheated steam. 


From fuel - 

W.C 


In economiser 


w(h 2 - h,) 1 

In boiler 


w(h 3 + L-h 2 ) [ Total A 

In superheater 


w(H 4 - h 3 - L)J 

In waste 


W.C-wCH.-h,) 

Total 

W.C 

W.C 


From the heat balance the efficiency of the boiler may be deter¬ 
mined (a) for wet steam : 

_ . w(ho +xL -h.) 

efficiency =-- L , 

x i w(t 3 +xL -t,) 

or approximately - —— —~ ; 

and (b) for superheated steam : 

_ . w(H 4 -h.) 

efficiency = w c » 

w{t 3 +L -t, +s(t 4 -t 3 )} 

W.C ’ 


or approximately 
if s can be relied upon. 
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Example 1. A boiler consumes 385 lb. per hour of coal of calorific value 
7200 C.H.U. per lb. The steam production is 2180 lb. per hour at 175 lb. 
per sq. in. gauge , superheated 60 centigrade degrees , the temperature of the 
feed water at entry to the economiser 19° C. and at discharge 71° C. y and 
the mean specific heat of superheat 0*61. Find the equivalent evaporation 
per lb. of coal , and the efficiency of the boiler , and prepare a heat balance for 
its performance indicating the percentage heat given to each stage of the 
steam raising. 

Heat supplied by fuel = 385 x 7200 = 2,772,000 C.H.U. 

Heat supplied in economiser = 2180x(71- 19) = 113,360C.H.U. 

Heat supplied in boiler =2180(668-1 - 71) 

= 1,301,678 C.H.U. 

Heat used in superheater =2180(0-61 x 60) 

= 79,930 C.H.U. 

Total heat utilised = 1,494,968 C.H.U. 

^ . 1,494,968 

Efficiency = ^2^00 = 53 ' 84% - 


Stage 

Heat per hr. 
supplied 
C.H.U. 

Heat per hr. 
utilised 
C.H.U. 

% 

supply 

0/ 

/o 

used 

Combustion in furnace 
Economiser 

Boiler - 
Superheater 

Waste heat 

2,772,000 

113,360 

1,301,678 

79,930 

1,277,032 

100% 

4-07% 

46-0% 

2-87% 

46-16% 

Totals 

2,772,000 

2,772,000 

100% 

100% 


Efficiency of the boiler = sum of % available in the economiser, boiler 
and superheater = 53-84%. 

Equivalent evaporation per lb. of coal: 


Evaporation per lb. = —— — = 5*66 lb. 

ooO 

Heat given to water = 5-66 {668-1 - 19 + 0-61 x 60} 
= 5-66(685-7) = 3881 C.H.U. 

Equivalent evaporation per lb. of coal from and at 100% 

3881 

= -■■ ■— = 7-2 lb. per lb. of fuel. 

OOil't) 
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Example 2. A steam boiler was found to consume 5620 lb. of coal of 
calorific value 7900 C.H. U. per lb. during a 4 -hour test. The boiler pressure 
was 180 lb. per sq. in. absolute, superheat 40 centigrade degrees, feed water 
50,580 lb. at temperature 21° C. Find the boiler efficiency. 

An economiser was fitted and the feed-water temperature was thereby 
raised to 93° C. Find, for the same evaporation, the saving of coal in lb. 
per hour due to the addition of the economiser. [Specific heat of superheated 
steam — 0-5.] (U.E.I.) 


(а) Heat supplied by fuel per hr. = - C.H.U. 

= 11,099,500 C.H.U. 

Heat to steam production = {667*6 + 0*5 x 40 - 21} 

= 12,645 {646*6 + 20} 

= 8,430,000 C.H.U. 

Efficiency = = 75-95%. 

(б) Useful heat abstracted from flue gases in the economiser 

= 12,645 x (93-21). 

Coal saved, assuming a constant boiler efficiency, 

12,645 x 72 
~ 7900 x 0*7595 


= 152 lb. per hr. 


Example 3. In a test on a plant the following figures were obtained : Coal 
fired per hour 95 lb., calorific value of coal 8340 C.H.U. per lb., feed 
water per hour 880 lb., temperature of feed 89° C., pressure of steam 
260 lb. per sq. in. absolute, temperature of steam 277° C. Calculate the 
thermal efficiency of the boiler and the equivalent evaporation from and at 
100° C. per lb. of coal. [Specific heat of superheated steam = 0*56.] 

(U.E.I.) 


Heat supplied = 95 x 8340 C.H.U. 

Heat in steam raising = {670*8 + 0*56 x 70 - 89} 880 


= 621 x 880 C.H.U. 


Efficiency = 
Equivalent evaporation = 


621 x 880 

95 x 8340 = 
621x 880 
95 x 539*3 


68*98%. 


= 10*67 lb. per lb. of coal. 
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Laboratory trial of a gas-fired boiler. 

Specification of trial. A vertical tubular boiler working at 
150 lb. per sq. in. gauge, pump fed without feed-water heater or 
superheater and serving a horizontal condensing steam engine. 
The feed-water supply is measured through a water meter and the 
gas supply through a large dial gas meter. The gas fuel is from town 
supply of a previously determined calorific value. Quality of steam 
is found by throttling, and, if necessary, combined throttling and 
separating during the trial. 


Calorific value of town gas at N.T.P, =475 B.Th.U. per cu. ft. 


475 x 778 
1400 


= 264 C.H.U. per cu. ft. 


Observations. 


Duration of trial = 30 minutes. 

[Initial water meter reading =0786-5 gallons. 

(Final „ „ „ =0797-25 „ 

W = Water consumption = 10-75 gallons = 107-5 lb. 

{ Initial gas meter reading =001,627 cu. ft. 

Final „ „ „ =002,009 „ 

C\ = Gas consumption at 16° C. =382 cu. ft. 

Gas pressure = 14-7 lb. per sq. in. abs. 
= Temperature of feed water = 16° C. 

Average boiler pressure = 150 lb. per sq. in. gauge. 
Temperature of steam at formation = 188° C. 


Dryness fraction test with throttling calorimeter. 

Temperature of steam at 150 lb. per square in. gauge = 188° C. 

„ ., ,, after throttling =103°C. 

Pressure ,, ,, ,, ,, =14-7 lb. per sq. in. abs. 

Heat in steam before throttling = 188 +x x 479 C.H.U. per lb. 

„ „ after „ =100+539-3+0-48(103-100) 

= 640-74 C.H.U. per lb. 
then 188+479* = 640-74. 

Dryness fraction x = 94-5%. 


C =Gas consumption at N.T.P. 


zrat -I n/i , 

= "289 =361 CU<ft - 
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Heat balance and derived results. 

Heat given to steam raising = W {640*74 - 

= 107*5 x 624*74 =67,155 C.H.U. 

Heat supplied by fuel = C x 264 = 361 x 264. 

H 2 = 95,300 C.H.U. 


Efficiency = —1 = 70*4%. 
H 0 


Equivalent evaporation = 


67,155 
361 x 539*3 


= 0*345 lb. per cu. ft. at and from 100 °C. 


Stage 

Heat 

supplied 

C.H.U. 

Heat 

utilised 

C.H.U. 

% 

supply 

0/ 

/o 

used 

Combustion in furnace 
Boiler - 

Waste heat 

95,300 

67,155 

28,145 

100% 

70-4% 

29-6% 

Totals 

95,300 

95,300 

100% 

100% 


Trial of a Steam-raising Plant 

The complete trial of a steam-raising plant is carried out in 
considerably more detail than the general efficiency test. The 
preparation of the heat account indicates to the engineer, not only 
if there is inefficiency in operation, but also just where any ineffi¬ 
ciency may be remedied and to what extent the remedy should -be 
applied. The routine testing of steam plant confirms, or otherwise, 
its efficient operation and is performed in conjunction with labora¬ 
tory tests of fuel samples, ash and flue gases. The following results 
have been obtained for such a trial, and the heat balance represents 
the performance of the plant. 

Observations. 

Duration of trial = 8 hours. 

Weight of feed water = 80,520 lb. 

Temperature of feed to economiser =27° C. 

„ „ outlet from economiser = 126° C. 


B.B.E.S. 


Q 
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Steam pressure by gauge 
Atmospheric pressure in boiler house 
Dryness fraction of steam 
Weight of coal fired 
Temperature of air in boiler house 
,, ,, flue gases 

Weight of ash 


= 175 lb. per sq. in. 
= 15 lb. per sq. in. 
= 0-94. 

= 9270 lb. 

^18° C. 

= 325° C. 

= 320 lb. 


Laboratory tests. 

Percentage moisture in coal as fired = 1*7%. 

Analysis of dry coal: C 88-5%, H 3*.7%, ash 4-7 %, other materials 
3-1%. 

Residual heat value of ash per lb. =420 C.H.U. 

Flue gas analysis by volume : 

C0 2 ll-1%, CO M% 0 6*8%, N 81%. 

Lower calorific value of fuel. 

0*885 C yields 0*885 x 8140 = 7200 C.H.U. per lb. 

0*037 H „ 0*037 x 32,100 = 1188 

Calorific value =8388 C.H.U. per lb. 

Weight analysis of flue gases. 

C0 2 , Volume x molecular wt. =0*111 x44 = 4*884 
CO „ „ „ =0*011 x 28= 0*308 

O ,, „ „ =0*068x32= 2*176 

N „ „ „ =0*81 x 28 = 22*68 

Total =30*048 

Weight anaylsis C0 2 = 16*26%, CO = 1*03%, 0 = 7*24%, N = 75*47%. 

Weight of flue gases per 1 lb. of dry fuel. 

8ince the fuel contains 88*5% C per lb. and the flue gases 

16*26% C0 2 and 1*03% CO, 

Carbon present in 1 lb. of flue gases = 0*163 x +0*01 x-|f 

= 0*0488 lb. 

Weight of flue gases (dry) to 1 lb. of fuel = = 18*13 lb. 

U*U4oo 
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In addition to this quantity, the 0 037 lb. of hydrogen in the fuel 
produces 0-037 x 9 =0-333 lb. of steam. / 

Weight of flue gases as formed = 18-463 lb. per lb. of fuel burned. 

Mean specific heat of flue gases. 

Since the specific heats of the constituent gases at constant volume 
are C0 2 =0-216, CO =0-245, 0=0-218, N = 0-244 and steam =0-48, 
the mean specific heat at constant volume 

C0 2 CO O 

= (0-163 x 0-216) + (0-01 x 0-245) + (0-072 x 0-218) 

N steam 

+ (0-755 x 0-244) + (0-333 x 0-48/18-46) = 0-246. 

Heat balance. 

Heat supplied. 

Heat given by fuel =9270 x calorific value 

= 9270 x 8388 = 77,756,760 C.H.U. 
Heat utilised for steam raising. 

Heat to water in economiser 


= 80,520 {126-27} 

= 7,971,480 C.H.U. 


Heat to steam raising in 

boiler 


= 80,520(194-9 + 0-94 x 473-2 - 126} 
= 80,520 x 513-71 = 41,363,929 C.H.U, 

Heat to waste. 


Heat to ash 

= 320 x 420 = 134,400 C.H.U. 

Heat to flue gases 

= 9270 x 18-463 x 0-246(325 -18} 

= 12,926,000 C.H.U. 

Heat to moisture in coal 

= 9270 x {(100 - 18) + 539-3} 


= 157-59 x 621-3 = 97,911 C.H.U. 

Heat unaccounted for 

= Residue 


= 13,733,390 C.H.U. 



476 


ENGINEERING SCIENCE 



Stage 

Heat 

supplied 

C.H.U. 

Heat used 
C.H.U. 

Percentage 

A 

Heat supplied by fuel 

77,756,760 


100 



,, to ash 


134,400 


0174 


,, ,, flue gases 


12,926,000 


16-63 


*„ „ moisture in coal - 


97,911 


0*126 

B 

,, „ water in economiser 


7,971,480 


10-25 

C 

„ „ „ boiler 


41,363,929 


53-2 


,, unaccounted for 


15,263,030 


19-62 

y 


Totals - 

77,756,760 

77,756,750 

100 

100 


Efficiency = 


B + C 
A 


49,335,409 

77,756,750 


64-46%. 


Equivalent evaporation from and at 100° C. 


49,335,409 

539*3 


= 91,480 lb. 


or, 9*864 lb. of water per lb. of coal. 


EXERCISES ON CHAPTER XVIII 

1. State the essential qualities of a good fuel and distinguish be¬ 
tween the gross and net calorific values for a fuel. 

2. A sample of coal is tested for calorific value and the following 
results obtained : weight of sample 0*79 gm., weight of water 2008 gm., 
water equivalent of apparatus 420 gm., rise of temperature of water 
2*61 L C. Calculate the calorific value in C.H.U. per lb. 

3. A sample of fuel oil gives a chemical analysis as follows : carbon 
87%, hydrogen 12%, nitrogen 1%. Calculate the gross and net calorific 
values for this fuel. 

4. Explain how you would determine experimentally the quality ol* 

the steam entering a steam engine cylinder, or the calorific value of coal 
gas or paraffin used in internal combustion engines. You should include 
in your answer a sketch and description of the apparatus used, an 
explanation of the method of conducting the experiment and, using 
symbols, show how the required result is obtained. (U.E.I.) 

5. In a boiler plant, apart from radiation losses and those inherent 
to the plant, there are certain heat losses which can be apportioned to 
(a) the grate and furnace, and (b) the fuel. Describe briefly the losses 
under these two heads. 
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6. A fuel has an ash content of 4*4%. An analysis of the cinders 

shows a carbon content of 21%. Assuming that ^o ash goes up the 
stack, calculate the percentage of the heating value of the fuel which 
is wasted in the cinders, assuming for simplicity that carbon is the only 
combustible in the fuel. (U.E.I.) 

7. Define in general terms the meaning of efficiency as applied to 
any machine, and then show how various types of efficiency are deter¬ 
mined in heat engine and boiler tests. 

8. An engine is stated to have a mechanical efficiency of 78%. 
During a test the following observations were made on a rope brake : 
dead weight 80 lb., spring balance reading 16 lb., mean diameter of roge 
brake drum 4 ft. 31 in., speed 178 r.p.m. Calculate the B.H.P. and 
probable I.H.P. 

9. An engine trial gave the following results : dead weight on rope 
brake 140 lb., spring balance reading 24 lb., mean diameter of brake 
4 ft. 6 in., engine speed 145 r.p.m., mean effective pressure from indicator 
card 35*8 lb. per sq. in., stroke 9 in., area of piston 42 sq. in., engine 
double acting. Find the I.H.P., B.H.P., and mechanical efficiency. 

10. An engine of I.H.P. 11*4, B.H.P. 9-7 consumes 51 lb. of oil of 
calorific value 9600 C.H.U. per lb. in each hour of running. Find the 
mechanical efficiency, indicated and brake thermal efficiencies and the 
consumption rate per I.H.P. hour. 

11. A turbine is supplied with steam at 150 lb. per sq. in. with 
30 centigrade degrees of superheat. This is finally exhausted at 1*5 lb. 
per sq. in. Find from the Tv.(j> diagram the condition of the steam 
at exhaust, and calculate (a) the Rankine efficiency, ( b ) the thermal 
efficiency, (c) the comparative efficiency. 

12. The indicated thermal efficiency of an oil engine is 26-4%, and it 
uses 0-7 pints of oil, of specific gravity 0-74, calorific value 19,000 
B.Th.U. per lb. in one hour’s run. Calculate the indicated horse 
power of the engine. 

13. A gas engine makes 130 explosions per minute and consumes 
916 cu. ft. of gas of calorific value 450 B.Th.U. per cu. ft. in the hour. 
If the stroke is 18 in., cylinder diameter 12 in. and mean effective 
pressure from the indicated card 77 lb. per sq. in., calculate the I.H.P. 
and indicated thermal efficiency. 

14. The stated thermal efficiency of a boiler is 67-4%, and it produces 
700 lb. of steam per hour at a pressure of 250 lb. per sq. in. abs. with 
70 centigrade degrees of superheat. Calculate the probable hourly fuel 
consumption if the coal has a calorific value of 8000 C.H.U. per lb., and 
the feed temperature is 84° C. 

15. State Willans’ Law and explain the meaning of the terms used in 
its expression as C aP + b. Draw a diagram showing the application 
of Willans’ Law to (a) steam engines, ( b) I.C. engines. In what way 
does the law alter for the latter engines? 
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16. Determine Willans’ Law for a steam engine which had a con¬ 
sumption of 3220 lb. at 180 H.P. and 2430 lb. at 110 H.P. Find the 
power available when the consumption is 2800 lb. 

17. When C is in lb., Willans’ Law for a certain engine is 

O — 0-462P - 1-78. 

Explain the meaning of the negative value of one constant and find the 
consumption for a power of 75 H.P. What type of engine does this 
particular law indicate? 

18. Give a clear outline of the purpose of a boiler trial and indicate 
the observations necessary during the trial. 

19. Define the terms : boiler performance, boiler capacity, standard 
evaporation unit, equivalent evaporation. Also state the conditions 
which govern the term equivalent evaporation. 

20. If you had to- compare the specifications of two competitive 
boilers, what figures would you require and to what extent would the 
equivalent evaporation data guide you in your selection? 

21. Calculate the equivalent evaporation from and at 100° C. for a 
ooiler which produces 620 lb. of steam per hour at a pressure of 200 lb. 
per sq. in. absolute with a dryness fraction of 0-96 from feed water at 
27° C. 

22. A boiler produces 520 lb. of steam per hour at a pressure of 
175 lb. por sq. in. gauge with atmospheric pressure at 14*7 lb. per sq. in. 
abs. This steam is found to be 0*94 dry and the feed-water temperature 
is 29° C. Find the equivalent evaporation from and at 100° C. What 
would be the percentage increase of steam raised with the same quantity 
of fuel when an economiser is fitted which raises the temperature of the 
feed water to 89° C. ? 

23. Outline the heat balance for a boiler producing superheated 
steam with an economiser. What observations would have to be made 
in order to obtain the heat balance for this boiler? 

24. A boiler coal has the following analysis by weight : C 81%, 

H 6%, O 4%. An exhaust gas analysis shows that 23 lb. of air have 
been supplied per lb. of coal fired. Find (a) the weight of excess air 
supplied per lb. of coal ; ( b ) the boiler efficiency, taking the average 
specific heat of the gases as 0-26, the air temperature as 22° C., and the 
flue gas temperature leaving the boiler as 350° C.; assume that 500 
C.H.U. are lost per lb. of fuel in radiation, convection, etc. ; (c) the heat 
lost in the excess air expressed as a percentage of the heat produced by 
the combustion of the fuel. Specific heat of air, 0-24. (U.E.I.) 

25. A steam boiler is found to evaporate 8-4 lb. of water at 20° C. into 
steam 95% dry at 215 lb. per sq. in. absolute for each pound of coal 
consumed. The calorific value of the coal is 8020 C.H.U. per lb.; 18 lb. 
of air enter the furnace for every pound of coal burned. The tempera- 
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ture of the boiler room is 20° C. and of the gases at the base of the 
chimney 260° C. 

Determine (a) the efficiency of the boiler ; (6) the equivalent evapora¬ 
tion per lb. of coal ; (c) the proportion of the heat of the coal passing up 
the chimney. 

You may assume the mean specific heat of the flue gases to be 0*24. 

(U.E.I.) 

26. The following data were recorded during a boiler test : 

Duration of trial - - - - - 8 hours. 

Boiler pressure in lb. per sq. in. abs. - - 183. 

Temperature of air in boiler house - - 31° C. 

Temperature of gases in chimney - - - 272° C. 

Temperature of feed water - - - 15-5° C. 

Total feed water ------ 102,600 lb. 

Total coal. 10,738 lb. 

Contents of ash pans - - - 148 lb. 

Combustibles percentage of ash pans’ contents 42*7. 

Air usod per lb. of coal - - - 17 lb. 

Determine :— 

(a) The heat units used in generating steam from feed water per lb. 
of coal. 

(b) The number of heat units passing away up the chimney per lb. of 
coal. 

(c) The heat units represented by unbumt fuel per lb. of coal. 

(d) The thermal efficiency per cent. 

(e) By difference, the heat units lost by radiation, imperfect com¬ 
bustion, etc., per lb. of coal. 

(liven : The calorific value of the coal 7,944 C.H.U. and the specific 
heat of the products of combustion 024. (U.L.C.I.) 

27. What is meant by the efficiency of a boiler? A boiler raises 9J lb. 
of steam per lb. of coal burned. The composition of the coal is C 82-5% ; 
O 1-6% ; and H 4-8%. The steam is produced at a pressure of 170 lb. 
per sq. in. abs., 90% dry from feed water at 68° C. What is the effi¬ 
ciency of the boiler? 

Calorific value of carbon —8080 C.H.U. per lb. 

Lower calorific value of hydrogen = 29,000 C.H.U. per lb. (U.E.I.) 

28. Distinguish between “ higher ” and “ lower ” calorific values of a 
fuel. A sample of oil contains 84% carbon and 16% hydrogen by 
weight. Find the higher and lower calorific values and the minimum 
air required for complete combustion of 1 lb. of this fuel. 

Calorific value of carbon = 8,080 C.H.U. per lb. 

Higher calorific value of hydrogen = 34,000 

Lower „ „ „ „ = 29,000 

Air contains 23% by weight of oxygen. 


(U.E.I.) 
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29. During a boiler test the following data were observed : 

Duration of test.2 hr. 

Average steam pressure by gauge * - 175 lb. per sq. in. 

Temperature of steam leaving boiler - 320° C. 

Total steam generated .... 18,200 lb. 

Calorific value of coal as fired - - 7,029 C.H.U. per lb. 

Coal fired. 2,260 lb. 

Average feed water temperature - - 60° C. 

Total heating surface .... 2,320 sq. ft. 

Total grate surface - - - - 73-2 sq. ft. 

Find (a) the efficiency of the boiler; (b) the coal fired per sq. ft. of 
grate area per hour ; (c) the steam generated per sq. ft. of heating 
surface per hour. 

The specific heat of superheated steam is to be taken as 0*56. 

(U.L.C.I.) 

30. A test of a steam generating plant gave the following data : 

Total weight of steam generated per hour, 12,000 lb. 

Absolute pressure of steam generated, 170 lb. per sq. in. 
Temperature of feed water entering economiser, 65° C. 
Temperature of feed water leaving economiser, 166° C. 

Find (a) the percentage saving of heat due to the economiser ; (6) the 
evaporation of the boiler in lb. per hour at 170 lb. per sq. in. abs. under 
the same conditions of firing but without the economiser ;. (c) the 
equivalent of the economiser in percentage increase of boiler power. 

(U.L.C.I.) 
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STEAM AND INTERNAL COMBUSTION ENGINE TRIALS 

The running tests of an engine may be, in the same manner as for 
a boiler, of a superficial or commercial type, or they may involve 
the preparation of a heat balance to show the heat distribution at 
all stages of operation. The former test is generally satisfied by the 
determination of the brake and indicated horse powers and the 
consumption per horse-power hour, whereas the latter will show 
thermal and comparative thermal efficiencies and a heat balance for 
the engine trial. 

The general procedure for running a trial is to bring the engine 
and its accessories to mechanical perfection and to run the engine 
until it has reached its best running condition and adjustment. The 
necessary observations are then taken over an adequate period, 
with ‘ calls ’ at reasonable intervals to ensure that mean and repre¬ 
sentative values are obtained. The test can then be divided into the 
determination of three factors : 

(1) Mechanical efficiency. 

(2) Thermal and comparative thermal efficiency. 

(3) Heat distribution and losses. 

Mechanical efficiency. The mechanical efficiency of an engine is 
essentially a power relationship and calls for the measurement of the 
indicated horse power , or power developed in the cylinders, and the 
brake horse power , or power available at the output coupling. The 
indicated horse power is determined by employing a suitable indi¬ 
cator (Engineering Science , vol. II, pp. 191-202), and using it to 
obtain the work diagram for the engine. The choice of indicator is 
important, especially in internal combustion engines, as the high 
speed and almost instantaneous explosion produces unreliable cards 
with an unsuitable indicator. The brake horse power is determined 
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by the use of some form of absorption dynamometer (Engineering 
Science , vol. II, pp. 202-4), with the engine uncoupled from its 
normal load. Mechanical efficiency is then the relation between 
B.H.P. and I.H.P., and the difference between the two values of 
horse power may be regarded as the mechanical loss. 

Thermal and comparative thermal efficiency. The thermal effi¬ 
ciency is the relationship between the heat equivalent of the indi¬ 
cated horse power and the heat supplied to the engine. In a steam 
engine this heat supplied is a measure of the heat content of the 
steam upon delivery to the engine, a quantity which may be 
obtained from steam tables after the condition or dryness fraction 
has been obtained by throttling, or the combined throttling and 
separating, of a sample of steam before delivery. This value, when 
the pressure is known, enables the heat content of the steam supplied 
per hour to be calculated. The indicated horse power is determined 
in connection with the mechanical efficiency test and when expressed 
as a heat equivalent forms the numerator of the thermal efficiency 
ratio. 

The comparative thermal efficiency is the indicated thermal effi¬ 
ciency compared with that of a similar engine operating on one of 
the standard cycles, such as the Rankine for a steam engine or 
turbine , and the air standard cycle for internal combustion engines. 

Heat distribution. The purpose of this investigation is to trace 
the distribution of heat energy over the engine and its auxiliaries. 
To achieve this a number of thermometer pockets and pressure 
gauges are fitted in places where temperature and pressure readings 
may be profitably taken, and certain measurements are obtained 
applicable to the particular engine under test. These provisions may 
be enumerated as follows : 

Steam engines. 

(1) Pressure at stop valve or entry. 

(2) Vacuum in condenser. 

(3) Weight of condensate, which is equal to that of supply steam. 

(4) Temperature at entry of cooling water to condenser. 

(5) Temperature at outlet of cooling water from condenser. 

(6) Weight of cooling water passed. 
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Internal combustion engines. 

(1) Volume, or weight, of fuel supplied. 

(2) Calorific value of fuel. 

(3) Inlet temperature of cooling water. 

(4) Outlet temperature of cooling water. 

(5) Compression ratio of engine. 

(6) Weight of cooling water. 

(7) Chemical analysis of exhaust gases. 

(8) Mean specific heat of gases from (7). 

(9) Temperature of exhaust gases. 

(10) Temperature of supply for fuel. 

To these, for the purposes of a complete thermodynamic test 
must be added the observations required for the determination of 
mechanical efficiency, namely: 

(1) Dimensions of engine : stroke and cylinder diameter, tail rod 
diameter if necessary. 

(2) Number of effective strokes or explosions per minute. 

(3) Diameter of brake-wheel. 

(4) Dead weight and spring balance readings on the brake, or 
other facts for the particular type of brake. 

(5) Revolutions per minute. 

(6) Indicator spring scale. 

When these observations have been taken, the trial of the engine 
and the associated results can be followed through on the lines 
suggested by the following examples. 

Trial of a 5 B.H.P. Double Acting Condensing 
Steam Engine 

Log of the trial. 

Engine dimensions and running observations. 

L = stroke = 10 in. =0-833 ft. 

Dia. of piston =6 in. 

Dia. of piston rod = 1 \ in. 

A 1 = area of piston (crank end) =7t x 3 2 ~tt x 5/8 2 = 27*03 sq. in. 

A 2 — area of piston (cover end) = 7r x 3 2 = 28-26 sq. in. 

N = mean number of revolutions per minute on a twenty 
minutes 5 trial = 116. 

Scale of indicator spring = 80. 
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D = mean diameter of brake wheel = 4-5 ft. 

W = dead load = 130 lb. 

S — mean spring balance reading = 18 lb. 

Duration of trial = 20 min. 

Weight of condensate = 48*8 lb. or 2*44 lb. per min. 

Boiler pressure = 135 lb. per sq. in. gauge. 

Vacuum in condenser = 26 in. 

Barometer reading = 20*98 in. 

3*98 

Pressure in condenser = x 14*7 = 1*95 lb. per sq. in. 
20*08 

Temperature of inlet of cooling water = 12° C. 

„ „ outlet ,, ,, =30° C. 

Quantity of cooling water = 104 gallons = 1040 lb. 

Note. The duration of the trial should he as long as is possible , and 
u ill depend upon the time available to conduct the test. 

Mechanical efficiency test. 


Indicated horse power. 

Area of crank end diagram = 1*751 sq. in. 

„ cover ,, „ =1*69 „ 

Length of base line = 3 in. 

ht , j 1*751x80 

Mean effective pressure (crank end) =---, 

o 

P 1 =46*69 lb. per sq. in. 

~ , 3X 1*69x80 

Mean effective pressure (cover end) =---, 

o 

P 2 — 45*06 lb. per sq. in. 
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I.H.P. (crank end) = K ^ 0 00 ~ ' 

46-69 x 0-833 x 27 03 x 116 
33,000 

= 3-696. 

I.H.P. (cover end) = .?• — 

45 06x0*833 x 28-26x116 
33,000 

= 3-728. 

Total I.H.P. = 7-42. 


Brake horse power. 

B.H.P. 


ttD(W-S)N 
33,000 

7tx4-5x112x116 


33,000 

B.H.P. = 5-56. 


Mechanical efficiency = 


B.H.P. 

I.H.P. 


5-565 

7-42 


= 75%. 


Thermal efficiency test. 

Condition of steam at entry. (Throttling test.) 

Temperature corresponding to 135 lb. per sq. in. gauge = 181° C- 
Pressure after throttling = 14*7 lb. per sq. in. 

Temperature ,, ,, =104° C. 

Then if the specific heat of superheated steam is 0-48 : 

183-5 + + x 482-3 =639-3 +0-48(104 - 100), 

Heat given to engine per minute 

= 2-44{l 83-5 + 0-948 x 482-3} 

= 1563-3 C.H.U, 

Heat rejected by condensate per minute 

= Heat of water at 1-95 lb. per sq. in. abs. 

= 2-44x51-64 = 126-0 C.H.U. 

Net heat supplied = Heat supplied - heat rejected 
= 1563-3 -126 = 1437-3 C.H.U. 
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Indicated thermal efficiency: 

Heat equivalent of I.H.P. 
^ Net heat supplied 
7-42 x33,000 
"1437-3 x1400 /o * 

Steam consumption per I.H.P. per hour 
2-44 x 60 


7-42 


= 19-73 lb. 


Heat distribution and heat balance. 

Heat given to cooling water 

= weight of water per minute x temperature rise 

= ^r xl8 ° C. =936 C.H.U. 


Stago 

Heat 
supplied 
C.H.U. 
per min. 

Heat 
utilised 
C.H.U. 
per min. 

%. 

supplied 

0/ 

0 

utilised 

Heat supplied to engine - 
Heat rejected by condenser 
Heat equivalent of B.H.P. 
Heat equivalent of friction 
losses - 

Heat given to cooling 
water - 
Other losses 

1563-3 

1260 

131-2 

43-7 

936-0 

326-4 

100% 

8-1% 

8-4% 

2-8% 

59-9% 

20-8% 

Total 

1563-3 

1563-3 

100% 

100% 


Summary. 


Brake horse power 

5-6 

Indicated horse power - 

7-4 

Mechanical efficiency 

75% 

Indicated thermal efficiency - 

12-2% 

Consumption per I.H.P. hour 

19-7 lb. 


Note on thermal efficiency. The general definition of thermal 
efficiency is the ratio between the heat equivalent of the indicated 
horse power and the heat supplied. In the case of a steam engine, 
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the heat supplied is, by convention, taken as the heat content of the 
supply steam less the heat possessed by the watqr composing the 
condensate. Actually this heat possessed by the water of the con¬ 
densate is of no value, unless the condensate becomes a constituent 
of the feed water. In some tests made by steam users, a second 
thermal efficiency is computed in which the water heat of the con¬ 
densate is neglected; but this second thermal efficiency is not 
regarded as the standard for comparison with the efficiency under 
the Rankine cycle or an even more popular mode of comparison, 
namely, steam consumption per kW. per hour or per H.P. per hour. 

Trial of a 25 B.H.P. Gas Engine 

The fuel supply is from town mains with a calorific value of 
475 B.Th.U. per cu. ft. determined by a Boys’ calorimeter test and 
reduced to N.T.P. The gas consumed is measured by a gas meter 
and the consumption reduced to N.T.P. Jacket cooling water is 
measured by a calibrated orifice and B.H.P. by a rope brake. 

Log of the trial. 

Engine dimensions. Dia. of cylinders = 12 in. 

Stroke = 18 in. 

Compression ratio = 3-75. 

Running observations. Duration of trial = 40 minutes. 

Total gas consumed (by meter) =863 cu. ft. 

Meter pressure (by manometer) =770 mm. 

Meter temperature = 17° C. 

~ , . . XT ™ ^ 273 x 863 x 770 

C = Gas consumed per min. at N.T.P. =~2 9 0 x 760 ~ x ~ 40 

= 20*58 cu. ft. 

N = Average speed over trial = 228 r.p.m. 

N x = Average number of explosions per min. = 102. 

D = Diameter of brake wheel -f rope = 6 ft. 1£ in. 

W =Dead weight on rope = 220 lb. 

S = spring balance reading = 31 lb. 

Total quantity of cooling water = 23*9 cu. ft. 

J = Cooling water per min. =37*2 lb. 

Inlet temperature of cooling water = 16° C. 

Outlet „ „ „ „ =59*5° C. 

2 = Rise in temperature of cooling water = 43*5° C. 
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Mechanical efficiency test. 

Scale of spring = 150. 

Area of diagram = 1*36 sq. in. 

Mean effective pressure = 77 lb. per sq. in. 

y j. A ^ P.L.A.N x 

Indicated horse power = ——- 

oOjUUU 

77 x 1*5 x 7 r x 6 2 x 102 
“ 33,000 

= 40*37 H.P. 
t tD(W-S)N 
33,000 

7r x 6*125 x 189 x 228 
33,000 

= 25*13 H.P. 

B.H.P. 


Brake horse power 


Mechanical efficiency 


Thermal efficiency test. 
Calorific value of fuel 


I.H.P. 
25-13 _ 
= 40*37” 


62*24%. 


= 475 B.Th.U. per cu. ft. 

= 264 C.H.U. per cu. ft. 

xr , * i i f t u o * u 40*37 x 33,000 

Heat equivalent oi l.H.P. per mm. =//. --—- 

1400 

= 951-7 C.H.U. 



GAS ENGINE TRIAL 


489 


Heat supplied per min. =C x 264 


=tf 2 =20*58 x 264 =f 5433 C.H.U. 

_ _, _ _ , ^ . H x 951*7 

Indicated thermal efficiency =-^ = 

Jti 2 o4oo 

= 17*52%. 

Efficiency on air standard cycle = 1 - > 

where r = ratio of compression = 3*75, 

y = 1*4. 

Efficiency = 1 - = 1 - 0-5893 

= 41-07%. 

17*5 

Comparative thermal efficiency = =42*6%. 

Heat distribution test. 

Heat given to cooling water per min. = Jt 

= 37*2 x 43*5 = 1618 C.H.U. 

Heat supplied per min. =5433 C.H.U. 

Heat equivalent of I.H.P. =951*7 C.H.U. 

25*13 x 33,000 

” B H P -=-1400- 

= 592*3 C.H.U. 

Heat to friction =951*7 -592*3 = 359*4 C.H.U. 

Heat to exhaust, etc. =5433 - {1618 +951*7} 

= 2863 C.H.U. 

Heat balance. 


Stage 

Heat 
supplied 
C.H.U. 
per min. 

Heat 
utilised 
C.H.U. 
per min. 

% 

supplied 

% 

used 

Heat supplied by fuel 

Heat to B.H.P. 

„ „ friction 

„ ,, jacket water 

„ ,, exhaust, etc. 

5433 

592*3 

359*4 

1618*0 

2863 

100% 

n% 

6-6% 

29-8% 

52-6% 

Totals 

5433 

5432*7 

100% 

100% 


„ . TTTT , , 20*58 x60 _ 

Consumption per I.H.P. hour = —— — — = 30*6 cu. ft. 
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Summary. 


Indicated horse power - 

40-4 

Brake horse power 

25-1 

Mechanical efficiency 

62-2% 

Indicated thermal efficiency - 

17-5% 

Comparative thermal efficiency 

42-6% 

Efficiency on air standard cycle 

41-1% 

Consumption per I.H.P. hr. - 

30-6 cu. ft. 


Typical Examples on Engine Trials 


Example 1. The following observations were made in a test on a six- 
cylinder four-stroke cycle jietrol engine , having cylinders 5f in. diameter , 
stroke 1\ in. and clearance volume 55-9 cu. in. 

Brake horse power 163. 

Fuel consumption 100 pints per hour. 

Specific gravity of fuel 0-725. 

Water flowing through jackets per min. 64 lb. 

Rise of temperature of jacket water 110° F. 

Calculate : 

(а) The compression ratio. 

(б) The air standard cycle efficiency ; y— T4. 

(c) Fuel consumption in lb. per brake horse power per hour. 

(d) The horse power lost to the jacket water. (U.E.I.) 


(a) Compression ratio 


(*> 


(c) Fuel consumption 


7 T x 2-813 2 x 7-5 4- 55-9 
55 -9 

242-3 

= _ 55 : 9 =4 334 ‘ 


^=1 


1 


r (y-i) 

= 1 -(T3ip = 44 ' 38 %- 

100 x 10 x 0-725 


8 x 163 


= 0-556 lb. per B.H.P. hour. 

(d) Horse power lost to jackets =-———-= 166 H.P. 

uojUUU 


Example 2. The following data were recorded during the test of a gas 
engine : I.H.P. 560 ; B.H.P. 447 ; revs, per min. 300 ; gas consumption 
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(reduced to 15° C. and 30 in. of mercury) 32,500 cu. ft. per hour ; lower 
calorific value of the gas per cu. ft. 71*2 C.H.U. ; jacket water used per 
hour 2,870 gallons; temperature of the jacket water at inlet and outlet 
respectively 18* 1° C. and 54-3° C. Determine (a) The mechanical efficiency 
of the engine, (b) The thermal efficiency of the engine, (c) The percentage 
heat energy of the gas carried away by the jacket water, (d) Neglecting 
waste of heat by radiation , etc., find the percentage heat energy of the gas 
carried away by the exhaust gases. (U.L.C.I.) 


B.H.P. 447 

(a) Mechanical efficiency = - - — — 79-8%. 

I.xi .Jr. 560 


(b) Thermal efficiency 


560 x 33,000 x 60 


= 34-2%. 


1400 x 32,500 x 71-2 
(c) Heat to jacket water = 28,700 {54-3 - 18*1} 

= 1,039,000 C.H.U. per hr. 


Percentage = 


1,039,000 


= 44-9%. 


(d) Heat to exhaust gases 

= 32,500 x 71-2- 


32,500 x 71-2 
J 560 x 33,000 x 60 


V 


Percentage = 


1400 

= 2,314,000- {792,000+ 1,039,000} 
= 483,000 C.H.U. per hour. 
483,000 x 100 


+ 1,039,000 


2,314,000 


= 20-9%. 


Example 3. The following particulars were obtained during a one-hour 
trial of a Diesel engine developing 130 H.P. : Mechanical efficiency 70% ; 
average speed 160 revs, per min. ; total oil consumed , 42-2 lb. of calorific 
value , 10,800 C.H.U. per lb. ; air supplied per lb. of fuel 40 lb. ; specific 
heat of exhaust gases 0*25 ; temperature of engine room 18° C. ; tem¬ 
perature of exhaust gases 290° C. ; cooling water per min. 44 lb. with a 
temperature rise of 46° C. Draw up an approximate heat balance sheet for 
this engine. (U.E.I.) 

TT . , J t' T it t~» 130x 33,000 0rt „ r „ TTTT 

Heat equivalent of I.H.P. =-J 4 QQ-~ 3065 C.H.U. per mm. 

Heat equivalent of B.H.P. — yq x 3065 = 2145*5 C.H.U. per min. 

Heat to friction = 3065 - 2145*5 = 919*5 C.H.U. per min. 

42*2 

Heat supplied = —- x 10,800 = 7596 C.H.U. per min. 
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42*2 

Heat to exhaust gases = —— {1 + 40} 0-25 x {290 - 18} 

—1961 C.H.U. per min. 

Heat to cooling water = 44 x 46 = 2024 C.H.U. per min. 


Heat Balance. 


Stage 

Heat 
supplied 
C.H.U. 
per min. 

Heat 
utilised 
C.H.U. 
per min. 

%. 

supplied 

% 

utilised 

Heat supplied by fuel 

Heat equivalent of B.H.P. 
Heat to friction 

Heat to exhaust gases 

Heat to jacket water 

Heat unaccounted for 

7596 

2145-5 

919-5 

1961-0 

2024-0 

546-0 

100 % 

28-24% 

12 - 11 % 

25- 8% 

26- 65% 
7-2% 

Totals 

7596 

7596 

100 % 

100 


Example 4. The following observations were taken during the trial of a 
double-acting steam engine : Stroke , 1 ft. 6 in. ; piston diameter , 8 in. ; 
piston rod , 11 in. dia. ; steam supply pressure , 180 lb. per sq. in. abs. ; 
dryness fraction , 0-96 ; average speed over trial , 194 r.p.m. ; area of 
indicator diagram crank end , 2*04 sq. in.; cover end , 1*97 sq. in.; base 
line , 3-5 in.; spring , 100 ; dia. of brake wheel, 6 ft. 1 in. with rope ; dead 
weight , 356 lb. ; spring balance reading , 44 lb. ; vacuum in condenser , 
27-4 in. ; barometer , 30-0 in. The steam supplxy is at the rate of 1158 lb. 
per hour. Find the mechanical and thermal efficiencies and the consumj)- 
tion of steam per brake horse-power per hour. 

Area of piston. 

A 1 (crank end) =tt{ 16 - 3/4 2 } = 48-5 sq. in. 

^4 2 ( cover end) = 7 rx 16 = 50-24 sq. in. 

Mean effective pressures. 

204 

Pi (crank end) = — = 58-3 lb. per sq. in. 
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T P^L.A^N P 2 .L.A 2 .N 

Indicated horse power =- - -f- 


33,000 
1-5 x 194 


33,000 
= 49-86. 


33,000 t 
(58-3 x 48-5 + 56-3 x 50-24} 


- . u 7T x 6-083 x (356-44) 194 oc 

Brake horse power =----- = 35-05. 

oOjUUU 

.. v m . B.H.P. 35-05 on/ 

Mechanical efficiency = yjj jr = ^ 86 = 70-3%. 

Thermal efficiency. 

Heat content of steam per lb. on supply 

= 192-3 + 0-96 x 475-3 = 648*59 C.H.U. 
2-6 

Vacuum pressure = — x 14-7 = 1-274 lb. per sq. in. 


Water heat of condensate = 43-22 C.H.U. per lb. 
Net heat supplied = 648-59 - 43-22 

= 605-37 C.H.U. per lb. 

Heat equivalent of I.H.P. per lb. of steam used 


1 49-86 x 33,000 x 60 

1158 * 1400 


= 60-9 C.H.U. 


_ , _ __ . heat equivalent of I.H.P. 

Indicated thermal efficiency = -r-rr—,- 

net heat supplied 


60-9 

605-37 


10 - 1 %. 


Steam consumption per B.H.P. per hour 

_ 1158 
"35-05 


33 lb. 


Answers. Mechanical efficiency = 70 • 3 %. 

Indicated thermal efficiency - 10*1%. 
Steam consumption per B.H.P. hr. = 33 lb. 


Example 5. The following data relate to a very compact 550 kW. turbo¬ 
generator made by Messrs. Beiliss and Morcom at their Birmingham works. 
The turbine is of the impulse type , compounded for velocity and pressure 
with thirteen stages. The turbine has a speed of 7000 r.p.m. geared down 
to 1000 r.p.m. for an electrical generator ; and the observations and derived 
results for eight tests at different mean loads are tabulated on p. 494. 
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Observations. 

The principal observations, and also derived resujts, for each of the 
eight tests at different loads are tabulated on the opposite page. 

Line a, average load in kW. 

„ by total steam consumption per hour. 

„ d t steam supply absolute pressure in lb./in. 2 
„ e, steam supply temperature in Fahrenheit degrees. 

,, g y back pressure on the turbine in inches of mercury, as measured 
by the absolute pressure in the condenser. 

,, ky for tost (2) the gearing efficiency is 98% and the generator 
efficiency is 93%. 


Derived results. From the above observations the following results 
are calculated : 


Lino Cy 

♦ ♦ by 


i. 


»» J y 


fCy 


. „ r , Steam consumption in lb./hr. 

steam per kW. per hour =■- ; - _ ,, y - 

x Load m kW. 

Total heat of steam of boiler supply in B.Th.U. per lb., ob¬ 
tained from steam tables and charts from observations in 
lines d and e. 

total heat of exhaust steam to condenser in B.Th.U. per lb., 
obtained from the Total Heat v. Entropy chart, assuming 
adiabatic expansion through the turbine, 
heat drop in B.Th.U. per lb., that is, total heat of boiler supply 
steam per lb. (line /) minus total heat per lb. of exhaust 
steam (line h). This is the heat energy available for con¬ 
version to mechanical and electrical energy by the turbo¬ 
generator. 


overall efficiency = 


Load in kW. converted to B.Th.U. 


x 100. 


Heat drop m B.Th.U. 

This efficiency includes the effect of all losses in the turbo¬ 
generator, including those in the turbine, gearing and 
generator, based on the heat drop. 

Since for the second test the gearing efficiency and generator 
efficiency are 98% and 93% respectively the brake thermal 
efficiency for the turbine alone, based on the heat drop for 
the 552 kW. load, is 


55% x 


1 1 

0-98 X 0-93 


60-3%. 


A Willans line has been drawn as shown in the graph of Fig. 252, in 
which the load in kW. is plotted against steam consumption in lb. per 
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hour. This gives an approximate straight line following the law 

C— 12-4P + 870. 


Example 6. A Diesel-electric installation is to serve a 230 -volt equipment. 
A test taken gives the following observations: I.H.P ., 59-4; B.H.P. of 
engine uncoupled from generator , 42*4 ; calorific value of fuel , 9000 
C.H.U. per lb. ; output amperage of generator, 110 on full load. 

Find (a) the mechanical efficiency of the engine ; 

(b) the output of the generator in B.T.U. ; 

(c) the efficiency of the generator; 

(d) the overall efficiency of the installation ; 

(e) the indicated thermal efficiency of the engine ; 

(/) the consumption rate of the engine in lb. of fuel per B.T.U. 
generated. 

Fuel consumption on a one-hour trial = 22-8 lb. 

Find the cost of generation if the fuel costs 9 pence per gallon and its 
specific gravity is 0*78. 

B.H.P. 42*4 

(a) Mechanical efficiency of the engine = = 7T4%. 

(b) Output of generator = 230 x 110 watts — 25*3 B.T.U. 



EXAMPLES OF ENGINE TRIALS 


497 


(c) Efficiency of generator — 
Since 1 H.P. = 


output 


B,H.P. of engine 
746 watts, 

230x110 


(d) Overall efficiency = 


= 1 


r 42-4 x 746 8 ° 0// °‘ 

output of generator 
heat value of fuel 
J230 x 110 x 33,000j 


746 

230 x 110 x 33,000 x 60 
” 746 x 22-8 >T9000 x 1400 
( e ) Indicated thermal efficiency of engine 
59-4 x 33,000 x 60 


22*8 9000 

60 X 1 X 

= 23-4%. 


122 * 

* t 60 


1400 | 


' 22*8 x 9000 x 1400 


= 41%. 


(/) Consumption rate = 


22-8 x 1000 


= 0-9 lb. per B.T.U 


230x 110 

Cost per unit of electricity generated 

9 

— 0-9 x y- per B.T.U. = 104 pence per unit 

Answers, (a) 71-4% ; (b) 25 3 B.T.U. ; (c) 80% ; 

(d) 23-4% ; (e) 41% ; (/) 0-9 lb. per B.T.U. 

Cost: 104 pence per B.T.U. 


EXERCISES ON CHAPTER XIX 

1. Outline the objects of a steam or internal combustion engine 
trial, and state the nature of the observations you would take when 
conducting a trial. 

2 . How are the component parts of a heat balance obtained, and 
what is the purpose of this heat account? 

3. The trial of a single-acting steam engine of dimensions, piston 
area 30*1 sq. in., stroke 10£ in., gave the following results : mean 
effective pressure, 52-4 lb. per sq. in. ; torque on brake wheel, 140 lb. ft.; 
speed, 110 r.p.m. ; condenser pressure, 2 lb. per sq. in abs. ; boiler 
pressure, 120 lb. per sq. in. abs. The condenser passed cooling water at 
the fate of 22 lb. per min. with a temperature rise of 15° C\, and 1 the 
weight of steam condensed is 1-8 lb. per minute. Prepare a heat balance 
for this engine if the boiler produces steam 0-97 dry. 

4. The results of a gas engine test gave the following results : 
I.H.P., 7-9 ; B.H.P., 6*3 ; cooling water, 740 lb. per hour with a tern- 
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perature rise of 34° C. ; consumption, 180 cu. ft. of gas per hour of 
calorific value 450 B.Th.U. per cu. ft. Prepare the heat balance for 
this engine. 

5. In a one-hour trial of a Diesel engine the I.H.P. was 60-2 and the 

mechanical efficiency 70%. The cooling 4 water entered the jacket at 
10° C. and left at 50° C., and 141 gallons per hour were circulated. The 
calorific value of the fuel was 9100 C.H.U. per lb. and 22T lb. were 
used. Calculate the brake thermal efficiency ; the heat given to the 
jacket water ; the heat carried off by the exhaust gases and otherwise ; 
and draw up a heat balance sheet. (U.E.I.) 

6 . Describe, with the aid of sketches of apparatus used, the method 

of determining the mechanical efficiency of an engine. (U.L.C.I.) 

7. The mean effective pressure in an internal combustion engine 

wor king on the two-stroke cycle was 91*4 lb. per sq. in. The total fuel 
consumption per hour was 126-7 lb. and the calorific value of the fuel 
was 10,120 C.H.U. per lb. The B.H.P. was 327-3 and the. speed 125 
r.p.m. Diameter of cylinder, 22 in..; stroke, 36 in. Determine the 
mechanical efficiency, the indicated thermal efficiency and the brake 
thermal efficiency. (U.L.C.I.) 

8 . The rosults of a gas onginc test gave the following : I.H.P., 7-6 ; 

B. H.P., 6-1 jacket water, 700 lb. per hour; mean temperature rise, 
35 C. ; gas used, 175’cu. ft. per hour; calorific value of gas, 344 

C. H.U. per cu. ft. Draw up a heat balance sheet, taking quantities in 
C.H.U. per hour, and state the indicated and brake thermal efficiencies. 

(U.E.I.) 

9. You are required to carry out tests for power, fuel consumption 
and thermal efficiency on (a) a high-speed petrol engine developing about 
40 B.H.P. ; or (b) a gas engine developing about 10 B.H.P. at 300 r.p.m. 

Make a neat diagrammatic sketch of the layout of the plant you 
would use, explaining, briefly, the purpose of each item. Draw up a 
probable heat balance sheet for the test at maximum power. (U.E.I.) 

10. A four-stroke cycle gas engine has a cylinder 9 in. diameter and 
16 in. stroke and it is fitted with a brake wheel 4J ft. in diameter. The 
indicator diagram shown [Fig. 253] was obtained during a test on the 
engine. Prick the diagram through on to your examination paper and 
determine the mean pressure on the engine piston. 

During the test the following results were obtained : Revolutions per 
minute, 250 ; explosions per minute, 66 ; effective load on brake, 82 
lb. ; gas consumed, 60 cu. ft. in 15 minutes ; calorific value of gas, 
280 C.H.U. per cu. ft. Determine the indicated horse power, mechanical 
efficiency, and the thermal efficiency on a brake horse power basis. 

(U.E.I.) 

11. Draw up the heat balance sheet for an oil engine from the follow¬ 
ing data, taking quantities in C.H.U. per hour: 
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Fig 253. 


Oil per hour, 3 08 lb. ; calorific value, 10,200 C.H.U. per lb. ; indi¬ 
cated horse power, 5 8 , brake horso power, 4 4 ; cooling water per 
hour, 385 lb ; rise in temperature of cooling water, 36 u C. (U.E.I.) 

12 . Tho following particulars were obtained from a test of a four- 

stroke cycle gas engine : Cylinder diameter, 6 J in. ; stroke, 12 in. ; 
dia. of brake wheol, 5J ft. ; effective brake load, 60 lb ; revolutions per 
min , 306 ; explosions per mm., 128 ; area of indicator card, 0 68 sq. in.; 
length, 2 25 m., spring, -jjy ; gas used per hour, 453 cu. ft.; calorific 
\ alue, 530 B.Th.U. per cu. ft. Calculate the I.H.P., B.H.P., mechanical 
efficiency, gas consumption per B H.P. per hour, and the brake thermal 
efficiency (U.E.I ) 

13. The area of an indicator diagram taken from a double-acting 

steam engine is 2 1 sq. in. and its length 3 5 in. The strength of spring 
used is 60 lb. per sq. m. of height. The diameter of the cylinder is 18 in. 
and the piston stroko 26 in. Speed is 150 revolutions per minute. Find 
the I.H P. of the engine and also the B.H.P., the mechanical efficiency 
being 78 per cent. (U.L.C.I.) 

14 4 gas engine governed on the “ hit and miss ” principle gave the 

following results on test • Revolutions per minute, 230 ; explosions per 
minute, 68 , net brake load, 47 5 lb. ; diameter of brake drum, 3 ft. 
6 ^ in ; aroa of indicator diagram, 1 38 sq. in ; length of diagram, 
3 6 m. ; indicator spring rate, 1 in. = 200 lb. ; cylinder diameter, 6 ^ in. ; 
stroke, 14 m. Fmd the indicated and brake horse powers. If 126*5 
cubic feet of gas of calorific value 472 B.Th.U. per cu. ft. are used per 
hour, what will be the brake thermal efficiency of the engine at this 
load ’ (UE.I.) 

15. The stroke and bore of a gas engine are 12 in. and 6 5 in. respec¬ 
tively. When the connecting rod is 3 ft. long the clearance volume is 
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124 cu. in. When a packing piece is inserted in the big end the con¬ 
necting rod is increased in length by 0*75 in. Determine the compression 
ratio for each length of connecting rod. 

Discuss the effect of increasing the compression ratio upon : (a) the 
thermodynamic cycle of the engine, (b) its working as a practical machine. 

What considerations limit the compression ratio which can be used 
in practice? On testing the engine without the packing piece, it was 
found that the gas used was 318*5 cu. ft. per hour. If the diameter of 
the brake wheel was 5*5 ft., effective brake load 60 lb., revolutions of 
crank shaft per minute 300, calorific value of gas 250 C.H.U. per cu. ft., 
calculate the gas consumption per brake horse power per hour and the 
brake thermal efficiency. (U.E.I.) 

16. A ship is driven by two sets of eight-cylinder internal combustion 
engines working on the four-stroke cycle with an impulse stroke every 
cycle. Diameter of cylinders, 19*7 in. ; stroke, 26 in. ; revs, per min., 
145*3 ; average mean effective pressure for all cylinders, 74 lb. per sq. in. 
The thermal efficiency of the engines is 44 per cent. 

Find tho total I.H.P. driving the ship and the weight of oil used per 
I.H.P. hour and per day’s run of 24 hours. The calorific value of the 
oil is 9890 C.H.U. per lb. (U.L.C.I.) 

17. A Diesel-electric set produces 145 amperes at 230 volts. The 
efficiency of tho generator is 89%, the mechanical efficiency of the 
engine 71% and the calorific value of the fuel 9020 C.H.U. per lb. 

Find (a) the brake horse power of the engine ; (b) the indicated 
horse power of tho engine ; (c) the consumption rate in lb. per electrical 
horse power per hour if the overall thermal efficiency on the electric out¬ 
put basis is 25% ; (d) the indicated thermal efficiency of tho engine. 

18. What current output may be expected on a 200-volt service from 
a petrol-electric set using 6 pints of petrol of calorific value 70,000 
C.H.U. per gallon in a one-hour run if the indicated thermal efficiency 
of tli© engine is 37% and the overall thermal efficiency on the electrical 
output 28%. Find the indicated horse power of the engine and the 
consumption rate per I3.T.U. 

19. An engine is coupled to a pump delivering 10,000 gallons of water 
per hour to a height of 100 ft. with a pump efficiency of 76%. Find the 
brake horse power of the engine. If tho brake thermal efficiency is 
31%, find the consumption of fuel per hour if the calorific value is 8720 
C.H.U. per lb. 

20 . A ship develops 20,000 shaft horse power at 60 r.p.m. If the 
mechanical efficiency of engine and transmission is 52%, find tho indi¬ 
cated horse power of the engines. Assuming an indicated thermal 
efficiency of 28% for the engines, calculate the oil consumption per hour 
for a fuel of calorific value 9020 C.H.U. per lb. What is the loss of 
horse power between that available from the fuel and that given to the 
propeller shaft ? 



MATHEMATICAL TABLES. 

TABLE I. USEFUL CONVERSION CONSTANTS. 

Linear. 1 inch =25-4 millimetres, 1 mm. =0 03937 in. 

1 foot = 30-48 centimetres, 1 metre =39*37 in. 

Superficial. 1 sq. in. =6*452 sq. cm., 1 sq. cm. =0-1557 sq. in. 

Volume. 1 cu. in. = 16*39 cu. cm., 1 cu. cm. =0*06011 cu. in. 

Capacity. 1 gallon =0*1604 cu. ft. = 10 lb. of water at 62° F. 

Weight. 1 pound avoirdupois =453*6 grammes. 

Density. 1 cu. ft. of water weighs 62*3 lb. 

1 cu. ft. of air at 0° C. and 1 atmos. weighs 0*0807 lb. 

1 cu. ft. of hydrogen at 0° C. and 1 atmos. weighs 0*00559 lb. 

Pressure. 1 atmosphere = 14*7 lb. per sq. in. =2116 lb. per sq. ft. 
= 760 mm. of mercury. 

Gauge Pressure =Absolute Pressure - 14*7 lb. per sq. in. 

Velocity. 1 knot = 6080 feet per hour. 

60 miles per hour = 88 feet per second. 

Power. 1 Horse Power = 33,000 ft. lb. per minute = 550 ft. lb. per 
second =746 watts. 

1 watt = 1 volt x 1 ampere. 

Energy. 1 British Thermal Unit = 778 ft. lb. 

1 Centigrade Heat Unit = 1400 ft. lb. 

Angular. 1 radian = 57-3 degrees. 

Logarithms. To convert common into Napierian Logarithms multiply 
by 2*3026. Base of Napierian Logarithm =e =2-7183. 

Acceleration due to earth’s pull. Value of “ gr ” in London =32-182 ft. 
per sec. per sec. 
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TABLE II. LOGARITHMS. 



( ° 

D 



4 

5 

6 

7 

8 

9 

B 

2 3 


7 89 

10 

0000 

0043 

0086 

0128 

0170 






5 

913 


30 34 38 







0212 

0253 

0294 

0334 

0374 

4 

812 

16 20 24 

28 32 36 

11 

0414 

0453 

0492 

0531 

0569 






4 

8 12 

16 20 23 

27 3135 







0607 

0645 

0682 

0719 

0755 

4 

7 11 

15 18 22 

20 29 33 

12 

0792 

0828 

0864 

0899 

0934 






3 

711 

1418 21 

25 28 32 







0969 

1004 

1038 

1072 

1106 

3 

7 10 

14 17 20 

24 27 31 

13 

1139 

1173 

1206 

1239 

1271 






3 

6 10 

13 10 19 

23 26 29 







1303 

1335 

1367 

1399 

1430 

3 

710 

13 1619 

22 35.29 

14 

1461 

1402 

1523 

1553 

1584 






3 

6 

9 

12 15 19 

22,25 28 







1614 

1644 

1073 

1703 

1732 

3 

6 

9 

12 14 17 

20 23 26 

.) 16 

1761 

1790 

1818 

1847 

1875 






3 

6 

9 

11 1417 

20 23 26 







1903 

1931 

1959 

1987 

2014 

3 

6 

8 

1114 17 

19 22 25 

16 

2041 

2068 

2095 

2L22 

2148 






3 

6 

8 

11 14 16 

19 22 24 







2175 

2201 

2227 

2253 

2279 

3 

5 

8 

101316 

18 21 23 

17 

2304 

2330 

2355 

2380 

2405 






3 

5 

8 

1013 15 

18 20 23 







2430 

2455 

2480 

2504 

2529 

3 

5 

8 

10 12 15 

17 20 22 

18 

2553 

2577 

2601 

2625 

2648 






2 

5 

7 

91214 

17 19 21 







2672 

2695 

2718 

2742 

2765 

2 

4 

7 

91114 

16 18 21 

19 

2788 

2810 

2833 

2856 

2878 






2 

4 

7 

9 1113 

16 18 20 







2900 

2923 

2945 

2967 

2989 

2 

4 

6 

81113 

1517 19 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3130 

3160 

3181 

3201 

2 

4 

6 

81113 

151719 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

2 

4 

6 

8 10 12 

14 16 18 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

3560 

3579 

3598 

2 

4 

6 

81012 

14 15 17 

23 

3617 

3636 

3655 

3674 

3692 

3711 

3729 

3747 

3700 

3784 

2 

4 

6 

7 911 

13 15 17 

24 

3802 

3820 

3838 

3850 

3874 

3892 

3909 

3927 

3945 

3962 

2 

4 

5 

7 Dll 

12 14 10 

26 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

2 

3 

5 

7 910 

121415 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

2 

3 

5 

7 8 10 

1113 15 

27 

4314 

4330 

4346 

4362 

4378 

4393 

! 4409 

4425 

4440 

4456 

2 

3 

5 

6 8 9 

11 13 14 

28 

4472 

4487 

4502 

4518 

4533 

4548 

I 4564 

4579 

4594 

4609 

2 

3 

5 

6 8 9 

1112 14 

29 

4624 

4639 

4654 

4069 

| 

4683 

4698 

4713 

4728 

4742 

4757 

1 

3 

4 

6 7 9 

10 12 13 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

1 

3 

4 

6 7 9 

1011 13 

31 

4914 

4928 

4942 

4955 

4969 

4983 

4997 

5011 

5024 

5038 

1 

3 

4 

6 7 8 

1011 12 

32 

5051 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

1 

3 

4 

5 7 8 

911 12 

33 

5185 

5198 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

1 

3 

4 

5 6 8 

91012 

34 

5315 

5328 

5340 

5353 

5306 

5378 

5391 

5403 

5410 

5428 

1 

3 

4 

5 6 8 

91011 

35 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5527 

5539 

5551 

1 

2 

4 

5 6 7 

91011 

36 

5563 

5575 

5587 

5599 

5611 

5623 

5635 

5647 

5653 

5670 

1 

2 

4 

5 6 7 

81011 

37 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

1 

2 

3 

5 6 7 

8 910 

38 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5899 

1 

2 

3 

5 6 7 

8 9 10 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

1 

2 

3 

4 5 7 

8 9 10 

40 

6021 

6031 

6042 

6053 

6064 

6075 1 6085 

6096 

0107 

6117 

1 

2 

3 

4 5 6 

8 910 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

1 

2 

3 

4 5 6 

7 8 9 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

1 

2 

3 

4 5 6 

7 8 9 

43 

6335 

6345 

6355 

6365 

6375 

6385 

. 6395 

6405 

6415 

6425 

1 

2 

3 

4 5 6 

7 8 9 

44 

6435 

6444 

6454 

6464 

6474 

6484 

1 6493 

6503 

0513 

6522 

1 

2 

3 

4 5 6 

7 8 9 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

1 

2 

3 

4 5 6 

7 8 9 

46 

6028 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

0712 

1 

2 

3 

4 5 6 

7 7 8 

47 

6721 

6780 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

1 

2 

3 

4 5 5 

6 7 8 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

1 

2 

3 

4 4 5 

6 7 8 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

1 

2 

3 

4 4 5 

6 7 8 


502 








TABLE II. LOGARITHMS. 



0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

2 

3 

4 

5 

6 

7 

8 

9 

m 

6990 

6998 


7016 

7024 

70Q3 

7042 

§ 

o 

7059 

7067 

1 

2 

8 

3 

4 

5 

6 

7 

8 

51 

7076 

7084 


EiTol 

7110 

7118 

7126 

7135 

7143 

7152 

1 

2 

3 

3 

4 

5 

6 

7 

8 

52 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

1 

2 

2 

3 

4 

5 

6 

7 

7 

53 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

1 

2 

2 

3 

4 

5 

0 

6 

7 

54 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

1 

2 

2 

3 

4 

6 

6 

6 

7 

55 

7404 

7412 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

1 

2 

2 

3 

4 

5 

5 

6 

7 

56 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7536 

7543 

7551 

1 

2 

2 

3 

4 

5 

5 

6 

7 

57 

7559 

7566 

7574 

7582 

7589 

7597 

7604 

7012 

7619 

7627 

1 

2 

2 

3 

4 

5 

5 

6 

7 

58 

7634 

7642 

7649 

7657 

7664 

7672 

7079 

7686 

7694 

7701 

1 

1 

2 

3 

4 

4 

5 

6 

7 

59 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 

1 

1 

2 

3 

4 

4 

6 

6 

7 

gfl 

7782 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

1 

1 

2 

3 

4 

4 

5 

6 

6 

■ill 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

1 

1 

2 

3 

4 

4 

5 

6 

0 

62 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

1 

1 

2 

3 

3 

4 

5 

6 

0 

63 

7993 

n 


Will !■ 

8021 

8028 

8035 

8041 

8048 

8055 

1 

1 

2 

3 

3 

4 

5 

5 

6 

64 

8062 

8069 

8075 

EE 3 

8089 

8096 

8102 

8109 

8116 

8122 

1 

1 

2 

3 

3 

4 

5 

5 

6 

65 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

1 

1 

2 

3 

3 

4 

5 

5 

6 

66 

8195 

8202 

8209 

8215 

8222 

8228 

8235 

8241 

8248 

8254 

1 

1 

2 

3 

3 

4 

5 

5 

6 

67 

EEST1 

8267 

8274 

8280 

8287 

8293 

8299 

8306 

8312 

8319 

1 

1 

2 

3 

3 

4 

5 

5 

6 

68 

8325 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8382 

1 

1 

2 

3 

3 

4 

4 

5 

6 

m 

8388 

8395 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

1 

1 

2 

2 

3 

4 

4 

5 

6 

70 

8451 

8457 

8463 

8470 

8476 

8482 

8488 

8494 

8500 

8506 

1 

1 

2 

2 

3 

4 

4 

5 

6 

71 

8513 

8519 

8525 

8531 

8537 

8543 

8549 

8555 

8561 

8507 

1 

1 

2 

2 

3 

4 

4 

5 

5 

72 

8573 

8579 

8585 

8591 

8597 

8603 

8609 

8615 

8621 

8027 

1 

1 

2 

2 

3 

4 

4 

5 

5 

73 

8633 

8639 

8645 

8651 

8657 

8603 

8669 

8675 

8681 

8680 

1 

1 

2 

2 

3 

4 

4 

5 

5 

74 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8733 

8739 

8745 

1 

1 

2 

2 

3 

4 

4 

5 

6 

75 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

1 

1 

2 

2 

3 

3 

4 

5 

5 

76 

8808 

8814 

8820 

8825 

8831 

8837 

8842 

8848 

8854 

8859 

1 

1 

2 

2 

3 

3 

4 

5 

5 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

1 

1 

2 

2 

3 

3 1 

4 

4 

5 

78 

8921 

8927 

n 

8938 

8943 

8949 

8954 

8960 

8965 

8971 

1 

1 

2 

2 

3 

3 

4 

4 

5 

79 

8976 

8982 

8987 


8908 

9004 

9009 

9015 

9020 

9025 

1 

1 

2 

2 

3 

3 

4 

4 

5 


EBB 



9047 

9053 

9058 

0063 

9069 

9074 

9079 

1 

1 

2 

2 

3 

3 

4 

4 

5 

81 

9085 


9096 

9101 

9106 

9112 

9117 

9122 

9128 

9133 

1 

1 

2 

2 

3 

3 

4 

4 

5 

82 

9138 

9143 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9186 

1 

1 

2 

2 

3 

3 

4 

4 

5 

83 

9191 

9196 

EMI 

9206 

9212 

9217 

9222 

9227 

9232 

9238 

1 

1 

2 

2 

3 

3 

4 

4 

5 

84 

9243 

9248 

9253 

9258 

9263 

9269 

9274 

9279 

9284 

9289 

1 

1 

2 ( 

2 

3 

3 

4 

4 

5 

85 

9294 

9299 


9309 

9315 

9320 

9325 

9330 

9335 

9340 

1 

1 

2 

2 

3 

3 

4 

4 

5 

86 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

1 

1 

2 

2 

3 

3 

4 

4 

5 

87 

lima 

mm 

mm 

9410 

9415 

9420 

9425 

9430 

9435 

9440 

0 

1 

1 

2 

2 

3 

3 

4 

4 

88 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

0 

1 

1 

2 

2 

3 

3 

4 

4 

89 

9494 

9499 

9504 

9509 

9513 

9518 

9523 

9528 

9533 

9538 

0 

1 

1 

2 

2 

3 

3 

4 

4 


9542 

9547 

9552 

9557 

9562 

9566 

9571 

9576 

9581 

9586 

0 

1 

1 ' 

2 

2 

3 

3 

4 

4 

91 

9590 

9595 

9600 

9605 

ETiTTCI 

n 

9619 

9624 

9628 

9633 

0 

1 

1 

2 

2 

3 

3 

4 

4 

92 

9638 

9643 

9647 

9652 

EES 

9661 

9666 

9671 

9675 

9680 

0 

1 

1 

2 

2 

3 

3 

4 

4 

93 

9685 

9689 

9694 


9703 

9708 

9713 

9717 

9722 

9727 

0 

1 

1 

2 

2 

3 

3 

4 

4 

94 

9731 

9736 

9741 

9745 

9750 

9754 

9759 

9763 

9768 

9773 

0 

1 

1 

2 

2 

3 

3 

4 

4 

95 

9777 

9782 

9786 

9791 

9795 


9805 

9809 

9814 

9818 

0 

1 

1 

2 

2 

3 

3 

4 

4 

96 

BKWa 

9827 

9832 

9836 

9841 

9845 

9850 

9854 

9859 

9863 

0 

1 

1 

2 

2 

O 

3 

4 

4 

97 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

0 

1 

1 

2 

2 

i> 

3 

4 

4 

98 

9912 

mn 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

0 

1 

1 

2 

2 

3 

0 

4 

4 

99 

9956 

9961 


9969 

9974 

9978 


9987 

9991 

9996 

0 

1 

1 

2 

2 

3 

1 

3 

3 

4 


503 



























TABLE III. ANTILOGARITHMS 



D 


2 

3 

B 

B 

6 

B 

B 

9 

|l 2 3 

4 

5 6 

7 8 9 

00 

1000 

1002 

1005 

1007 

1009 

1012 

1014 

1010 

1019 

1021 

0 

0 

1 

1 

1 

1 

2 

2 

2 

•01 

1023 

1026 

1028 

1030 

1033 

1035 

1038 

1040 

1042 

1045 

0 

0 

1 

1 

1 

1 

2 

2 

2 

•02 

1047 

1050 

1052 

1054 

1057 

1059 

1062 

1004 

1007 

1069 

0 

0 

1 

1 

1 

1 

2 

2 

2 

•03 

1072 

1074 

1076 

1079 

1081 

1084 

1086 

1089 

1091 

1094 

0 

0 

1 

1 

1 

1 

2 

2 

2 

•04 

1096 

1099 

1102 

1104 

1107 

1109 

1112 

1114 

1117 

1119 

0 

1 

1 

1 

1 

2 

2 

2 

2 

.05 

1122 

1125 

1127 

1130 

1132 

1135 

1138 

1140 

1143 

1146 

0 

1 

1 

1 

1 

2 

2 

2 

2 

•06 

1148 

1151 

1153 

1156 

1159 

1161 

1164 

1107 

1109 

1172 

0 

1 

1 

1 

1 

2 

2 

2 

2 

•07 

1175 

1178 

1180 

1183 

1180 

1189 

1191 

1194 

1197 

1199 

0 

1 

1 

1 

1 

2 

2 

2 

2 

•08 

1202 

1205 

1208 

1211 

1213 

1210 

1219 

1222 

1225 

1227 

0 

1 

1 

1 

1 

2 

2 

2 

3 

•09 

1230 

1233 

1236 

1239 

1242 

1245 

1247 

1250 

1253 

1250 

0 

1 

1 

1 

1 

2 

2 

2 

3 

10 

1259 

1262 

1205 

1208 

1271 

1274 

1276 

1279 

1282 

1285 

0 

1 

1 

1 

1 

2 

2 

2 

3 

•11 

1288 

1291 

1294 

1297 

1300 

1303 

1306 

1309 

1312 

1315 

0 

1 

1 

1 

2 

2 

2 

2 

3 

•12 

1318 

1321 

1324 

1327 

1330 

1334 

1337 

1340 

1343 

1346 

0 

1 

1 

1 

2 

2 

2 

2 

3 

•13 

1349 

1352 

1355 

1358 

1361 

1365 

1368 

1371 

1374 

1377 

0 

1 

1 

1 

2 

2 

2 

3 

3 

•14 

1380 

1384 

1387 

1390 

1393 

1396 

1400 

1403 

1406 

1409 

0 

1 

1 

1 

2 

2 

2 

3 

3 

•16 

1413 

1416 

1419 

1422 

1426 

1429 

1432 

1435 

1439 

1442 

0 

1 

1 

1 

2 

2 

2 

3 

3 

•16 

1445 

1449 

1452 

1455 

1459 

1462 

1466 

1469 

1472 

1476 

0 

1 

1 

1 

2 

2 

2 

3 

3 

■17 

1479 

1483 

1486 

1489 

1493 

1496 

1500 

1503 

1507 

1510 

0 

1 

1 

1 

2 

2 

2 

3 

3 

•18 

1514 

1517 

1521 

1524 

1528 

1531 

1535 

1538 

1542 

1545 

0 

1 

1 

1 

2 

2 

2 

3 

3 | 

•19 

1549 

1552 

1556 

1500 

1563 

1567 

1570 

1574 

1578 

1581 

0 

1 

1 

1 

2 

2 

3 

3 

3 

20 

1585 

1589 

1592 

1596 

1600 

1603 

1607 

1611 

1614 

1618 

0 

1 

1 

1 

2 

2 

3 

3 

3 

•21 

1622 

1626 

1629 

1033 

1637 

1641 

1644 

1648 

1052 

1056 

0 

1 

1 

2 

2 

2 

3 

3 

3 

•22 

1660 

1663 

1667 

1671 

1675 

1679 

1683 

1687 

1690 

1694 

0 

1 

1 

2 

2 

2 

3 

3 

3 

•23 

1698 

1702 

1706 

1710 

1714 

1718 

1722 

1726 

1730 

1734 

0 

1 

1 

2 

2 

2 

3 

3 

4 

•24 

1738 

1742 

1746 

1750 

1754 

1758 

1762 

1766 

1770 

1774 

0 

1 

1 

2 

2 

2 

3 

3 

4 

25 

1778 

1782 

1780 

1791 

1795 

1799 

1803 

1807 

1811 

1816 

0 

1 

1 

2 

2 

2 

3 

3 

4 

•26 

1820 

1824 

1828 

1832 

1837 

1841 

1845 

1849 

1854 

1858 

0 

1 

1 

2 

2 

3 

3 

3 

4 

•27 

1862 

1866 

1871 

1875 

1879 

1884 

1888 

1892 

1897 

1901 

0 

1 

1 

2 

2 

3 

3 

3 

4 

•28 

1905 

1910 

1914 

1919 

1923 

1928 

1932 

1936 

1941 

1945 

0 

1 

1 

2 

2 

3 

3 

4 

4 

•29 

1950 

1954 

! 1959 

1963 

1908 

1972 

1977 

1982 

1986 

1991 

0 

1 

1 

2 

2 

3 

3 

4 

4 

•30 

1995 

2000 

2004 

2009 

2014 

2018 

2023 

2028 

2032 

2037 

0 

1 

1 

2 

2 

3 

3 

4 

4 

•31 

2042 

2046 

2051 

! 2056 

2001 

2065 

2070 

2075 

2080 

2084 

0 

1 

1 

2 

2 

3 

3 

4 

4 

•32 

2089 

2094 

, 2099 

,2104 

2109 

2113 

2118 

2123 

2128 

2133 

c 

1 

1 

2 

2 

3 

3 

4 

4 

•33 

1 2138 

2143 

12148 

2153 

2158 

2163 

2168 

2173 

2178 

2183 

0 

1 

1 

2 

2 

3 

3 

4 

4 

•34 

2188 

2193 

2198 

2203 

2208 

2213 

2218 

2223 

2228 

2234 

1 

1 

2 

2 

3 

3 

4 

4 

5 

•35 

2239 

2244 

2249 

2254 

2259 

2265 

2270 

2275 

2280 

2286 

1 

1 

2 

2 

3 

3 

4 

4 

5 

•36 1 

2291 

2296 

2301 

, 2307 

2312 

2317 

2323 

2328 

2333 

2339 

1 

1 

2 

2 

3 

3 

1 4 

4 

5 

•37 

2344 

2350 

2355 

2360 

2366 

2371 

2377 

2382 

2388 

2393 

1 

1 

2 

2 

3 

3 

4 

4 

5 

•38 

2399 

2404 

2410 

2415 

2421 

2427 

2432 

2438 

2443 

2449 

1 

1 

2 

2 

3 

3 

4 

4 

5 

•39 

2455 

2460 

2406 

2472 

2477 

2483 

2489 

2495 

2500 

2506 

X 

1 

2 

2 

3 

3 

4 

5 

5 

•40 

2512 

2518 

2523 

2529 

2535 

2541 

2547 

2553 

2559 

2564 

1 

1 

2 

2 

3 

4 

4 

5 

5 

•41 

2570 

2576 

2582 

2588 

2594 

2600 

2606 

2612 

2618 

2624 

1 

1 

2 

2 

3 

4 

4 

5 

5 

•42 

2630 

2636 

2642 

2649 

2655 

2661 

2667 

2673 

2679 

2685 

1 

1 

2 

2 

3 

4 

4 

5 

6 

•43 

2692 

2698 

2704 

2710 

2716 

2723 

2729 

2735 

2742 

2748 

1 

1 

2 

3 

3 

4 

4 

5 

6 

•44 

2754 

2761 

2767 

2773 

2780 

2786 

2793 

2799 

2805 

2812 

1 

1 

2 

3 

3 

4 

4 

5 

6 

•45 

2818 

2825 

2831 

2838 

2844 

2851 

2858 

2864 

2871 

2877 

1 

1 

2 

3 

3 

4 

5 

b 

6 

•46 

2884 

2891 

2897 

2904 

2911 

2917 

2924 

2931 

2938 

2944 

1 

1 

2 

3 

3 

4 

5 

5 

0 

•47 

2951 

2958 

2965 

2972 

2979 

2985 

2992 

2999 

3006 

3013 

1 

1 

2 

3 

3 

4 

5 

5 

6 

•48 

3020 

3027 

3034 

3041 

3048 

3055 

3062 

3069 

3076 

3083 

1 

1 

2 

3 

4 

4 

5 

6 

6 

•49 

3090 

3097 

3105 

3112 

3119 

3126 

3133 

3141 

3148 

3155 

1 

L 

1 

2 

3 

4 

4 

5 

6 

6 
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TABLE III. ANTILOGARITHMS. 


■ 

D 

D 



4 

5 

6 

n 



12 3 

4 

5 

7 

•J 

00 

•60 

3162 

3170 

3177 

3184 

3192 

3199 

3206 

3214 

3221 

3228 

1 

1 

2 

3 

4 

4 

5 6 7- 

•51 

3236 

3243 

3251 

3258 

3266 

3273 

3281 

3289 

3296 

3304 

1 

2 

2 

3 

4 

5 

5 6 7 

•52 

3311 

3319 

3327 

3334 

3342 

3350 

3357 

3366 

3373 

3381 

1 

2 

2 

3 

4 

5 

5 6 7 

•53 

3388 

3396 

3404 

3412 

3420 

3428 

3436 

3443 

3451 

3459 

1 

2 

2 

3 

4 

5 

6 6 7 

•54 

3467 

3475 

3483 

3491 

3499 

3508 

3516 

3524 

3532 

3540 

1 

2 

2 

3 

4 

5 

6 6 7 

•55 

3548 

3556 

3565 

3573 

3581 

3589 

3597 

3606 

3614 

3622 

1 

2 

2 

3 

4 

5 

6 7 7 

•56 

3631 

3639 

3648 

3656 

3664 

3673 

3681 

3690 

3698 

3707 

1 

2 

3 

3 

4 

5 

6 7 8 

•57 

3715 

3724 

3733 

3741 

3750 

3758 

3767 

3776 

3784 

3793 

1 

2 

3 

3 

4 

5 

6 7 8 

•58 

3802 

3811 

3819 

3828 

3837 

3846 

3855 

3864 

3873 

3882 

1 

2 

3 

4 

4 

5 

6 7 8 

•69 

3890 

3899 

3908 

3917 

3926 

3936 

3945 

3954 

3963 

3972 

1 

2 

3 

4 

5 

5 

6 7 8 

•60 

3981 

3990 

3999 

4009 

4018 

4027 

4036 

4046 

4055 

4064 

1 

2 

3 

4 

5 

6 

6 7 8 

•61 

4074 

4083 

4093 

4102 

4111 

4121 

4130 

4140 

4150 

4159 

1 

2 

3 

4 

5 

6 

7 8 9 

•62 

4169 

4178 

4188 

4198 

4207 

4217 

4227 

4236 

4246 

4256 

1 

2 

3 

4 

5 

6 

7 8 9 

•63 

4266 

4276 

4285 

4295 

4305 

4315 

4825 

4335 

4345 

4355 

1 

2 

3 

4 

5 

6 

7 8 9 

•64 

4365 

4375 

4385 

4395 

4406 

4416 

4426 

4436 

4446 

4457 

1 

2 

3 

4 

5 

6 

7 8 9 

65 

4467 

4477 

4487 

4498 

4508 

4519 

4529 

4539 

4550 

4560 

1 

2 

3 

4 

5 

6 

7 8 9 

•66 

4571 

4581 

4592 

4603 

4613 

4624 

4634 

4645 

4656 

4667 

1 

2 

3 

4 

5 

6 

7 9 10 

•67 

4677 

4688 

4699 

4710 

4721 

4732 

4742 

4753 

4764 

4775 

1 

2 

3 

4 

5 

7 

8 9 10 

•68 

4786 

4797 

4808 

4819 

4831 

4842 

4853 

4864 

4875 

4887 

l 

2 

3 

4 

6 

7 

8 9 10 

•69 

4898 

4909 

4920 

4932 

4943 

4955 

4966 

4977 

4989 

5000 

1 

2 

3 

5 

6 

7 

8 910 

•70 

5012 

5023 

5035 

5047 

5058 

5070 

5082 

5093 

5105 

5117 

1 

2 

4 

5 

6 

7 

8 911 

•71 

5129 

6140 

5152 

5164 

5176 

5188 

5200 

5212 

5224 

5236 

1 

2 

4 

5 

6 

7 

81011 

•72 

5248 

5260 

5272 

5284 

5297 

5309 

5321 

5333 

5346 

5358 

1 

2 

4 

5 

6 

7 

91011 

•73 

5370 

5383 

5395 

5408 

5420 

5433 

5445 

5458 

5470 

5483 

1 

3 

4 

5 

6 

8 

9 10 11 

•74 

5495 

5508 

5521 

5534 

5546 

5559 

5572 

5585 

5598 

5610 

1 

3 

4 

5 

6 

8 

9 1012 

•76 

5623 

5636 

5649 

5662 

5675 

5689 

5702 

5715 

5728 

5741 

1 

3 

4 

5 

7 

8 

91012 

•76 

5754 

5768 

5781 

5794 

5808 

5821 

5834 

5848 

5861 

5875 

1 

3 

4 

5 

7 

8 

911 12 

•77 

5888 

5902 

5916 

5929 

5943 

5957 

5970 

5984 ! 

5998 

6012 

1 

3 

4 

5 

7 

8 

101112 

•78 

6026 

6039 

6053 

6067 

6081 

6095 

6109 

6124 

6138 

6152 

1 

3 

4 

6 

7 

8 

10 1113 

•79 

6166 

6180 

6194 

6209 

6223 

6237 

6252 

6266 

6281 

6295 

1 

3 

4 

6 

7 

9 

10 1113 

•80 

6310 

6324 

6339 

6353 

6368 

6383 

6397 

6412 

6427 

6442 

1 

3 

4 

6 

7 

9 

10 12 13 | 

•81 

6457 

6471 

6486 

6501 

6516 

6531 

6546 

6561 

6577 

6592 

2 

3 

5 

6 

8 

9 

11 1214 1 

•82 

6607 

6622 

6637 

6653 

6668 

6683 

6699 

6714 

6730 

6745 

2 

3 

5 

6 

8 

9 

1112 14 I 

•83 

6761 

6776 

6792 

6808 

6823 

6839 

6855 

6871 

6887 

6902 

2 

3 

5 

6 

8 

9 

1113 14 1 

•84 

6918 

6934 

6950| 

6966 

6982 

6998 

7015 

7031 

7047 

7063 

2 

3 

5 

6 

8 

10 

11 13 15 | 

•85 

7079 

7096 

7112 

7129 

7145 

7161 

7178 

7194 

7211 

7228 

2 

3 

5 

7 

810 

12 13 15 1 

•86 

7244 

7261 

7278 1 

7295 

7311 

7328 

7345 

7362 

7379 

7396 

2 

3 

5 

7 

8 10 

12 13 15 . 

•87 

7413 

7430 

7447 

7464 

7482 

7499 

7516 

7534 

7551 

7568 

2 

3 

5 

7 

9 10 

12 14 16 . 

•88 

7586 

7603 

7621 j 

7638 

7656 

7674 

7691 

7709 

7727 

7745 

2 

4 

5 

7 

9 11 

12 14 16 

•89 

7762 

7780 

7798 

7816 

7834 

7852 

7870 

7889 

7907 

7925 

2 

4 

5 

7 

9 11 

13 14 16 

•90 

7943 

7962 

7980 

7998 

8017 

8035 

8054 

8072 

8091 

8110 

2 

4 

6 

7 

911 

131517 

•91 

8128 

8147 

8166 

8185 

8204 

8222 

8241 

8260 

8279 

8299 

2 

4 

6 

8 

9 11 

1315 17 

•92 

8318 

8337 

8356 

8375 

8395 

8414 

8433 

8453 

8472 

8492 

2 

4 

6 

810 12 

14 15 17 

•93 

8511 

8331 

8551 

8570 

8590 

8610 

8630 

8650 

8670 

8690 

2 

4 

6 

810 12 

14 16 18 

•94 

8710 

8730 

8750 

8770 

8790 

8810 

8831 

8851 

8872 j 

8892 

2 

4 

6 j 

8 10 12 

14 16 18 

•95 

8913 

8933 

8954 

8974 

8995 

9016 

9036 

9057 

9078 

9099 

2 

4 

6 1 

810 12 

151719 

•96 

9120 

9141 

9162 

9183 

9204 

9226 

9247 

9268 

9290 

9311 

2 

4 

6 

811 13 

151719 

•97 

9333 

9354 

9376 

9397 

9419 

9441 

9462 

9484 

9506 

9528 

2 

4 

7 

9 11 13 

15 17 20 

•98 

9550 

9572 

9594 

9616 

9638 

9661 

9683 

9705 

9727 

9750 

2 

4 

7 

911 13 

1 16 18 20 

•99 

9772 

9795 

9817 

9840 

9863 

9886 

9908 

9931 

9954 

9977 

2 

5 

7 

911 14 

16 18 20 
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TABLE IV. 


Angle. 


Sine. 

Tangent. 

Cotangent. 

Cosine. 




Deg. 

Radians. 





0° 

0 

0 

0 

0 

CO 

1 

1-414 

1-5708 

90° 

1 

•0175 

•017 

■0175 

•0175 

57-2900 

•9998 

1-402 

1-5533 

89 

2 

•0349 

•035 

•0349 

•0340 

28-6363 

•9994 

1*389 

1-5359 

88 

3 

•0524 

•052 

0523 

•0524 

19-0811 

•9986 

1-377 

1-5184 

87 

4 

•0098 

•070 

•0698 

•0699 

14-3006 

•9976 

1-364 

1-5010 

86 

5 

•0873 

•087 

•0872 

•0875 

11-4301 

•9962 

1-351 

1-4835 

i 

85 

6 

•1047 

•105 

•1045 

•1051 

9-5144 

•9945 

1-338 

1-4601 

84 

7 

•1222 

•122 

•1219 

•1228 

8-1443 

•9925 

1-325 

1*4486 

83 1 

8 

•1396 

•139 

•1392 

•1405 

7-1154 

•9903 

1-312 

1-4312 

82 1 

9 

•1571 

•157 

•1564 

•1584 

6-3138 

•9877 

1 -299 

1-4137 

81 1 

10 

•1745 

•174 

•1736 

•1763 

5 0713 

•9848 

1-286 

1-3963 

80 

11 

•1920 

•192 

•1908 

•1944 

51440 

•9816 

1-272 

1-3788 

79 ■ 

12 

•2094 

•209 

•2079 

•2120 

4-7040 

-978L 

1-259 

1-3614 

78 | 

13 

•2209 

•226 

•2250 

•2309 

4-3315 

•9744 

1-245 

1-3439 

77 

14 

•2443 

•244 

•2419 

•2493 

4-0108 

•9703 

1-231 

1-3265 

70 1 

15 

-2618 

•261 

•2588 

•2679 

3-7321 

•9659 

1*217 

1-3090 

75 

10 

•2793 

•278 

•2750 

■2867 

3-4874 

•9013 

1-204 

1-2915 

74 

17 

•2907 

-290 

•2924 

•3057 

3-2709 

•9503 

1190 

1-2741 

73 

18 

•3142 

•313 

•3090 

•3249 

3 0777 

•9511 

1-170 

1-2566 

72 

19 

-3310 

•330 

•3256 

•3443 

2-9042 

•9455 

1-101 

1-2392 

71 

20 

•3491 

•347 

■3420 

•3640 

2-7475 

•9397 

1147 

1-2217 

70 

21 

-3065 

•304 

•3584 

•3839 

2-6051 

-9330 

1-133 

1-2043 

69 

22 

•3840 

•382 

•3740 

•4040 

2-4751 

•9272 

1*118 

1-1868 

68 

23 

-4014 

•399 

•3907 

•4245 

2-3559 

•9205 

1104 

11694 

67 

24 

•4189 

•416 

•4067 

■4452 

2-2400 

•9135 

1-089 

11519 

60 

25 

•4363 

•433 

4226 

! -4663 

21445 

•9063 

1075 

11345 

65 

20 

•4538 

•450 

•4384 

•4877 

20503 

•8988 

l-OGO 

11170 

64 

27 

-4712 

•467 

•4540 

•5095 

1-9626 

1 -8910 

1045 

1 0990 

63 

28 

•4887 

1 -484 

•4695 

•5317 

1-8807 

•8829 

1*030 

1 0821 

62 

29 

•5061 

1 -501 

•4848 

•5543 

1 8040 

•8740 

1-015 

1 0647 

61 

30 

•5236 

•518 

•5000 

•5774 

1 -7321 

•8660 

1-000 

1 0472 

60 

31 

-5411 

■534 

•5150 

•6009 

1-0643 

! -8572 

•985 

1 0297 

59 

32 

•5585 

•551 

•5299 

•6249 

1-6003 

•8480 

•970 

1 0123 

58 

33 

•5760 

•568 

•5446 

•6494 

1 -5399 

•8387 

•954 

•9948 

57 

34 

-5934 

•585 

•5592 

•6745 

1-4826 

•8290 

•939 

•9774 

56 

35 

-6109 

•601 

•5736 

-7002 

1-4281 

•8192 

•923 

•9599 

55 

30 

•0283 

•618 

•5878 

•7265 

1 -3764 

•8090 

•908 

•9425 

54 

37 

•6458 

•635 

•6018 

-7530 

1 -3270 

•7986 

•892 

•9250 

53 

38 

*6632 

•651 

•6157 

•7813 

1-2799 

•7880 

•877 

•9076 

52 

39 

•6807 

j *668 

•6293 

•8098 

1-2349 

•7771 

•861 

•8901 

51 

40 

•0981 

•084 

•6428 

•8391 

1-1918 

•7660 

•845 

•8727 

50 

41 

•7156 

•700 

•6551 

•8093 

1-1504 

7547 

•829 

•8552 

49 

42 

•7330 

•717 

•6691 

•9004 

1-1106 

•7431 

•813 

, *8378 

48 

43 

•7505 

•73 i 

•6820 

•9325 

1 0724 

•7314 

•797 

•8203 

47 

44 

•7679 

•749 

-6947 

•9657 

1 0355 

•7193 

•781 

•8029 

46 

45 

•7854 

•765 

•7071 

10000 

1 0000 

•7071 

•765 

*7854 

45 




j Cosine. 

Cotangent. 

Tangent. 

Sine. 

Chords. 

Radians. 

Angle 

Deg. 
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Acceleration, 3, 224. 
angular, 229. 
diagrams, 226. 

Addition of vectors, 30, 31. 

Adiabatic process, 413. 

Air Board Standard Test Piece, 142, 
143. 

Air Standard Efficiency, 393. 

Air supply, minimum for combus¬ 
tion, 453. 

Alloy steels, 115. 

Aluminium steel, 115. 

Amplitude, 272. 

Amsler mirror extensometer, 147-8-9. 
Angular acceleration, 229. 

motion, relative to linear motion, 
234. 

strain, 94. 
velocity, 3. 
velocity of a link, 66. 

Application of epicyclic gears, 76. 
Atmospheric head, 287. 

Atomic weights, 452. 

Autographic diagram, 155. 

Avery, W. and T. testing machines, 
133-8, 140-1. 

Avogadro’s Law, 452. 

Axis, neutral, 209. 

Axis, parallel theorem, 212. 

Bailey bridge, 188. 

Balancing, 268. 

of revolving masses, 269. 

Banking angle, 258. 

of roads and tracks, 261. 

Beams, bending moment diagrams, 
202-3-4. 


Beams, deflection of, 213. 
reinforced concrete, 217-8. 
shearing and bonding in, 200. 
shoaring force diagrams, 202-3—4. 
stresses in, 206. 
thrust diagrams, 202. 

Bearings, ball and roller, 172-3. 
friction in, 172. 

Behaviour, of a material under load, 
82. 

of working substances, 372. 
thermal, of working substances, 
378. 

Bolt, rope and chain drives, 11. 

Belts and ropes, centrifugal tension, 

175. 

Belts, horse power transmitted by 

176. 

Bending, or flexure tests, 127. 

Bending tests on mild steel, 158. 

Bernoulli’s thoorem, 288. 

Bovol wheel trains, 73. 

Body resting on a rough incline, 165-6. 
smooth, 44. 

Boiler, capacity, 465. 
efliciency, 468. 
heat balance, 468-9, 475. 
performance, 465. 
trials, 465. 

Bow’s notation, 34. 

Boylo’s Law, combination with 
Charles’ Law, 380. 

Braced roof trusses, forces in, 182. 

Brake Horse Power of Pelton wheel, 
356. 

Brake thermal efliciency, 458. 

Breast wheel, 347. 
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Bridges, Bailey, 188. 

Butterley, 189. 
suspension, 189, 190. 

Brinell hardness number, 128. 

Brinell hardness tests, 128. 

British standard notehod bar, 143. 

British Thermal Unit (B.Th.U.), 366. 

Bulk modulus, 85. 

Butterley standard bridge, 189. 

Butt joints, 108. 

Calculations, on entropy, 403. 

of indicated weight of steam, 464. 

Calorific values, of a fuel, 450. 
gross and net, 450-1. 
higher and lower, 450-1. 

Cantilevers, 200, 201. 

Carnot cycle, 387. 

for a perfect gas, 388. 
for a vapour, 390. 

Centigrade Heat Unit, C.H.U., 365,368. 

Centre, instantaneous, 66. 

Centre of gravity, 46, 51. 
of a locomotive, 53. 

Centre of mass or inertia, 47. 

Centre of pressure, 320. 
of a rectangle, 321. 
of a triangle, 322. 

Centrifugal tension in belts and 
ropes, 175. 

Centripetal force, 256. 

Chain, slider crank, 69, 274. 

Change in entropy, 403. 

Change in internal energy, 379, 382. 

Channels, 285. 

flow of water through, 299. 

Characteristic equation of a gas, 382. 

Charpy machine, 130. 

Chart, entropy temperature, 407-8-9. 

Chart, T v. <f>> 410. 

Chezy formula, 293. 

Chromium steel, 115. 

Close coiled helical springs, 251. 

Cobalt steel, 115. 

Coefficient of discharge, 302, 308, 309. 

Coefficient of friction, 164. 

experimental determination, 165-6. 


Coefficient of performance, 421. 

Coil friction, 173. 

Cold air machines, 419. 

Collar bearing, friction in, 177. 
Combustion, 451. 

heat generated during, 453. 
incomplete, of carbon, 453. 
minimum air supply for, 453. 
Comparative cycles, 386. 
Comparative thermal efficiency, 457, 
482. 

Components of forces, 29. 

Composite sections, 86. 

Compound pendulum, 277. 
Compound wheel trains, 72. 
Compression tests, 126, 157. 

work done during, 374. 

Concrete, reinforced, principles of 
design, 217. 

Condition of steam, 364. 

Conditions of equilibrium, coplanar 
forces, 33, 43, 195. 

Conical pendulum, 262. 

Connected bodies, motion of, 232. 
Conservation of energy, principle of, 
288. 

of momentum, law of, 231. 
Constant condition lines, 412. 
Consumption rate of an engine, 458. 
Convergent-divergent nozzles, 429. 
Convergent nozzles, 429. 

Conveyance of water, pipes, channels, 
orifices and weirs, 285. 

Copper, 115. 

Correct banking angle, 258. 

Couple diagrams in balancing prob¬ 
lems, 270. 

Couples, 40. 

Crack and surface flaw detection, 
145. 

Crack detector, Johnson-Fel, 145. 
Creep, 89. 

Crushing resistance in rivets, 107. 
Cup, impact of water on, 350. 

Cycle of operations, 364. 

Cycles, actual, 386. 

Carnot, 386. 
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Cycles, comparative, 386. 
constant volume, 391. 
ideal, 386. 

Otto, 386, 391. 

Rankine, 391, 415, 417. 
vapour compression, 420. 
working, 386. 

Cylinder feed, indicated, 464. 
Cylinders, thin, 110. 

Cylindrical spiral springs, 251. 

Dams, masonry, 326-32. 

Deflection of a beam, 213. 
Deformation, elastic, 83, 125, 161. 
elastic period, 124. 
plastic, 83, 125. 
plastic period, 125. 

De Laval turbines, 437. 

Depth, hydraulic mean, 293. 

Design of, flywheels, 238. 
nozzlos, 428. 
reinforced concrete, 217. 
riveted joints, 105. 
vane to eliminate shock, 341, 437. 
Detector, crack, Johnson-Fel, 145. 
Determination of correct banking 
angle, 258. 

Diagrams, shear force and bending 
moment, 202-3. 

Differential, bevel gear, 73. 
gear (motor car), 76. 
pulley block, Weston, 10. 
Distribution of stress in beams, 
cantilevers and shafts, 93. 
Double cover platos, 104. 

Double shear, 92. 

Double slider crank chain, 68. 
Drowned turbines, 359. 

Dryness fraction, 365. 

Dryness fraction tests, 472. 

Ductility, 125. 

Effect of pressure on nozzle discharge, 
291. 

succession of vanes, 338. 
sudden enlargement in a pipe, 299. 
wetness at end of compression, 422. 


Efficiency, air standard, 393. 
blades of turbine, 440. 
boiler, 468. 
brake thermal, 458. 
mechanical, 481. 
nozzle, 434. 
thermal, 482. 

for the impact of a jet on a moving 
vane, 337. 

minimum of a riveted joint, 113. 

of a riveted joint, 107. 

of ongines, 456. 

of lifting machines, 171. 

of machines, 9. 

of Pelton wheel, 355. 

Effort of a governor, 267. 

Elasticity, 83, 84. 

modulus of, 84, 94, 125. 
modulus of transverse, 94. 

Elastic limit, 84, 94, 124. 

Energy, 19, 235. 

content of a fluid, 286. 
electrical, 21. 
heat, 20. 
kinetic, 19. 
mechanical, 20. 
potential, 19, 286. 
principle of conservation, 288. 
Entropy, 401. 
changes, 403. 
dry saturated steam, 405. 
steam in nozzles, 427. 
superheated steam, 406. 

Entropy-tom per at ure chart, 407. 

diagrams, 401, 402. 

Epicyclic gears, 73. 

Equations, of motion, 224. 

characteristic of a gas, 382. 
Equilibrium, conditions of, 33. 
neutral, 54. 

stable and unstable, 54. 

Essential qualities of a fuel, 449. 
Evaporation, equivalent, 465. 
Expansion, coefficient of linear, 88. 
of steam in nozzles, 427. 
ratio of, 374. 

Extensometer, Amsler mirror, 147. 
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Extensometer, Hounsfield, 145. 

selection of, 149. 

Extensomoters, 145. 

Factor of safety, 133. 

Failure, methods of, 92. 

Failure of materials, 92. 

Fatigue of metals, 131. 

Fields in temperature entropy chart, 
409. 

Figure, reciprocal, 183. 

First Law of Thermodynamics, 367. 
First moments, 44. 

Flange coupling, 250. 

Flat plate, impact of water on, 335. 
Flaw detector, 145. 

Flexure tests, 127. 

Flow of water, over rectangular notch 
or weir, 303, 309. 
measurement of, 300. 
through nozzles, 290, 308. 
through open channels, 299. 

Flow, rate of through triangular 
notch, 301, 309. 

Flow through orifices, 305-6. 

Flow, velocity of in steam turbines, 
436. 

Fluctuating loads, 100. 

Fluid flow, methods of measurement, 
301. 

Flumo, Venturi, 311. 

Flywheels, 237. 
design of, 238. 
hoop stress in, 239. 

Force, centrifugal, 257. 
centripetal, 257. 

on the vane of a Poncelet wheel, 
348. 

Forces acting, at a point but not 
coplanar, 191. 
on turbine rotor, 440. 

Forces, in braced roof trusses, 182. 

shearing, 201, 202. 

Formula, Chezy, 293. 

Gerber, 101. 

Francis, 303. 

Launhardt-Weyrauch, 101. 


Fractional strain, 84. 

Frames braced, 181. 

Friction, 164. 
angle of, 165. 
coil, 173. 

in a collar bearing, 172. 
in bearings, 172. 
in governors, 267. 
of a screw, 169. 
head lost by, 297. 
toothed gearing, 13. 

Fuel, calorific value of, 450. 

combustion of, 451. 

Fuels, 449. 

Funicular polygon, 186, 195. 

Gas, characteristic equation of, 382. 
Gas engine, 25 B.H.1\, trial of, 487. 
Gas equations, 379, 380, 381. 

Gas fired boiler, trial of, 472. 

Gas, specific volumo of, 381. 

Gaugo length of standard specimen, 
141. 

Gears, differential, 76. 

epicyclic, 75. 

Gerber’s formula, 101. 

Governors, spring loaded, 266. 
Governor, the loaded, 265. 

Gradient, hydraulic, 265. 

Graphical conditions of equilibrium, 
194-5. 

Graphical solution to link polygon, 
39. 

Gravity, centre of, 46. 

experimental determination, 51. 
and work done in lifting, 51. 
method of inclination, 53. 
of a locomotive, 53. 

Gross calorific value, 450. 

Gyration, radius of, 230. 

Hais pipe and “ Pluto ”, 209, 
Hardness number, Brinell, 128* 
Rockwell, 128. 

relation to ultimate strength, 129. 
Hardness testing machines, 137. 
Vickers, 138-9. 
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Hardness tests, 127. 

Harmonic motion, simple, 271. 
analysis of, 272. 
forces producing, 273. 

Head, atmospheric, 287. 

loss of due to friction in pipes, 
292. 

lost by friction, 297. 
over weir, 303. 

velocity in nozzle discharge, 291. 
Venturi, 312, 314. 

Heat balance, for boilers, 469. 

for engines, 489, 492. 

Heat drop, 430. 

Heat, distribution in engines and 
boilers, 482. 
energy, 20. 
latent, 365. 
superheated, 365. 
to electrical onergy, 21. 
to mechanical energy, 20. 
total, 365. 
units of, 365. 

Helical springs, close coiled, 251. 
Herbert pendulum test, 129. 

High tenacity non ferrous alloy tost, 
152. 

Hooke’s Law, 83. 

Hoop stross in flywheels, 239. 

Horse Power, Brake, of water wheels, 
356. 

breast wheel, 348. 
overshot wheel, 347. 

Pelton wheel, 352. 
transmitted by a shaft, 248. 
turbine, 445. 

Hutton’s Formula for wind pressures, 
187. 

Hydraulic, efficiency of Pelton wheel, 
352, 357, 358. 
gradient, 293, 295. 
mean depth, 293. 

Ideal cycle, 386. 

Impact of a jet upon, an inclined 
plate, 340. 
a cup, 350. 
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Impact of water on a stationary flat 
plate, 335. 

on shaped vanes, 341. 

Impact testing machine and test, 140. 
Importance of low exhaust pressure 
in turbines, 441. 

Impulse turbines, 437. 

Inclination, method of, 53. 

Inclined surfaces immersed in fluid, 
319. 

Incomplete combustion of carbon, 
453. 

Indicated cylinder feed, 464. 

Inertia, centre of, 47. 
moment of, 210, 211. 
polar moment of, 212. 
Instantaneous centre, 65, 66, 67. 

of rotation, 66, 67. 

Intensity of stress, 84. 

Internal enorgy, change of, 379, 
382-3. 

Izod tost and machine, 140. 

Izod and impact test specimens, 142 

Jot and vane relationship for maxi¬ 
mum efficiency, 337. 

Jot reaction, 336. 

Johnson-Fel crack detector, 145. 
Joule’s equivalent, 20. 

Joule's Law for gases. 379. 

Kinetic onergy, 19. 

Laboratory trial of a gas fired boiler, 
472. 

Lamo’s theorem, 34. 

Lap joints, 103. 

single riveted, 106. 

Later researches upon measurement 
of flow, 311. 

Launhardt-Weyrauch formula, 101. 
Law, Avogadro’s, 452. 

Boyle’s, 372. 

Charles’, 379. 

combination of Boyle’s and 
Charles’, 380. 

Law, first, of inertia, 227. 
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Law, first, of motion, 227. 

of thermodynamics, 367. 

Law, second, of motion, 227. 

of thermodynamics, 368. 

Law, third, of motion, 228. 

Law, Hooke‘s, 83, 124. 

Joule's, 379, 383. 

Willan's, 462-3. 

Laws of motion, 227. 

Level, datum, 286. 

Lever, 9. 

Lifting machine, efficiency of, 171. 
Lifting, work done in, 51. 

Limit, elastic, 83, 124. 

of proportionality, 83, 124. 
Limitation of pressure range, 428. 
Linear and angular motion, 224, 
234. 

Lines of constant, conditions, 412. 
dryness, 412. 
pressure, 412. 
volume, 412. 

Lines, volume on entropy chart, 411. 
Link, angular velocity of, 66. 

Link polygon, 36, 38, 186. 

proof of construction, 37. 

Loaded governor, 265. 
spring, 266. 

Loaded inverted tripod, 193. 

Loads, inclined, on a beam, 201. 
Locomotive, centre of gravity of, 53, 
54. 

Lower calorific value, 451. 

Machine, Charpy, 130. 
hardness testing, 136. 
impact testing, 140. 

Izod, 129. 

lifting, efficiency of, 171. 
reversal of, 171. 
universal testing, 133. 

Vickers Hardness Testing, 138. 
with friction, 164. 

Wohler, 131. 

Machines, cold air, 419. 
general consideration, 1. 
vapour compression, 419. 


Manganese steel, 115. 

Masonry dams, 326. 

Mass, centre of, 47. 

Masses, balancing of revolving, 269. 

Material, behaviour under load, 82. 

Mathematical addition of vectors, 
31. 

Matter, 5. 

Mean depth, hydraulic, 293. 

Measurement of flow of water, 300. 
later researches, 311. 

Measurement of fluid flow, 301. 

Mechanical, efficiency, 456, 481. 
energy, 20. 
refrigeration, 418. 

Mechanisms, 67. 

double slider crank chain, 68. 
oscillating cylinder, 68. 
quadric cycle chain, 68. 
slider crank chain, 68. 

Metals, fatigue of, 131. 

Meter, Venturi, 312, 313, 314. 

Method of sections, 190. 

Methods of failure, 92. 
of inclination, 53. 

Middle Third Rule, 328. 

Minimum air supply for combustion, 
453. 

Mirror extensometer, 147. 
principle of, 147-8. 

Missing quantity, 464. 

Modulus, bulk, 85. 

Young’s, 85. 
of elasticity, 84, 125. 
of rigidity, 85, 94. 
of rupture, 214. 

Mol, 451. 

Molybdenum steel, 115. 

Molybdenum steel and creep resis¬ 
tance, 89. 

Moment, bending, 201. 
diagrams, 203. 
standard cases, 204. 

Moment, first, 44-5. 

Moment of inertia, 211, 323. 
parallel axis theorem, 324. 
polar, 212, 



INDEX 


513' 


Moment of resistance, torsional, 
246. 

overturning of dam, 328. 
righting of dam, 328. 
twisting, 232. 

Momentum, 19. 

principle of conservation of, 231. 
Motion, 2. 

equations of, 224. 
of a body on a rough incline, 166. 
of connected bodies, 232. 
laws of, 227. 

laws of motion and torque, 227. 
mathematical aspect of, 4. 
relation between linear and angular, 
234. 

simple harmonic (S.H.M.), 271. 
S.H., forces producing, 273. 
transmission of, 5. 

Motor car, differential gear, 76. 
Mover, prime, the turbine as, 435. 
Movers, hydraulic prime, 344. 
Moving vane, jets on, 337. 

shaped vanes, 342. 

Multiple shear, 93. 

Multi-stage reaction turbine, 438. 

Nature of deformation, 83. 

Net calorific value of a fuel, 450. 
Neutral axis, 209. 

equilibrium, 54. 

Nickel steel, 115. 

“ Nicrosilal ” iron, 90. 

“ Nihard ” iron, 90. 

“ Niresist ” iron, 90. 

“ Nomag ” iron, 90. 

Non-ferrous alloy, test of, 152. 
Non-ferrous metals, test of, 156. 
Notation, Bow’s, 34. 

Notchod bar, standard, 143. 

Notch, rectangular, flow of water 
over, 303. 

triangular, rate of flow through, 
301. 

vee, flow of water over, 309. 
Nozzles, convergent, 429. 
convergent-divergent, 429. 


Nozzles, design of, 428. 

effect of pressure on discharge, 291. 
efficiency of steam, 434. 
expansion of steam in, 427. 
flow of water through, 290. 
(experimental) flow of water 
through, 308. 
heat drop in, 430. 

Orifices, 285. 

flow through, 305-6. 

Oscillation, centre of, 278. 
torsional, 279. 

Oscillating cylinder mechanism, 68. 
Oscillations, simple harmonic angular, 
276. 

Otto cycle, 391. 

Overshot wheel, 346. 

Parallel axis theorem, 213. 

Parallel forces, 40. 

Pendulum, compound, 277. 
conical, 262. 
simple, 277. 

testing, Herbert type, 129. 

Pelton wheel, 349. 
horse power of, 352. 
efficiency of, 355. 

Perfect gas, Carnot cycle for, 388. 
Performance of boilers, 463. 

Period in S.H.M., 272. 

Phase in S.H.M., 272. 

Pipe, Hais used in “ Pluto ”, 209. 
Pipes, effect of sudden diameter 
changes, 299. 

flow of water in, 292, 293, 298. 
loss of hoad in, due to friction, 292. 
Pitch of rivets, 106-14. 

Plane motion, of bodies, 61. 

of two bodies in a rigid link, 64. 
Plant, trial of steam raising, 473. 
Plastic deformation, 83, 125. 

Plate, impact of water on, 335. 
an inclined, 340. 

“ Pluto ”, pipe line under the ocean, 
209. 

Poisson’s ratio, 85, 
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Polar moment of inertia, 212. 

Polygon, link, 36-7. 

Poncelet wheel, 348. 

Power, sources of, 6. 
transmission of, 8. 

Pressure at a depth, 318. 
centre of, 320, 321. 
head, 286. 

Pressure-volume diagram, 386. 
units of, 377. 
whole, 319. 

Principle, of conservation of energy, 
288. 

of power, 8, 77. 
of work, 8, 77. 

Principles of reinforced concrete 
design, 217. 

Prime movers, hydraulic, 344. 
steam, 364. 
turbine, 435. 

Problems, hints on solution of, 39. 

Processes, adiabatic, 413. 
isothermal, 413. 

Proof, load, 133. 
stress, 131, 132. 
resilience, 95. 

Proportionality, limit of, 83, 124. 

Proportions of riveted joints, 104. 

Pulley block, Weston differential, 10. 

Quadric cycle chain, 68. 

Qualities of a fuel, essential, 449. 

Quantities, scalar and vector, 29. 

Quantity, missing, 464. 

Radiological tests, 143. 

Radius of gyration, 230. 

Rank, 402. 

Rankine cycle, 391, 415. 
on the Tv<f> diagram, 417. 

Rate of flow of water over triangular 
notch, 301, 309. 

Ratio of expansion, 374. 

Ratio, velocity of in machines, 9. 

Reaction of a jet, 336. 

Reaction turbines, 427, 437. 
multi-stage, 438. 


Reaction turbines, water, 345, 358. 
Reciprocal figures, 183. 

Reciprocating steam engine, 364. 
Rectangle, centre of pressure, 321. 
Rectangular notch or weir, flow over, 
303, 309. 

Rectangular components, 30. 
Rectilinear velocity, 3 
Reduction of pipe diameters, effect 
of, 299. 

Refrigeration, mechanical, 418. 
Reinforced concrete design, 217. 
Relative velocity, 61. 

Relationship, between velocities of 
jet and vane, 337. 
betwoen R, C v , C p and y, 384. 
Representative mechanical tests, 150- 
60. 

Researches on measurement of fluid 
flow, 311. 

Resilience, 94. 
proof, 95. 

Resistance to creep, 89. 

moment of, 206. 

Rest and motion, 2. 

Retaining walls for water, 326. 

trapezoidal, 327. 

Retardation, 3. 

Reversal of a machine, 171. 

Reverted wheel train, 73. 

Revolving masses, balancing of, 269. 
Righting moment, 328. 

Rigid link, 64. 

Rigidity, modulus of, 85, 94. 

River Trigni, 189. 

Rivoted joints, 93, 103. 
design of, 105-14. 

Rockwell tests and Rockwell number, 
128. 

Rolling bodies, 236. 

Rope drives, 11. 

Roof trusses, forces in, 182. 

Rotary velocity, 3. 

Rotor, turbine, forces acting on, 444. 

work done on, 444. 

Rough incline, efficiency of, as a 
lifting machine, 168. 
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Rough incline, motion on, 166. 
Rubber, 160. 

Rupture, modulus of, 214. 

Safety, factor of, 133. 

Scalar and vector quantities, 29. 
Scleroscope tests, 129. 

Screw, 14. 

friction of, 169. 
thread triangular, 170. 

Sea walls, 326. 

Second law of thermodynamics, 368. 
Sections, method of, 190. 

Selection of extensometers, 149. 
Sensible heat, 366. 

Sensitiveness of governors, 267. 
Shaped vanes, impact of water on, 
341. 

moving, 342. 

Shear, double, 93. 
multiple, 93. 
treble, 93. 

Shearing, 92. 

and bending of beams, 200. 
forco, thrust and bonding moment 
diagrams, 202. 
tests, 127, 135. 

Sheer legs, 192. 

Shells, thin, 110. 

Shock, elimination of in vane design, 
341, 437. 

Silicon steel, 115. 

Simple and compound wheel trains, 
72. 

Simple bending, 207. 

Simple harmonic motion, 271. 
angular, 276. 

Simple oscillation, angular, 276. 
Simple pendulum, 277. 

Single riveted joint, butt, 108. 
lap, 106. 

Slider crank chain, 69. 

mechanism, 274. 

Slope vertical, 293, 295. 

Smooth bodies, 44. 

Solution of problems, hints on, 39. 
Sources of power, 6. 


Space diagrams, 226. 

Specific heat, at constant pressure, 
373. 

at constant volume, 373. 
ratio of, 373. 

Specimens for standard tests, 141. 
Speed and velocity, 2. 

Spring, close coiled helical, 251. 
Spring loaded governors, 266. 
Stability of a retaining wall, 328. 
Stable equilibrium, 54. 

Standard, cases of bending moment, 
204. 

cases of shearing force, 204. 
cycles, 393. 
efficiency, air, 393. 
evaporation unit, 465. 
notched bar, British, 143. 

Test Piece, Air Board, 143. 
Standing wave method, 311. 
Stationary fiat plate, impact of 
water on, 335. 

Steam, conditions of, 364. 
dry saturated, 365. 
dry Saturated, entropy of, 405. 
Steam engine trials, 481. 

Steam, expansion in nozzles, 427. 

indicated weight of, 464. 

Steam raising plant, trial of, 473. 
Steam, saturated, 364. 
superheated, 365. 
superheated, entropy of, 406. 
Steam velocity and heat drop, 430. 
Steam, wet, 365. 

Storage and conveyance of water, 
285. 

Strain, angular, 94. 
fractional, 84. 

Stream-lined mouthpiece, 309. 

Stress, cantilevers, beams and shafts, 
93. 

due to temperature, 88. 
hoop, 111. 

hoop, in flywheels, 239. 
intensity of, 84. 
longitudinal. 111. 
ultimate, 125. 
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Stresses, in beams, 206. 
proof, 132. 

Stricture, point of, 125. 

Struts and ties, 182. 

Substance, working, 363, 372. 
energy of, 378. 
thormal behaviour of, 378. 
Subtraction of vectors, 32. 

Succession of vanes, effect of, 338. 
Sudden enlargement of pipes, 299. 
Summary, of lines of constant 
condition, 412. 
of standard cycles, 393. 

Superheat, heat of, 365. 

Superheated steam at admission, 431. 

heat balance for, 469. 

Supply of air for combustion, mini¬ 
mum, 453. 

Surface flaw detection, 145. 
Suspension bridges, 189. 

Temperature-entropy, aspect of ex¬ 
pansion, 430. 

aspect of Rankine cyclo, 417. 
chart, 407. 
chart, use of, 410. 
diagram, 401, 402. 

Tomperaturo, stresses due to, 88. 
Tension, 92. 

centrifugal in belts and ropos, 175. 
tests, 124, 150-7. 

Tests, bending or flexure, 127, 158. 
Brinell, 128. 
compression, 126, 157. 
hardness, 127. 

Herbert pendulum, 129. 
impact and Tzod, 129. 
representative mechanical, 150. 
Rockwell, 128. 
scleroscope, 129. 
shearing, 127. 
tension, 124, 150-7. 
torsion, 127. 

Vickers and Firth diamond, 128. 
Testing, of materials, 123. 

Testing machines, 133. 

Impact, 140. 


Test Piece, Air Board Standard, 143. 
Thermal behaviour of the working 
substance, 378. 

Thermal efficiency, 457, 482. 
comparative, 457, 482. 
brake, 458. 

Thermodynamics, first law of, 368. 

second law of, 368. 

Thin cylinders, 110. 

Third law of motion, 231. 

Thrust diagrams, 202. 

Ties and struts, 182. 

Time average of a force or twisting 
moment, 232. 

Toothed gearing, 13. 

Torque, and angular acceleration, 
229. 

and the laws of motion, 227. 
Torsion, 245. 

Torsional oscillations, 279. 
Transmission, of motion, 5. 
of power, 8. 

Transverse elasticity, modulus of, 94. 
Trapezoidal retaining wall, 327. 

Trial of, double acting steam engine, 
492. 

130 H.P. Diesel engine, 491. 

560 H.P. gas engine, 490. 

550 KW turbo generator, 493. 

5 H.P. steam engine, 483. 

25 H.P. gas engine, 487. 
six-cylinder petrol engine, 490. 
Diesel electric installation, 496. 
Triangular, notch, flow through, 301. 

screw thread, 170. 

Tripod, inverted loaded, 192. 
Tungsten steel, 115. 

Turbine blade efficiency, 440. 

Do Laval, 437. 
multi-stage reaction, 438. 

Parsons, 438. 

Turbinos, as prime movers, 435. 
roaction and impulse, 437. 
steam, 364. 
water, 345, 358. 

Types of riveted joints, 103. 

Typical example of engine trials, 490. 
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Uniform acceleration, equations of 
motion, 224. 

Unit, Centigrade Heat, C.H.U., 365. 

British Thermal, B.Th.U., 366. 
Units, of heat, 365. 

of work, pressure and volume, 377. 
Ultimate stress, 125. 

Universal testing machine, 133-6. 
Unstable equilibrium, 54. 

Vanadium molybdenum steel, 89. 
Vanadium steel, 115. 

Vane, design of to eliminate shock, 
341,437. 

impact of a jet on, 341. 
moving shaped, 342. 

Vanes, shaped, impact of water on, 
341. 

succession of, 338. 

Vapour compression cycle, 420. 
machines, 419. 
refrigerator, 419. 

Vector, 29. 

Vector, diagrams, 42, 49, 50. 

quantities, 29. 

Vectors, addition of, 30. 

mathematical addition of, 31. 
subtraction of, 32. 

Vee notches, flow over, 309. 

right angled, 311. 

Velocity, 2. 
angular, 3. 
angular, of link, 66. 
diagrams, 226. 

heads in nozzle discharge, 291. 
ratio in machines, 9. 
relative, 61. 
rotary, 3. 

Vena contracta, 308. 

Venturi flume researches, 311. 
Venturi meter, 312, 313, 314. 

Vickers and Firth diamond tests, 128. 


Vickers, hardness machine, 138-9. 

Pyramid Numeral (V.P.N.), 139. 
Virtual slope, 295. 

Volume, constant, 412. 
constant, cycle, 391. 
lines, 411. 

Water, entropy of, 405. 
field, 410. 
turbines, 358. 
wheels, 344-5. 

Wave, standing, researches in, 316. 
Weight, 5. 

molecular, 451. 

Weights, atomic, 451. 

Weir, flow of water over, 303. 

Weirs, 285. 

Weston differential pulley block, 10. 
Wet steam, entropy of, 405. 

Wheel, breast, 347. 
overshot, 346. 

Pelton, 349. 

Pelton, efficiency of, 355. 

Poncelet, 348. 
undershot, 348. 

Wheel trains, 72. 
bevel, 73. 
reverted, 73. 

Whirl, velocity of, 436. 

Whole pressure, 319. 

Willans Line, 462, 496. 

Wohler’s researches, 100, 

Work done during expansion and 
compression, 374. 

Working substance, thermal be¬ 
haviour of, 378. 

Working substances, 363. 

Worm and worm wheel, 15. 

Yield point, 83. 

Young’s Modulus, 85. 




ANSWERS TO EXERCISES 


CHAPTER I (p. 21) 

2. (a) 13-64 m.p.h. ; ( b) 67-56 f.s. ; (c) 3682 m.p.h. per hour; (d) 251*3 

rad./sec. ; (e) 1432 revs./min./min. ; (/) 0073 rad./sec./sec. 

3. 66 f.s., 0-04 rad./soc., 3-3 f.s.s., 0-002 rad./sec./sec. 

4 . 0-209 rad./sec./sec., 0-42 f.s.s. 8 . 6928 ft. lb. 9. 59,013 ft. tons. 

10. 5878 ft. lb., 0. 12. 75,000 ft. tons, 124*2 H.P. 13. 94*3 H.P. 

16. 20£, 2-6 lb. 17. 14-4, 18 : 5. 

18. 7$, 96 r.p.m., 5, Y five tirnos as strong as X. 

19. 70-4 r.p.m., 74-7 lb. ft. 

20 . 200 r.p.m., 363iV r.p.m., 618 r.p.m., 1000 r.p.m. 

21. (a) 4* and 1* ; (b) 180-1 lb. ; (c) 289 lb. 22. 100 r.p.m., 431 lb. 

23. 19-54 lb., 6-51 lb. 24. (o) 28-27 cm. ; ( b) 942-5 ; (c) 0-027 mm. 

25. 0-8 in. per inch. 26. 5-21 ft./min., 3802 lb. 27. 6480; 28,370 lb. ft. 
28. (a) 960; ( 6 ) 0-64. 29. 21,710 1b. 

30. (a) 500,000 f.s.s. ; (b) 138,393 tons ; (c) 138,393 ft. tons. 

32. 0-127, 0*2, 0-54, 0-82, 1-63 H.P. ; 0-035, 0-15, 0-41, 0*61, 1-23 kW. ; 5-39, 

8-47, 23 1, 34-65, 69-3 B.Th.U./min. 

33. 14-73 ft. tons/min., 883-9 ft. tons/hr. 

34. 30,016,800 ft. lb., 992-3 H.P. 35. 180,000 gals., 250 H.P., 186-5 kW. 

CHAPTER II (p. 55) 

1. (a)0, 0, I 30 0 . 2. 2-05 i 3 ° 4 '. 3. 4-63322° 4 '- 

4 . (a) 11-96io8° 45'; ( 6 ) 10-87i84° 11 '. 6 . 1 - 68217 ° 5'- 

7. 12-95 lb. at an angle of 220° 43' and acting tangential to a circle of radius 

0-025" about the point of application of the 10 lb. force. 

8 . 13 lb. at 5y^ ft. from the 2 lb. force. 9. 2-83i35° lb. at 3-54 ft. from D. 

10 . 96063° lb., 820(jo° lb. 

11. I 647 0 so' lb. cutting the lino pq , 1-13 ft. from p. 

12. 54331 ° tons, lino of action clockwise and 4-8 ft. from outside comer of base 

of wall; 259-2 tons ft. about samo point. 

13. 8 - 6107 ° tons, 2 * 934 ° tons. 14. 10 * 262 ° 47 ' tons, 14-5i35° tons. 

15. W — 138-6 lb., — 91*770° 54 ' lb. 16. 49° 48'. 

17. (a) Horizontally, 13-23 in. below the bowl centre ; ( b ) at 27° 53' to the 

horizontal. 

19. Top, 240i80° lb., Bottom 312-439° 48' lb. 20. 17*4 lb., 13-5 lb. 21. 45°. 
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22. 2*79 ft. horizontally from A and 4*83 ft. vertically below A ; 0*577 ton. 

23. 21-92 in. 

24. 0 - 5 * from one edge and 0-346$ from adjacent edge if $ is length of side of 

square. 

25. 7£ in. from centre. 

26. 1-69 in. from each outside edge and 3 ft. from either end of bar. 

27. 1*32 in. from longer outside edge and 1*82 in. from shorter outside edge. 

28. 27° 37', 209*2 tons. 31. 72 in. 

32. 1£ in. above line through axles and 21*34 in. horizontally from back axle. 

33. 1565 lb., 2267 lb., 652 lb. ft. 

34. (a) 862 lb. ; (b) 10*97 in. from DC and 16*17 in. from DB ; (c) 340*5 lb. 

(d) 760io3° lb. 


CHAPTER III (p. 78) 

3. 50 f.s., 90*5147°. 4. 6 £°. 5. 12* sec. 6 . 65 min. 

7. 4*13 min. ; 132 ° 5' with direction of stream. 

8 . (a) 27*5 knots ; (b ) 43* min. making an angle of 104° with direction of 

No. 1 . 

9. 4*33 min. after noon ; 26*1 and 17*4 miles. 

10. W. 30° N., 35 knots. 11. First train must not be more than 240 ft. long. 

12. (a) 9*6 f.s. ; ( b ) 4*8 ft. from C measured at right angles to BC ; (c) 2 

rad./sec. ; (d) 0*64 tons ft. 

13. Crosshead 10*22 f.s., valvo momentarily at rest. 

14. I a) at D> I jin at A , Ijic 9*7 ft. from D and 6*03 ft. from A, 

15. T3 f.s. 16. 4*46 and 10 tt rad./sec., 22*8 f.s. 

17. 0*36 f.s., 277 lb. 18. 10*4 f.s., 0*4 f.s. 

19. 150 r.p.m., 24 r.p.m. both clockwise. 

20. 192, 192, 96 r.p.m. clockwise ; 50 r.p.m. A.C.W., 200 r.p.m. C.W., 200 

r.p.m. A.C.W. 

21. 1*6*. 1. 22. Reduction from 25-2 to 1, 

CHAPTER IV (p. 116) 

1. 4*08 tons/in. 2 . 2. 0*0001 and 98 lb. 3. 0*00006 and 2000 lb./in. 2 . 

4. (a) 10*2 tons/in . 2 ; ( b ) 0*091 in. 5. (a) 0*045 in. ; ( b ) 13*6 tons/in. 2 . 

6 . 2*35 in. 7. 4 tons/ins . 2 and 0*059 in. 8 . 9*2 tons. 

9. 39 tons, 0*037 in. 10. 6*48 tons. 11. 4123 lb. 12. tt : 4. 

13. ? in. 14. 6 in. x 4 in. x | in. 

15. 34,380 lb./in. 8 , 5,819 ft. 16. 13,750 tons/in. 8 . 

17. 13,750,000 lb./in. 8 . 18. 13,180 tons/in. 8 . 19. 0-29, 
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20. (a) 29,970,000 lb./in . 2 ; ( 6 ) 0-25. 21. 169 lb./in. 2 , 0-33. 

22. (a) 29-6 tons and 360 lb./in. 2 ; ( 6 ) 30-4 tons and 2*4 tons/in . 2 ; 8-1 x 10” 8 . 

23; Foyr 1| in. dia. rods. 24. 103 lb./in. 2 , 2070 lb./in. 2 . 

25. 101-7 lb., 198-3 lb. by steel wire. 26. 12,800,000 lb./in 2 . 

27. 0-27 in. 28. 9380 lb./in 2 . and 16,580 lb. 

29. 0-000547, 7-33 tons/in. 2 , 23 tons. 30. 349° C., 50 tons/in.". 

31. 62£° C. increase, 9-75 tons/in. 2 . 

32. Dia. of pin 1-0022 in., Boss dia. is 0-0005 in. greater, 282° F. 

33. 2-9838 in. x 1-9892 in., 35-1 tons/in. 2 . 34. 1-64 in. 

35. 82-4 tons. ‘ 36. 142. 37. J in. 38. 1-4 in. dia. 

39. 0-555 in. tons. 40. 0-012 and 3*05 in. tons. 

41. 0-0038 in., 25-55 in. lb., 6 in. 42. 34| ft. 

43. 1592 lb./in. 2 , 2830 lb./in. 2 , 6 in. lb. 44. 9,340,00 lb./in. 2 , 128-3 in. lb. 

45. (a) 0-00052 ; ( b ) 7-03 tons/in . 2 ; (c) 116-1 in. lb. 

46. 0-116 in., 18-67 in. lb. 47. 0-000273 in., 8150 lb./in. 2 . 

48. 1-75 in. 49. 0-009 in., 2250 lb./in. 2 . 

50. ( a ) 80 tons ; (5) 60 tons ; (c) 55 tons ; ( d) 70 tons ; (a) 5-92 in . 2 ; 

(6) 4-4 in. 2 ; (c) 4 07 in. 2 ; (d) 5-16 in. 2 . 

51. 1 in., 2-5 in., 60%. 52. 3/ e in., if in. 

53. 91§%, 3-5 tons/in. 2 , 7-68 tons/in. 2 . 54. 1 in., 5 rivets. 

55. if in. dia., 6 rivets, plate 9 in. wide. 56. f in., 3 in., 75%. 

57. if in. dia. rivets, 4£ in. pitch. 58. 7200 lb./in . 2 ; 3600 lb./in. 2 . 

59. 0-2 in. 60. if in. plate. 61. If in. plate. 

CHAPTER V (p. 161) 

16. 128. 17. 503 kgm. 

19. 36-34 tons/in. 2 , 37-89 tons/in. 2 , 40-9 tons/in, 2 . 

CHAPTER VI (p. 178) 

1. (a) 1 ton ; (b) 0-39 ton. 2. 4-52 owt., 5-09 cwt. 

3. 1826 lb. 4. 127-3 lb., 146 lb., 124-7 lb.. 

5. n =0-205 ; at an angle of 23° 35' to the horizontal. 6 . Slide ; 0-5. 

7. E =0-00891. + 10-3 ; 37-45%. 

8 . (a) Efficiency = 1/(1-62 + 10/1.) ; (6)61-7%; (c) 58-1%. 

9. 0-707 nWd. 10. 60-6 lb. 11. 23-4 lb. 

12. 171 lb. ft., 16-4%, 13. 6702 lb. 14. 4300 lb. 

15. 5-4 lb. 16. 4f in. 17. 2-27 turns. 18. 2615 H.P. 

J.9, £913 Jb., 249 lb, 20. 0-87 H.P. 21. (a) 1575 lb. in. ; ( 6 ) 599 lb. 
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CHAPTER VII (p. 196) 

1. 2*5 tons, 3-5 tons. 


Member - 

AC 

BC 

BE 

CE 

DE 

CD 

AD 

Force m tons - 

1 43 

2 

4 

06 

1 7 

06 

l 2-9 

Nature 








(Compressive 
or Tensile) 

C 

C 

T 

T 

T 

C 

T 


2. Reactions 4500 lb. each. 


Member 

AF 

FE 

FO 

BO 

q H 

HE 

Fori e in lb. 

16,500 

14,900 

2600 

15,200 

7750 

8000 

Nature 

C 

T 

1 

C 

C 

T 

T 


Member 

HJ 

CJ 

JK 

KE 

KD 


Force m lb. - 

7750 

15,200 

2600 

14,900 

16,500 


Nature 

T 

C 

C 

T 

C 


3. A =24-4 tons C, B- 4 6 tons T, C = 

= 19 8 tons T. 



4. 







Momber 

BC 

CE 

ED 

CA 

EF 

FA 

Force m lb. - 

2080 

693 

1387 

1040 

693 

1734 

Nature 

C 

T 

C 

T 

C 

T 








Member 

FH 

HO 

HJ 

JK 

JA 


Force m lb - 

693 

1387 

693 

2080 

1040 


Nature 

C 

C 

T 

C 

T 



5. Fig 118. Reaction 6£ tons. 


Member 

AB 

AD 

FE 

EG 

ED 

DC 

CH 

BC 

Force m tons 

7 1 

3 1 

2 25 

10 

4 3 

5 6 

4-75 

6*9 

Nature 

T 

T 

T 

C 

C 

T 

C 

C 
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Fig. 119. Reactions 9f tons, 4J tons. 


Member - 

AB 

BH 

BC 

CD 

CF 

DE 

DH 

EH 

EG 

Force (tons) - 

10-8 

50 

50 

59 i 

7-8 

0 

110 

110 

11-8 

Nature - 

C 

T 

T 

C 

C 

Nil 

D 

T 

C 


Fig. 120. Reactions 3*59 tons, 2*91 tons. 


Member - 

AF 

FG 

OH 

BG 

HC 

HD 

FE 

Force (tons) 

4-3 

012 

2-6 

31 

3 75 

10 

31 

Nature 

C 

C 

T 

C 

C 

T 

T 


6 . Equivalent loads at B and (7=2 tons and 1 ton. 
Resultant =8 tons at 10} ft. from A. 


Member 

- 

UP 

PQ 

QR 

QS 

RS 

RT 

Force in tons 

- 

14 

113 

6 

6 

8-5 

6 

Nature 

- 

T 

C 

T 

C 

C 

T 

7. Fig. 122. 








Member 

- 

AE 

ED 

EF 

BF 

FG 

GD 

Force in lb. - 

- 

2050 

1660 

800 

1470 

750 

830 

Nature 

- 

C 

T 

i C 

, C 

T 

T 

Member 

- 

GH 

BH 

HJ 

JD 

CJ 


Force in lb. - 

- 

1520 

1940 

1600 

2500 

3100 


Nature 

- 

T 

C 

C 

T 

C 



Fig. 123. 


Member 

AD 

ED 

EF 

FG 

AF 

GD 

GH 

BH 

Force in tons 

6-26 

15-6 

6-7 

7*4 

16-0 

12-2 

2*8 

11*4 

Nature 

C 

C 

C 

C 

T 

C 

T 

T 

Member 

HJ 

JM 

JK 

KC 

KL 

MC 

LM 


Force in tons 

4-2 

130 

6-6 

16-2 

7*0 

5-74 

15*6 


Nature 

T 

C 

C 

T 

C 

C 

C 
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8. Reactions 236*4 tons, 336*4 tons. 


Member - 

BL 

AJ 

BA 

BC 

CD 

CJ 

DL 

Force in tons 

236*4 

336*4 

Nil 

198 

56 

380 

248 

Nature 

T 

C 

— 

C 

T 

C 

T 


Member 

DE 

EJ 

EF 

FL 

FQ 

QL 

GJ 

Force in tons 

162 

365 

80 

240 

120 

258 

276 

Nature 

C 

C 

T 

T 

C 

T 

C 


9. Wind on left. Reactions 3040 lb., 1180 lb. 


Member 

pq 

qr 

ur 

uv 

qs 

ps 

T8 

8t 

rt 

ut 

tv 

Force in lb. 

4200 

i_ 

4200 

3050 

3050 

2000 

5200 

3000 

2350 

450 

0 

2700 

Nature 

C 

C 

C 

C 

c 

T 

T 

T 

T 

- 

T 


Wind on right. Reactions 2300 lb., 2320 lb. 


Member 

M . 

qr 

ur 

uv 

qs 

ps\ 

rs 

St 

rt 

ut 

tv 

Force in lb. 

2320 

2320 

3580 

3580 

0 

: 

0 J 

0 

0 

2600 

2000 

2600 

Naturo 

C 

C 

C 

C 

- 

- 

- 


T 

C 

T 


10. Reactions 5*7 tons, 6*4 tons. 


Member 

pq 

qr 

rs 

8t 

uq 

up 

ur 

us 

ut 

Force (tons) 

13*1 

11*3 

11-9 

14-4 

2*74 

131 

4*67 

2*4 

12*7 

Nature 

C 

C 

C 

C 

C 

T 

T 

C 

T 


11. A =41*6 tons (strut), .5=20*8 tons (tie), (7=31*6 tons (tie). 

12. 5(7 = 4-92 tons (strut), DE —OF — 3*6 tons (ties). 

13. AB = 22,600 lb. (tie), AC =8500 lb. (strut), 

AD = 12,100 lb. (tie), CD =22,800 lb. (strut). 

14. BC = 83-8 lb., AC =73*6 lb., compressive force = 198*3 lb. 

15. 1*7 tons in longer legs, 2*2 tons in shorter leg. 

CHAPTER VIII (p. 218) 

1. 180 tons ft. at the 20 tons load. 2* 34*5 tons ft. at the 5 tons load. 
3. 13J tons and 75£ tons ft. 
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4. S.F. changes abruptly from 4*1 tons positive to 1*9 tons negative. B.M. 

49 tons ft. 

5. Ra =7*09 tons, Rji~ 19*91 tons ; Max m . S.F. 12*91 tons at 6 tons load ; 

Max m . B.M. 28 tons ft. at Rr ; Points of inflexion 2*2 ft. and 10 ft. 
from L.H. end. 

6 . Max™. B.M. 643*75 tons ft. at the 17J tons load. 

7. (a) 34*08 and 34*42 tons ; ( b) 15*87 ft. ; (c) 637 tons ft. 

8 . 4*8 tons/in. 2 . 9. 306*25 tons in. 

10. Centroids (a) 3*22 in. ; ( b ) 3*52 in. from base line in each case ; Moments 

of inortia (a) 155*11 in . 4 ; ( 6 ) 202*8 in. 4 . 

11. 933J tons in. 12. 937J ft., 253*2 tons in. 

13/2100 lb./in. 2 , 214 ft., 896 lb. per ft. run. 

14. 964J ft., 292*8 tons in. 15. 1742 lb. 

16. 1747 lb./ft. run, 7*8 tons. 

17. 0*072 in., 1*318 x 10 ~ 6 in. 4 , 5*128 x 10 ~ 4 tons in. 18. 15 in. 

19. 107 lb. per sq. ft. 

20. Tensions 3*33, 10, 16*67 ; Moments 2*22, 15*63, 42. 21. 12*55 ft. 

22. 0*08 in., 0*06 in. 23. 17,770,000 lb./in. 2 . 24. 32,770,000 lb./in. 2 . 

25. (a) 900 tons in. ; (b) 180 in . 3 units. 26. 20*51 lb. in., 14*1 tons/in. 2 . 

27. 1*58 tons/in. 2 . 

28. 5*89 tons, 14*45 tons ft.; (a) 1*43 tons per ft. run ; (b) 975 ft. ; (c) 28*9 in . 3 

29. (a) 10 tons ft., 8*9 tons ; (b) 1*61 tons/in. 2 . 

30. Max»‘. B.M. 72,000 lb. ft., 1044 lb./in. 2 . 31. 11*57 tons/in. 2 . 

32. (a) 10 tons/in . 2 ; (b) 3 tons in. ; (c) 12 tons/in . 2 tensile and 8 tons/in. 2 . 

tensile. 

33. 0*525 in., 41*47 tons in. 

CHAPTER IX (p. 240) 

1. 31*67ft./sec. 2 . 2. 31*4m.p.h. ; 15,150ft. 

3. g sin 9 , (a) 0*326 ft./sec . 2 ; (b) 1*014 ft./sec . 2 ; 63*75 lb. 

4. 856 H.P. 5.^=0 034. 6.4200 1b. 7. 105*7 sec. 

8 . 0*49 H.P. 9. 8*125 sec. 

10. (a) 0*105 rad./sec./sec. ; (b) 0*0325 tons ft. 

11. W/c 2 /g = 2-8 4 tons and ft. units, 0*99 tons ft. 

12. TFA ; 2 /<7 = 34*9 lb. and in. units, 31*4 rad./sec./sec., 1150 lb. in. 

13. 492 1b. 14. 1876 ft. lb. per rev., 1334 revs. 

16. 314*7 secs., 314 revs. Ww/g = 140 ton and ft units. 16. 687*7 lb. ft. 

17. 74*8 tons ft. 18. 26*8 ft./sec., 161 tons. 19. 41 ft. tons, 1408 ft. 
20. 117*6 ft. tons, 263 ft. 21. Wvfg = 1866 ft. and lb. units; 466,000 ft. lb. 

22. 15*5 ft./sec. ; 129 : 1. 

23. (a) 6*28 rad./sec./sec.; ( 6 ) 3930 lb. ft.; (c) 21,600 ft. lb. 
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24. (1) 487 tons ft. ; (2) 860 ft. tons. 25. 52*6 secs., 222-2 ft. tons, 1980revs. 
26. 0-351 tons ft. ; 49,400 ft. lb. 27. Wk*/g =0-667 ft. and lb. units. 

28. Wk 2 }g =0-227 ft. and lb. units. 29. 1-944 x 10 ft. lb. ; 19,500 ft. lb. 

30. 34 ft./sec. ; reduction 24-2 ft./sec. 31. (a) 1028 lb. in. ; (5) 374-4 in. lb. 

32. 0-0557 ft./sec., 0-8917 ft./sec. 33. 4-44 tons. 

34. (a) Wk 2 lg =49,500 ft. and lb. units ; (b) 7-89 tons. 

CHAPTER X (p. 252) 

1. 5490 lb. per sq. in. 2. 1344 H.P. 3. 2-35°, 2050 lb. per sq. in. 

4. 4-5 H.P. 5. 5850 lb. per sq. in., 0-161° per ft. 

6 . 3-42 in. say 3J in. 7. 1-887 in. say 2 in. 8. 10-35 in. say 10J in. 

9. {a) 216 lb. ft. ; (6) 6-18 H.P. 

10. (a) 4 tons per sq. in. ; (b) 785-5 tons in. ; (c) 975 H.P. 

11. 11-42 in. and 7-61 in. 12. 150 r.p.m. 

13. 71,080 lb. ft. ; 4070 H.P. 14. 6-5 in. dia. ; 23,500 lb. ft. 

15. 1-58; C — 11,814.000 lb. por sq. in. 16. 11,410,000 lb. per sq. in. 

17. 1-56 ; 12,220,000 lb. por sq. in. 18. 12,060,000 lb. per sq. in. 

19. 2-76 in. 20. 12*25 lb. 21. 0-256 in. 

22. Shaft, 2-41 in. say 2\ in. ; bolts 0-75 in. 

23. 1-05 in. ; 11,875 lb. per sq. in. 

CHAPTER XI (p. 280) 

1. 41-35 ft. per sec. 3. 13,870 lb., 325 lb. ft. 

4. 2-87 ft. per sec. por sec*, and 8-91 cm. 

5. 12-24 m.p.h., 6013 ft. 6. 8-49 in. 

7. Locomotive will be stable and safo up to a height of 15-66 ft. for its contro 

of gravity. 

8 . (a) 30 m.p.h. ; (b) 39-9 m.p.h. ; (c) Overturning speed is 57-85 m.p.h. but 

sideslip occurs earlier at 39-9 m.p.h. If h wore equal to \d tho condition 
for both overturning and sideslipping is roachod at 39-9 m.p.h. 

9. (a) Level; R A =7-8 tons, Jt E = 12-2 tons. Slope; R A =-11-2 tons, li E = 8-8 

tons : (b) 6° 51'; (c) 66-8 m.p.h. 

10. (a) 17-73 m.p.h. ; (5) 24-3 m.p.h. 11. 66-4 r.p.m., 93-9 r.p.m. 

12. 9-79 in. 13. Assuming equal arms, 158-8 r.p.m. 

14. 202-8 r.p.m., 175-7 r.p.m. 15. 117-5 tons. 16. 353-4 lb. . 

17. 69-5 lb., 17 lb. 18. 198-6 lb., 6-81 oz. 

19. W = 161 lb.; measured anticlockwise from W; 100 lb., 70°; 120 lb., 

196°; 116 1b., 209°. 

20. 277*5 lb. ; 283° 36' from 10 lb. mass and 37-7 lb. in magnitude. 

21. W - 30-7 lb. ; angle between W and 20 lb. at 18 in. — 150°. 

22. W -22-1 lb. ; angular displacements of others from mass in plane A, 166°, 

356° and 1$3° respectively. 
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23. Balance weights 117A lb. symmetrically arranged relatively to the cranks. 

Angular positions measured from one of cranks 113i° and 156J°. 

24. 4 ft. 25. 0-55 sec. 26. 2 006 sec. if g =32-2. 

27. 0*45 sec., 2*2. 28. (a) 4-9 lb. ; (6) 2*43 ft. per sec. ; (c) If sec. 

30. 0*45sec. 31. (a) 394*8 lb. ; (6) 405*2 lb. 

32. 88*8 ft. per sec. per sec. 

33. 7T ft. per sec. and 0 ; i r 2 ft. per sec. per sec., 0 ; tt ft. per sec., 0. 

34. 0*45 sec., 32*21 ft. per sec. per sec. 37. 0*856 sec. 

38. (a) 4*86 lb. in. ; (b) 0*425 in. lb. ; (c) 1*03 sec. 39. 11,945,000 lb. per in. 2 . 

40. Movement of piston 1*527 in. ; 12*3 ft. per sec. ; 533*7 ft. per sec. per sec.; 
197*6 ft. per sec. per sec. 

CHAPTER XII (p. 315) 

1. 220 ft., 574 ft./sec. 2. 31*9 ft. 3. 5*03 ft. 

4. 40*1 ft./sec., 28*4 ft./sec. 5. 48*85 ft./sec. 

6. 31*6 ft./sec., 64*9 lb./sq. in. above atmospheric. 

7. 126*3 lb. per sq. in. 8. 50*6 ft./sec. 

9. 12*75 lb. per sq. in. 10. 304 ft. sec., 784 gallons per min. 

11. 84*6 ft. 12. 21,390,000 gallons per day. 13. 17*1 ft. 

14. 59 ft., 3*94 H.P. 15. 76*1 ft. 16. 2*25 ft./sec., 1,489,000 gallons per day. 

17. 44*8 H.P. 18. 29 ft./sec., 1891 gallons. 19. m = 2*732 ft., i = 1/150. 
20. 25,020,000 gallons per day. 21. 42,600 gallons per hour. 

22. 2*264 in. 23. 52,500 gallons por hour. 24. K =0*625. 

25. 69,100 gallons per hour. 26. 4*36 in. 27. 9*93 ft. 

28. 3558 gallons per hour. 29. 76*8 ft. 

30. C -0*618, C v =0*71. 31. 9,103,000 gallons per hour. 

32. 22,030 gallons per hour. 

33. 20*2 m., 4*7 ft., 2*03 lb. per sq. in. 

CHAPTER XIII (p. 332) 

1. 18,5501b. 2. 38301b. 3. 2217 1b. 4. 16,290 1b. 

5. 71,170 in. 4 units. 6. 12,416 in. 4 units. 7. 13 J ft. from free surface. 

8. 10*1 ft. from froo surface. 

9. 57,810 lb. ; 29*18 ft. from free surface. 10. 5*07 ft. from free surface. 

11. 46,725 lb. ; 3» ft. above bottom of gate on centre line. 

12. 692*5 lb. 13.25721b. 14. 218*6 lb. 

15. (a) 7? = 10,560 lb. stable; righting moment 40,542 lb. ft.; overturning 

moment 10,380 lb. ft. 

(b) R =39,430 lb. stable ; righting moment 358,100 lb. ft. ; overturning 
moment 83,070 lb. ft. 

(c) R = 25,500 lb. stable ; righting moment 109,300 lb. ft. ; overturning 
moment 19,440 lb. ft. 
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CHAPTER XIV (p. 359) 

2. 10801b. 3. (a) 8101b.; (5) 29-4 H.P. ; (c) 37*5%. 

5. 478-3 lb. per sec. 7. (a) 135 lb. ; ( b) 4-9 H.P. ; (c) 50%. 

8 . 708-4 lb. per sec., 3-18 ft. 9. 18-8 ft. per sec., 5 H.P. 

10. 1293 lb. 11. 226 lbs. per inch. 13. 25° 55'. 

14. 22*6 ft. per sec. at 35° 5' to the direction of flow. 

15. 2864 lb. 16. 6-94 ft. per sec., 3-23 ft. per sec. 

18. (a) 28° 2' to direction of jet ; (b) 35-6 ft. per sec. ; (c) 93° 27' to direction 
of jet at inlet ; (d) 25-34 ft. per sec. ; ( e ) 761 lb. ; (/) 28° 36' to the jet at 
inlet. 

21. 63-4 H.P. 22. 13-25 ft. 

24. (a) 23° 48' to jet ; (6) 4-96 ft. per sec. ; (c) 414 ft. per sec. 

26. 99-6%, 704 H.P. 27. 683 H.P., 99-8%. 28. 149 ft. lb. per lb. 

29. 1619 H.P., 97-7%. 30. 0-63 H.P., 69-5%, 50-1%. 31. 5 jets. 

32. 234 ft. per sec. ; 144,300 lb. per min. ; 86%. 33. 80-8 H.P., 92-7%. 

34. (a) 107-4 ft. per sec. ; ( b ) 62,720 ft. lb. ; 0-5 H.P., 26-3%. 

35. (a) 73-6 ft. per sec. ; (b) 0-61 H.P. ; (c) 76%. 

36. (a) 0-78 H.P. ; (b) 99-4% ; 7-44, 8-13 lb., 1-09 lb. 

CHAPTER XV (p. 395) 

3. (a) 639-3; (5)661-5; (c) 632-9 ; (d) 790-7; (e) 521-8 C.H.U. per lb. 

4. 202-7 C.H.U. per lb., 3023 ft. per sec. 5. 30 C.H.U. per lb. 

6 . (a) 151-6 C.H.U. per lb. ; (6) 2614 ft. per sec. ; (c) 810-4 H.P. 

7. 829 sq. ft. 8. 381-5 H.P. 9. 67,200 lb. per hour. 

10. 1099 kW. 11. 95-74%. 12. 95-8%. 

13. (a) 593-6 C.H.U. per lb. 

14. 783 lb. per min., 39 tubes. 15. 15-5 lb. per kWh. 

16. 167-7 lb. per sq. in. 17. 165-3 lb. per sq. in. 

18. (a) 33,840 ft. lb. ; (b) 30,620 ft. lb. 19. 12,782 ft. lb. 

20. 84-2 lb. per sq. in., 279° C. 21. 103,680 ft. lb., 179 C.H.U. 

2,2. 187 C.H.U. ; 88,900 ft. lb. 

23. (a) 549 cu. ft. per min. ; (5) 4-37 ; (c) 9,427, 200 ft. lb. ; ( d) 175-3° C. 

24. 130 cu. ft. ; 10,690,000 ft. lb. ; 9,396,000 ft. lb. 

25. 541° C. ; 0-74 lb. ; 13,820 ft. lb. ; 32-9 C.H.U. 

26. 13-1 cu. ft. 27. 61-3 lb. per sq. in. ; 231-7° C. 

28. 1-24 cu. ft. ; 473° C. ; 10 3 ; 107,700 ft. lb. 

29. (a) 3-275 cu. ft. ; (5) 4-68 ; (c) 694 lb. per sq. in. and 455-5° C. ; ( d ) 80,568 

ft. lb. ; 1-43 lb. per cu. ft. 

30. 192-6 C.H.U. 31. 96-07, 24-26 cu. ft., 32-39 cu. ft. 32. 8-02 x 10“ 4 lb. 

33. 394 lb. per sq. in,. 518-4° C. and 0-0896 lb. 35. 42-65%. 

38. 78-14%, 35%, 44%. 
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CHAPTER XVI (p. 424) 

2. 118*2 C.H.U. 3. 256° C. 4. 0 048 rank. 5. 465° C. 

6. 0*048 rank. 

7. (a) 0*2414, ; ( b) 1*512 ; (c) 1*347 ; (d) 1*617 ranks. 

8. 198*4 C.H.U., 0*0016 rank. 

9. (a) 0*461 ; (b) 1*613 ; (c) 1*482 ; (d) 1*656 and (e) 1*761 ranks. 

10. 6*96 cu. ft. per lb. 11. 70*4%. 13. 84%. 

14. 166*6 C.H.U. or 233,240 ft. lb. 15. 48*1 H.P. 

16. 164*8 C.H.U., 3657 ft. per see. 17. 27%. 

18. 81%, 163*1 C.H.U. per lb., 3700 ft. per sec. 22. 10. 23. 4*7 H.P. 

24. 5160 lb. 25. (a) 7*92 ; (b) 27*8 H.P. 26. 1420 lb. per hour. 

CHAPTER XVII (p. 445) 

4. (a) 136*4 lb. per sq. in. ; (b) 40*6 lb. per sq. in. 

7. 96*5%; (a) 22*8 C.H.U. per lb. ; (b) 1434 ft. per soc. 8. 98*5%. 

9. (a) 97*5% ; (b) 15*2 C.H.U. per lb. ; (c) 1170 ft. per soc. 

10. 0*67 11. (a) 56-4 C.H.U. per lb. ; (b) 2250 ft. per sec. 

12. (a) 18*3 lb. per sq. in. abs., 87-5% dry ; (b) 5*46 lb. per sq. in. abs., 82*5% 

dry. 

13. (a) 0*732 ; (b) 0*535. 15. 1879 ft. per sec., 684 ft. per sec. 

19. 3440 ft. per sec., 2380 ft. per sec., 30°. 21. 16*6 H.P., 88*4%. 

22. (a) 3950 ft. per see. 


^ 1st Rotating 

Stationary 

2nd Rotating 

Inlet 

Exit 

Inlet 

Exit 

Inlet 

Exit 

22*5° 

22*5° 

27° 

31° 

o 

o 

o 

O 

(r) 146*1 H.P. 


(d) 80-2%. 





23. 1600 ft. per sec. ; 186,100 ft. lb. per lb. 

24. 2300 ft. per see., 32°, 1350 ft. per sec. at 68° to the rotor. 

25. 92 H.P., 1584 ft. per sec. 

CHAPTER XVIII (p. 476) 

2. 8021 C.H.U. per lb. 

3. Gross 11,088 C.H.U. per lb. ; not 10,510 C.H.U. per lb. 6. 1*22%. 

8 . 4*65, 5*97. 9. 7*21, 9*9, 72*7%. 

10. 85*1%, 32*9%, 28%, 0*447 lb. per hour. 

11. 80%, (a) 28*3% ; (b) 26*4% ; (c) 93%. 


12. 1*28 H.P. 
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13. 51-4 H.P., 31-8%. 14. 81-6 lb. 16. C = 11-29 P +1188 ; 143 H.P. 

17. 32'9 lb. 21. 716 lb. per hour from and at 100° C. 

22. 689 lb. per hour from and at 100° C., 9-83%. 

24. (a) 11-7 lb. ; (b) 70-2% ; (c) 10-8%. 

25. (a) 65-6% ; (6) 9-75 lb. from and at 100° C. ; (c) 13-6%. 

26. (a) 6230 C.H.U. per lb ; (6) 1041 C.H.U. per lb. ; (c) 46-6 C.H.U. per lb. 

(d) 78-4% ; (e) 674 C.H.U. per lb. 

27. 65%. 28. 12,230 C.H.U. per lb. ; 11,430 C.H.U. per lb. ; 15-3 lb. 

29. (a) 77-9% ; (6) 15-4 lb. ; (c) 3-92 lb. 

30. (a) 16-8% ; (b) 9990 lb. ; (c) 20-2%. 


CHAPTER XIX (p. 497) 
3. 


Heat supplied in C.H.U. 

per min. 

1167-8 


Heat to B.H.P. in 

C.H.U. per min. 


69-1 

„ „ Friction „ 


39-3 

,, „ Condensate „ 

>» ,, ,, 


93-9 

„ „ Cooling Water „ 

,, ,, M 


330-0 

,, unaccounted for „ 

” ” ” 


635-5 

Total 

1167-8 

1167-8 


4. 


Heat supplied in C.H.U. per min. 

1350 


Heat to B.H.P. in C.H.U. per min. 


148-5 

,, ,, Friction „ ,, ,, „ 


37-7 

,, „ Cooling water ,, ,, „ „ 


419-3 

,, unaccounted for „ ,, ,, ,, 


744-5 

Total 

1350 

1350 


5. 29-6% ; 56,400 C.H.U. ; 59,570 C.H.U. 


Heat supplied in C.H.U. 

201,110 


Heat to B.H.P. in C.H.U. 


59,598 

,, ,, Friction ,, ,, 


25,542 

„ „ Jacket Water ,, „ 


56,400 

,, „ exhaust gases etc, „ „ 


59,570 

Total 

201,110 

201,110 


7. 82-9%, 43.5%, 36-1%. 
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sai 

Heat supplied C H U per houi 

60,S00 


Heat to B H P CHU per hour 

„ „ Friction „ „ „ 

„ ,, Jacket Water „ „ „ 

„ unaccounted for „ „ „ 

1 

8,627 

2,121 

24,500 

24,952 

Total 

60,200 

60,200 

(a) 17 85% , ( b ) 14 33/ 

10 13 57, 64 7%, 18 5% 

11 

i 

Heat supplied OHU poi hour 

31,416 


Heat to B H P CHU per hour 

,, Friction „ „ ,, 

„ ,, Cooling Water „ „ „ 

,, unaccounted for „ ,, „ 


6,223 

1,980 

13,860 

9,353 

Total 

31,416 

j 31,416 


12 11 67, 9 61, 82 3%, 47 14 iu ft per B H P per hour , 10 2%. 

13 180 4,140 7 14 6 12,3 69, 15 7% 

15 ? 2 4 208 r 2 5 014, 33 81 cu ft , 16 7% 

16 1721 H P , 0 325 lb per 1 H P per hour , 11,420 lb poi day 

17. 50 23 70 74 0 627 lb , 39 6% 

18 38 8 amp , 13 7 H P , 0 774 pint per B T U 

19 6 64 HP, 3 48 1b per hour 20 38,460 H P , 21,540 1b , 117,400. 
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